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PREFACE 


This volume has been many years in the making. It was begun by 
one of us (Thomas Ricketts), who commissioned most of its chap- 
ters. The other editor (Michael Potter) joined the project at a later 
stage, commissioning several more chapters and seeing the volume 
through to press. Although it differs in some respects from what 
either of us might have designed on his own, we are delighted to 
see it published now. We are grateful to the contributors for their 
patience and understanding during the volume’s long gestation: we 
hope they will judge the result worth the wait. 


M.D.P. 
T.R. 
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NOTE ON TRANSLATIONS 


There are several words in German that Frege used with technical 
meanings. The various English translations of his work (and, as a 
result, the secondary literature in English) are not agreed about how 
to translate some of them. The following table shows the transla- 
tions that have generally been used in this volume. Quotations have 
sometimes, where the sense allows, been silently altered to conform 
to these conventions. 


Frege This volume Other translations 
Sinn Sense Meaning 
Bedeutung Reference Meaning, 
(post-1891} nominatum, 
denotation 
Wertverlauf Value-range Course of values 
Vorstellung Idea or representation 
Begriffsschrift Conceptual notation Concept-script 


The correct translation of Bedeutung is a matter of particular con- 
troversy for some commentators, and here complete uniformity has 
not been feasible. 
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MICHAEL POTTER 


1 Introduction 


EARLY LIFE 


Frege was born in 1848 in Wismar, a small port on the Baltic coast 
in Mecklenberg.t His father, who ran a private school for girls there, 
died when he was eighteen, and his mother took over the running 
of the school in order to be able to provide for the university educa- 
tion of Frege and his younger brother. Frege was encouraged in this 
by a young teacher at his father’s school called Leo Sachse. Sachse 
had attended university in Jena, and Frege went there too in 1869, 
lodging in the same room that Sachse had rented there before him. 
Frege’s studies in Jena consisted mainly of courses in mathematics 
and chemistry. The only philosophy was a course on Kant’s critical 
philosophy given by Kuno Fischer. 

From Jena Frege went on to Géttingen, where he took further 
courses in mathematics and physics and wrote a dissertation, ‘On 
a Geometrical Representation of Imaginary Forms in the Plane’. 
His only philosophy course at G6ttingen was one on the philoso- 
phy of religion given by Hermann Lotze. After five semesters, Frege 
returned to Jena to submit a further dissertation for his venia docendi 
(i.e. licence to teach in the university). The title of this second dis- 
sertation was ‘Methods of Calculation based on an Extension of the 
Concept of Quantity’. Neither dissertation exhibits more than a 
passing interest in logic or the philosophy of mathematics. 

One of Frege’s mathematics lecturers at Jena, Ernst Abbe, acted 
as a sort of mentor, supporting him, for instance, in his efforts to 


* For information about Frege’s life I have relied throughout this Introduction on 
Lothar Kreiser, Frege: Leben, Werk, Zeit (Hamburg: Meiner, 2001). 
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gain promotion. But it is hard to find anyone in Frege’s education 
who might count as a philosophical teacher of central importance. 
The nearest to a direct influence is perhaps Lotze, not because of 
his lectures on the philosophy of religion but because he published 
a book on logic in 1874. Dummett has convincingly argued? that an 
undated list of seventeen numbered observations about logic which 
has survived in Frege’s hand was written in response to reading 
Lotze’s book; internal evidence strongly suggests that these notes 
are probably among the earliest of Frege’s unpublished writings 
on logic to have survived (although perhaps not quite pre-dating 
Begriffsschrift, as Dummett suggested). 

In the notes, Frege makes a distinction, which was to be central 
to his thinking about logic throughout his career, between thoughts 
and ideas: a thought is something such that ‘it makes sense to ask 
whether it is true or untrue’, whereas ‘associations of ideas are nei- 
ther true nor untrue’. Truth is objective. As Frege puts it, ‘2 times 2 is 
4’ is true, and will continue to be so even if, as a result of Darwinian 
evolution, human beings were to come to assert that 2 times 2 is 5. 
Every truth is eternal and independent of being thought by anyone 
and of the psychological make-up of anyone thinking it.+ 

Frege does not yet quite say, as he would later, that the subject- 
matter of logic is truth, but he does say that logic ‘only becomes 
possible with the conviction that there is a difference between truth 
and untruth’. Following close on this, given that truth is objective, 
is that logic is not a branch of psychology. ‘No psychological inves- 
tigation can justify the laws of logic.’ But truth, which is on Frege’s 
presentation fundamental to logic, cannot be defined. ‘What true 
is,’ he says, ‘is indefinable.’ Frege does not at this stage give an argu- 
ment to explain why truth is indefinable, but he later held that any 
attempt to define it would inevitably be circular, because one would 
have to understand the definition as being true. 

If what I have said about the dating of these notes is correct, then 
Frege formed some of his fundamental views about logic remarkably 
early. It is worth stressing, moreover, that the views just mentioned 


> M. Dummett, ‘Frege’s Kernsatze zur Logik’, in his Frege and Other Philosophers 
(Oxford: Clarendon Press, 1991). 

See Frans Hovens, ‘Lotze and Frege: The dating of the “Kernsatze”’, History and 
Philosophy of Logic, 18 (1997), pp. 17-31. 

PW, p. 174. 
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constitute a response to Lotze’s book, not a summary of it. It is true, 
for instance, that Lotze distinguished between logic and psych- 
ology, but his reason for doing so was that logic deals with the value 
of our thoughts whereas psychology deals with their genesis. This is 
obviously rather distant from Frege’s anti-psychologism, which was 
based on the objectivity of truth, not on its values 


BEGRIFFSSCHRIFT 


Frege’s short book Begriffsschrift, which he published in 1879, marks 
the beginning of modern logic. The word ‘Begriffsschrift’ is not 
Frege’s own, but seems to have been coined by Humboldt in 1824:6 
it is usually translated ‘conceptual notation’ or ‘concept-script’. Here 
we shall call the book by its italicized German title and use the word 
unitalicized for the formal language it describes. The idea of a for- 
mal language is not itself new with Frege. But Frege’s Begriffsschrift 
has a number of features that were quite new in 1879. 

The ‘seventeen key sentences’ already show Frege treating logic 
as a subject whose central concern is truth, and regarding thoughts 
as of relevance to logic because they are what truth applies to. In the 
first chapter of Begriffsschrift (‘Definition of the symbols’), Frege 
uses the term ‘judgeable content’ for what he previously called a 
thought. Moreover, he straightaway highlights an issue which was 
to remain of concern to him throughout his philosophical writings, 
namely that of identifying the structure of a judgeable content. 
Since what follows logically from 


The Greeks defeated the Persians at Plataea 
and what follows from 
The Persians were defeated by the Greeks at Plataea 


are identical, logic need not distinguish between these two propos- 
itions: they have the same judgeable content. 


’ For the view that Frege should be seen as a neo-Kantian who was heavily influ- 
enced by Lotze, see G. Gabriel, ‘Frege als Neukantianer’, Kant-Studien, 77 (1986), 
pp. 84-101. See also Hans Sluga, Gottlob Frege (London: Routledge and Kegan 
Paul, 1980). 

6 See M. Beaney and Erich H. Reck (eds.)], Gottlob Frege: Critical Assessments of 
Leading Philosophers (London: Routledge, 2005), vol II, p. 13. 
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One of Frege’s innovations was to introduce a sign to mark the act 
of judging that something is the case. The sign he used was a ver- 
tical line which he called the judgement stroke. He also made use 
of a horizontal line which he called the content stroke, whose pur- 
pose was to turn what follows the stroke into a judgeable content. 
However, it is not entirely clear what this amounts to. A charit- 
able reader’? might see this as an implicit recognition that anything 
which expresses a judgeable content is of necessity complex, and 
hence in need of binding into a unity before it is capable of being 
judged. This is at any rate something which Frege was in his later 
writings keen to assert. A less charitable reader might think that if 
I have expressed a content then that is all there is to it: if the content 
I have expressed is judgeable, nothing more is needed to indicate 
that; if it is not, then preceding it with a stroke cannot make it so. 

Because in practice the vertical judgement stroke never occurs 
without being immediately followed by the horizontal content 
stroke, the combination of the two strokes inevitably came to be 
treated as a symbol in its own right. This is the origin of the turn- 
stile symbol + that is ubiquitous in modern logic. However, it is 
worth stressing that this symbol, although it originated with Frege, 
is often now used in ways that he would not have recognized. In 
particular, Frege did not recognize a notion of conditional asser- 
tion, so would not have allowed the turnstile to be embedded, as in 
expressions such as 


AAG cA Be: 


The second major innovation which Frege’s conceptual notation 
encapsulates — and the one for which it is nowadays renowned — is a 
method for expressing multiple generality. However, Frege not only 
provides such a notation; he also displays a firm grasp of the prin- 
ciples that underlie it. He is clear, for instance, that in a quantified 
expression such as VxdyRxy the letters ‘x’ and ‘y’ do not function like 
names. Frege conspicuously avoids the unfortunate usage inherited 
from mathematics which refers to them as variables: as he makes 
clear, they are not variable names but placeholders. 


7 E.g. Peter Sullivan, ‘Frege’s logic’, in Dov M. Gabbay and John Woods (eds.), 
Handbook of the History of Logic, vol. III (Amsterdam: North-Holland, 2004), 
PP. 659-750. 
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If, in an expression (whose content need not be assertible), a simple or com- 
plex symbol occurs in one or more places and we imagine it as replace- 
able by another ... then we call the part of the expression that shows itself 
invariant a function and the replaceable part its argument.® 


Notice, incidentally, that on this account predicates are a particu- 
lar kind of function, namely those derived from expressions whose 
content is assertible (i.e. from sentences). 

Frege’s choice of symbols shows awareness, too, of the desirabil- 
ity of notational economy. He has a sign for the universal quantifier 
(nowadays always notated V), but he does not also have a sign for the 
existential quantifier 4, since 4x can easily be regarded as an abbre- 
viation for ~Vx~. The same economy is evident too in his choice of 
propositional connectives. He has signs for negation (nowadays ~] 
and for material implication (nowadays —) but not for the other 
connectives, which can be defined in terms of them. He also notes 
explicitly that he could just as well have used negation and conjunc- 
tion, although he stops just short of asserting that they are adequate 
to express all the others. Although he did not actually make use 
of the device of truth-tables in presenting his account, he might as 
well have done, as his presentation of the meanings of the logical 
connectives is explicitly truth-functional in character. 

The other thing for which the Begriffsschrift is especially not- 
able is the axiom system for predicate calculus contained in the 
second chapter (‘Representation and derivation of some judgements 
of pure thought’). He had already in the first chapter formulated 
modus ponens 


From +B—A andtB derive +A 
as well as the quantifier rule 
From -Vx(A — ®(x}) derive + A— Vx®(x). 
Now he added the logical axioms, which he arranges in four groups: 


+ a(b—a) 
+ (c(ba)}>|(c>b)(c—a)) 
+ (d—(b—a))—(b(d—a)) 


8 Bs, §9. 
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+ (ba) D(~a— ~b) 
| ~~a—>a 

b a—>~~a 

F C= d—f\c) = fid) 
FC =6 

t Vxflx}f(c} 


Frege’s presentation of his axiom system is curiously understated, 
however. The axioms appear in the text as numbered formulae, not 
distinguished by any mark from the other formulae which he states 
as being derivable from them. He identifies his preferred axiom sys- 
tem only indirectly, by listing the numbers of the formulae which 
form what he calls the ‘core’ of his system. 

The third chapter of Begriffsschrift, ‘Some topics from a general 
theory of sequence’, is a treatment of the theory of ancestral rela- 
tions, expressed in the Begriffsschrift. Frege intended this chapter as 
an illustration of the power and elegance of his notation. There is no 
denying, however, that there is something unsatisfactory about the 
presentation. It offers its treatment of mathematical induction as an 
example of the ability of the Begriffsschrift to capture mathematical 
concepts and arguments, but then the chapter ends abruptly and in 
an oddly inconclusive manner. And the principle of mathematical 
induction itself is offered in a curiously understated way: it is not 
labelled as such, and the only indication in the text that this is what 
it is is Frege’s observation that the Sorites paradox may be derived 
using it; mathematical induction is mentioned by name only in a 
laconic footnote. 


RECEPTION 


For all its many remarkable features, Begriffsschrift is undoubtedly 
a flawed work. One weakness, already noted, is its lack of clarity 
about the axiomatization of logic that it contains. Another is the 
rather lame presentation of the third chapter. But the feature that 
was of overriding importance in determining how the book would 
be received is one that we have not yet mentioned. In the expos- 
ition in the last section I used the symbols ~, —, V for the logical 
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constants that are now common among logicians. But Frege did not 
use these symbols. What we would write as A—B, ~A and Vx ®(x) 
he wrote as 


ies > Fie A —\$/— #6) 
A 


respectively. Now Frege’s two-dimensional notation no doubt has 
its advantages. Once the eye has become used to it, it exhibits the 
logical structure of a complicated expression more vividly than does 
the bracketing of the conventional, one-dimensional alternative. But 
the plain fact is that it was too radical a departure from what was 
familiar to have any hope of adoption, and no one other than Frege 
ever used it. Moreover, he himself was curiously stubborn about 
it. A more concessive personality than his might have responded 
to criticism by separating out the part that is most unfamiliar (the 
two-dimensionality) and asking his readers to focus on his other 
innovations, which are independent of it. 

Perhaps financial pressure contributed to Frege’s decision to 
publish the Begriffsschrift when he did, despite its evident incom- 
pleteness. Not only was the University of Jena in a poor financial 
state, but his own position within that institution was by no means 
secure. He was surviving as a Privatdozent, financially dependent 
on the fees paid by his students. Since the courses Frege gave were 
not popular, his income was small and highly variable from semes- 
ter to semester. During the academic year 1878-9, for instance, it 
amounted to 249 marks. 

The publication of Begriffsschrift seems to have had the desired 
effect of helping Frege’s career. At any rate, in 1881 the university 
granted him an annual stipend of 300 marks. At this time his mother 
moved from Wismar to Jena, and they shared a house together for 
some years, which may also have aided his financial position. 

The preface to Begriffsschrift promises that a work which 
applies the Begriffsschrift to arithmetic is imminent. And in the 
summer of 1882 Frege wrote to Stumpf, a contemporary of his then 
working at Prague:? ‘I have now nearly completed a book in which 


° The letter is presented in PMC as being to Anton Marty, but the editors acknow- 
ledge that the addressee may well have been Stumpf, since the letter from him 
quoted below is evidently a reply to it. 
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I treat the concept of number and demonstrate that the first princi- 
ples of computation which up to now have generally been regarded 
as unprovable axioms can be proved from definitions by means of 
logical laws alone.’ 

Frege’s confidence that he could indeed derive the truths of arith- 
metic ‘from definitions by means of logical laws alone’ arose from 
the application of his Begriffsschrift, which, he said, ‘will not let 
through anything that was not expressly presupposed, even if it 
seems so obvious that in ordinary thought we do not even notice 
that we are relying on it for support’. 

Frege’s letter also shows the first signs of what was to be a con- 
tinuing theme in his life, namely his feeling that his work was not 
receiving the attention from others that was its due. Stumpf’s reply 
asked Frege, presumably in response to this complaint, ‘whether it 
would not be appropriate to explain your line of thought first in 
ordinary language and then — perhaps separately on another occa- 
sion ... —in the Begriffsschrift: I should think that this would make 
for a more favourable reception of both accounts.’ 


GRUNDLAGEN 


Frege took Stumpf’s advice. His attempt to ‘explain [his] line of 
thought in ordinary language’ resulted in what many consider to be 
his masterpiece, Die Grundlagen der Arithmetik (The Foundations 
of Arithmetic). In the period when he was writing the Grundlagen, 
between 1882 and 1884, Frege was teaching part-time at the Pfeiffer 
Institute, a private school in Jena, and indeed he mentions a book by 
Grassmann that was intended for use in schools. 

In the Grundlagen Frege criticizes various views that had been 
offered on the nature of numbers and of arithmetical truths, before 
sketching his own account. Chief among the views Frege criticizes 
is Kant’s, that the truths of arithmetic are synthetic a priori. Frege’s 
principal objection to Kant’s view is that it does not explain the 
scope of arithmetic. If arithmetic were synthetic, it would depend 
on intuition, and all our intuitions, according to Kant, are ultim- 
ately dependent on the structure of space and time. So arithmetic, 
since derived from the spatio-temporal structure of reality, would 
be applicable only to it. Yet, Frege says, the scope of arithmetic 
is wider. In this respect Frege distinguished arithmetic from 
geometry. 
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The truths of geometry govern all that is spatially intuitable, whether actual 
or product of our fancy. The wildest visions of delirium, the boldest inven- 
tions of legend and poetry, where animals speak and stars stand still, where 
men are turned to stone and tress turn into men, where the drowning haul 
themselves up out of swamps by their own topknots — all these remain, so 
long as they remain intuitable, still subject to the axioms of geometry.” 


In this respect, Frege believed, geometry differs from arithmetic. 
Here, he said, 


we have only to try denying any one of our assumptions, and complete con- 
fusion ensues. Even to think at all seems no longer possible ... The truths 
of arithmetic govern all that is numerable. This is the widest domain of all; 
for to it belongs not only the actual, not only the intuitable, but everything 
thinkable. Should not the laws of number, then, be connected very intim- 
ately with the laws of thought?™ 


Frege invites us to think, then, that, if arithmetic has the same 
range of applicability as logic itself (namely, everything thinkable), 
the explanation for this can only be that arithmetic is derivable from 
logic. 

So far, though, what Frege had done was only to render this central 
claim plausible, not to prove it. Frege now turned to his attempt at a 
positive account of arithmetic as derived from logic. The first thing he 
did was to make the important observation that ascriptions of num- 
ber do not apply to piles of stuff in the world. Before we can count, 
we need to know what it is we are counting. We need, that is to say, a 
concept. It is not the pack of cards itself that has the number fifty-two 
but the concept ‘card in the pack’. The concept ‘suit in the pack’, by 
contrast, has the number four. This observation is no doubt obvious 
as soon as it is made, but to realize its importance one has only to read 
the confused writings of authors who failed to make it. Frege himself 
was probably helped to realize the point by a now-forgotten philoso- 
pher called Herbart (referred to by Frege briefly in a footnote), who 
said something similar, although rather less clearly, in 1825.” 

Ascriptions of number are therefore on Frege’s account sec- 
ond-level concepts. The first-level concept ‘card in the pack’ falls 
under the second-level concept ‘having fifty-two instances’. More 


to GI, §14. 
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2 See D. Sullivan, ‘Frege on the statement of number’, Philosophy and 
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generally, the second-level concept ‘having n instances’ is called a 
numerically definite quantifier: ‘F has n instances’ is abbreviated to 
4"xFx. Frege now considers what at first sight looks like the prom- 
ising proposal that we should define numbers implicitly by means 
of the numerically definite quantifiers, which can be defined recur- 
sively as follows: 


FexFx = pp ~dxF x; 
PHOXEX = pp Sx(Fx & 3y(Fy & yax). 


From these definitions it is possible to prove various arithmet- 
ical laws using logic alone, and hence, it seems, to vindicate the 
logicist thesis. Indeed, Frege’s presentation encourages the thought 
that he intends a treatment of arithmetic on something like these 
lines, since in the Introduction to the book he lays some stress on 
the injunction ‘never to ask for the meaning of a word in isolation, 
but only in the context of a proposition’. This injunction, which is 
nowadays known as the Context Principle, seems on the face of it to 
be designed precisely to license implicit definitions such as the one 
just offered: the definition does not tell us explicitly what the num- 
bers are, but allows us to eliminate numerals progressively from 
contexts in which they occur. 

However, Frege’s guiding principle in his search for an account of 
arithmetic was that numbers are self-subsistent objects. This prin- 
ciple places a constraint on the use of the Context Principle, since 
Frege took it as central to objecthood that there should be a prin- 
ciple of individuation that enables us to recognize the same object 
again. If we are to introduce a term to refer to an object, therefore, 
we must give its identity conditions: our definition must suffice to 
determine whether the object introduced is the same as or different 
from any other object already known to us. 

And this creates a problem for the account in terms of numeric- 
ally definite quantifiers, since the implicit definition does not suf- 
fice to determine whether the numbers are equal to other objects. 
For instance, it does not, to use Frege’s ‘crude example’, determine 
whether Julius Caesar is a natural number. Hence, Frege thought, 
the account must be rejected. 

Frege now turned instead to the consideration of another pro- 
posal, namely that we should derive the basic laws of arithmetic 
from what is often now called Hume’s Principle, i.e. the principle 
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that the number of Fs equals the number of Gs if and only if the Fs 
and the Gs are equinumerous. Frege had more sympathy with this 
proposal than with the previous one. Indeed he devoted a consider- 
able part of the Grundlagen to sketching how the derivation of the 
basic laws of arithmetic from Hume’s Principle can be achieved. 

In the end, however, Frege rejected this proposal for the same 
reason that he rejected the earlier proposal involving numerically 
definite quantifers, namely that Hume’s Principle, thought of as an 
implicit definition, fails to determine the truth conditions of mixed 
identity sentences, i.e. equations which have a number term on one 
side and a singular term of another kind on the other. It fails, that is 
to say, to solve the Julius Caesar problem. 

Frege did not regard Hume’s Principle as an entirely blind alley, 
however. Instead of regarding it as an implicit definition of numbers, 
he now suggested that we should treat it as a specification of the fun- 
damental property of numbers that we need to recognize. Having 
identified this property, our task is simply to find an explicit defin- 
ition of numbers which has Hume’s Principle as a consequence. 

Frege’s suggestion" was that we could define the number of Fs 
to be the extension of the concept of being a concept equinumerous 
with the concept F. It is easy to see that, if we define numbers in this 
way, Hume’s Principle becomes a trivial logical consequence. 

There are two obvious problems with Frege’s proposal, though. 
The first is that it solves the Julius Caesar problem at the expense 
of arbitrariness. The definition has various consequences which we 
would surely not have regarded as properties of numbers. The second 
problem is that the proposal does not so much solve our problem as 
push it one stage back. We started by wanting to know what num- 
bers are. Now we want to know what extensions are. Frege casually 
says (in a footnote], ‘I assume it is known what the extension of a 
concept is.’'4 But this is plainly no more than a placeholder for the 
account of extensions of concepts which he now owes us. 


‘ON SENSE AND REFERENCE’ 


Frege’s stipend was increased from 300 to 400 marks in 1885 and 
to 1,300 marks the following year. At this as at other points in his 
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career, Frege had to thank Ernst Abbe, a senior member of the math- 
ematics department who had taught him when he was a student 
and encouraged him thereafter. In 1887 Frege married Margarete 
Lieseberg, eight years his junior, who had also grown up in Wismar. 
They moved into a new house paid for by Frege’s mother, who shared 
the house with them until she moved into a retirement home. 

Between 1890 and 1892 Frege published three articles which 
marked the beginning of a new phase in his thinking about logic 
by outlining a more refined semantic theory. The most famous of 
these articles is ‘On sense and reference’. Philosophy students are 
nowadays taught that this is where Frege introduced the import- 
ant distinction between sense and reference. But if that is all they 
are taught, they miss the significance of the issue Frege was tack- 
ling. After all, it does not take great sophistication to distinguish 
between what a word means and what it refers to. Such a distinction 
was familiar to Sextus Empiricus, who pointed out that we may 
understand a word that the barbarians do not, even though they 
hear the word and see the object referred to.'® Frege’s concern was 
not with whether such a distinction can be drawn but with whether 
it is of relevance to logic. What he argued in ‘On sense and refer- 
ence’ was that an account of the structure of thoughts requires us 
to recognize different ways in which an object may be presented to 
us: different senses contribute to different thoughts, and hence to 
different inferences that may be drawn from them. Logic, accord- 
ing to Frege, must distinguish between the thought that a = b and 
the thought that a = a since the former licenses inferences that the 
latter does not. 

The issue is one that Frege had already addressed more than a dec- 
ade earlier in the Begriffsschrift. What he had suggested there was 
that it is the difference between the signs ‘a’ and ‘b’ that explains 
the difference in content between ‘a = a’ and ‘a = b’. But this account 
makes ‘a = b’ express something linguistic, namely that the signs 
‘a’ and ‘b’ refer to the same object. By 1892 Frege had come to think 
that this gets the subject matter of the thought wrong: if I learn that 
Hesperus is Phosphorus, what I learn is a fact about astronomy, not 
about language. 


s ‘Against the Professors’, 8.11f, in A. A. Long and D.N. Sedley (eds.), The Hellenistic 
Philosophers (Cambridge: Cambridge University Press, 1987), pp. 195-6. 
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If Frege is right that an appeal to the difference between the 
signs does not explain the difference in content, the obvious alter- 
native would be to appeal to a difference in the images which we 
attach to the signs in our minds. But that, again, would be at the 
wrong level: it would be in danger once more of making logic psy- 
chological. The content that we are aiming to explain — the content 
that is relevant to logic — is what is capable of being true or false, and 
this is something that can be communicated from me to you. So, on 
Frege’s view, it cannot be anything mental, an idea, because ideas 
are private to whoever has them in mind. I cannot have your ideas, 
however hard I try, but I can grasp the same thoughts as you. When 
you tell me that Hesperus is Phosphorus, there is something true - a 
thought — that you have communicated to me. So thoughts (and, by 
extension, their components] cannot be mental. 


SATURATED AND UNSATURATED 


What we have so far is an argument, hotly contested in the modern 
literature on the subject, that the contribution a name makes to 
determining the truth conditions of declarative sentences in which 
it occurs cannot be explained solely by appealing to the object 
which the name refers to. Whether or not this argument is correct, 
it says nothing about the contribution that parts of the sentence 
other than names make to this task. In discussing Begriffsschrift 
we noted how Frege’s explanation of quantification led him to the 
idea of removing a name from a sentence in order to obtain an 
expression which has various sentences, including this one, as pos- 
sible instantiations. Frege there calls such an expression a function, 
but in his later writings he preferred to call it a function symbol, 
in order to leave the word ‘function’ free for whatever the symbol 
refers to. Frege called the function symbol unsaturated because 
it has an argument place; by contrast he called a name saturated 
because it has no argument place. (He probably borrowed the ter- 
minology from chemistry.]} 

Frege conceived of this distinction between saturated and unsat- 
urated components of the sentence as correlated with a similar 
distinction between saturated and unsaturated components of the 
thought which the sentence expresses. So the sentence ‘John is mor- 
tal’ can be seen as made up of the name ‘John’ and the predicate 
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‘x is mortal’. Correspondingly, the thought which this sentence 
expresses is made up of the sense of the name ‘John’ and the sense 
of the predicate ‘x is mortal’. 

The notion of composition which is in play here is highly prob- 
lematic, however. On the one hand, Frege was drawn to the idea 
that the structure of the sentence is a guide to the structure of the 
thought. On the other, as we have seen, he wanted to insist that 
some features of the structure of the sentence may be irrelevant to 
logic and hence not correspond to anything in the structure of the 
corresponding thought. This is a tension which he never satisfac- 
torily resolved. 

But it is not just the relationship between a sentence and its 
sense that is problematic. There is in any case a difficulty about 
saying what the structure of a thought is. For if the thought is 
intended to capture only that part of what the sentence expresses 
that is relevant to logic, one might imagine that logically equiva- 
lent sentences would express the same thought. But in that case 
how can I fully grasp two logically equivalent sentences without 
realizing that they are equivalent? The notion of sense is in dan- 
ger of rendering logic trivial. Wittgenstein was happy to adapt 
Frege’s notion so as to have just that conclusion, but Frege himself 
was hesitant about going down this path, perhaps because what 
impressed him most about the polyadic logic he had invented (in 
contrast to the syllogistic logic of his predecessors) is precisely its 
lack of triviality. 

Since Frege conceived of the sense of a term as the mode of pre- 
sentation of what it refers to, it was natural, once he held that predi- 
cates have sense, for him to suppose that they are also capable of 
referring to something. The reference of a predicate Frege called a 
concept. He held that the distinction between saturated and unsat- 
urated applies also at this level. For this reason, concepts are not 
objects: objects are saturated, whereas concepts are unsaturated. 
But concepts, although they are not objects, are nonetheless object- 
ive: they exist independently of us. 

Concepts, for Frege, are extensional, so that, for instance, the 
predicates ‘x is a round square’ and ‘x is a golden mountain’ refer to 
the same concept (namely the empty one}. However, he was curi- 
ously reluctant to call this relation equality, preferring to reserve 
this term for the relation that holds between objects. 
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ON CONCEPT AND OBJECT 


Suppose now that we grant Frege his desire to treat concept-words 
as referring expressions, and consider the sentence ‘Bucephalus is 
a horse’. The name ‘Bucephalus’ here refers to a particular object, 
namely the horse Bucephalus. And the predicate ‘x is a horse’ is a 
referring expression as well. But what does it refer to? One might 
think that it refers to the concept horse. But it cannot. For the phrase 
‘the concept horse’ is saturated: it contains no argument-place. So 
on Frege’s account whatever this phrase refers to must be saturated 
too. But concepts are unsaturated. So whatever the phrase ‘the con- 
cept horse’ refers to is not a concept. 

It is hard to know what to make of the bizarre conclusion that 
the concept horse is not a concept. Frege himself was surprisingly 
(because uncharacteristically) relaxed about it. Having derived the 
result, he immediately tried to downplay its significance. ‘By a kind 
of necessity of language,’ he wrote, 


my expressions, taken literally, sometimes miss my thought; I mention an 
object, when what I intend is a concept. I fully realize that in such cases I 
was relying upon a reader who would be ready to meet me halfway — who 
does not begrudge a pinch of salt."¢ 


It was Wittgenstein, some years later, who by begrudging a pinch 
of salt confronted the notion that there are some things that are 
unsayable, not for the trivial reason that our language lacks the 
right words, but because they are not of the right shape to constitute 
thoughts that any language could aspire to express. 


ON FUNCTION AND CONCEPT 


As we have seen, there is in Frege’s semantics a uniformity of treat- 
ment between names and predicates. It is a three-level view, accord- 
ing to which the realm of sense stands as an intermediary between 
language (where names and predicates reside) and the objective 
world (where objects and concepts do). Frege took one further step 
towards uniformity of treatment when he decided to treat sentences 
as a kind of name. The sense of a sentence he took to be the thought 
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which the sentence expresses; and the reference of the sentence he 
took to be its truth-value. Assimilating sentences to names in this 
fashion entailed also that Frege assimilated predicates to function 
symbols and concepts to functions: a concept is now simply a func- 
tion whose possible values are truth-values. 

This uniformity of treatment gave Frege’s system a simplicity 
which he no doubt found tempting. However, it was a mistake, as 
Wittgenstein was the first to realize. It is in principle possible to 
name an object by blind pointing, but nothing analogous is available 
in the case of truth-values: one cannot formulate a declarative sen- 
tence without having, at least implicitly, a grasp of the distinction 
between truth and falsity. There is therefore a fundamental diffe- 
rence between a sentence, on the one hand, and a name of a truth- 
value, on the other. This point was, ironically, one that Wittgenstein 
could have got from Frege himself, since Frege had already noted 
that thoughts are essentially complex. 


GRUNDGESETZE I 


As we have seen, Frege had almost completed by the summer of 
1882 a book in which he took himself to have derived the laws 
of arithmetic from definitions by means of logical laws alone. 
However, the first volume of Grundgesetze did not appear until 
1893. The preface offers as part of the explanation for the ten-year 
delay changes which led him to put aside an almost completed ver- 
sion, but it is difficult to be sure just what these were. Perhaps it 
was partly the revisions to his semantic theory that caused the 
delay. Another reason, though, may have been the (understandable) 
difficulty Frege had in finding a publisher willing to subsidize the 
cost. 

The purpose of Grundgesetze is twofold. First, Frege had to 
extend the formal system he had provided in Begriffsschrift so as to 
give an account of the notion of the extension of a concept. Second, 
having done this, he had to make good his claim that the basic laws 
of arithmetic can be derived formally from the explicit definition of 
numbers offered in Grundlagen, making use at every stage of noth- 
ing other than pure logic. 

In the second of these stages, Frege’s treatment was a success. 
The impact of its publication was muted, however, not only because 
of the unfamiliarity of his Begriffsschrift but also because by the 
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time he published it Dedekind had already published his masterly 
treatment of arithmetic in Was sind und was sollen die Zahlen: 

The first stage of Frege’s project, in which he extended his 
Begriffsschrift to include the notion of an extension, also bears the 
marks of the revision of his semantic theory mentioned earlier. 
Frege’s formal system now made no fundamental syntactic distinc- 
tion between sentences and names. Instead, he drew that distinction 
only at the level of reference, by assuming that the two truth-values, 
True and False, are already known. He then hoped by a step-by-step 
procedure to secure a reference for every other well-formed term of 
the theory. 

Since sentences are, for Frege, just a kind of name, concepts are 
similarly just a kind of function, and the extension of a concept 
is a particular instance of the general notion of the value-range of 
a function. That is to say, Frege now envisaged that every func- 
tion has associated with it an object called its value-range. Frege 
assumed that this association is one-to-one: distinct functions are 
associated with distinct value-ranges. This assumption was the 
fifth of the basic laws Frege laid down in his formal system: hence 
it is nowadays known as Basic Law V. Although Frege stated it as a 
general law that applies to all functions, it is the case in which the 
function is a concept that is of the most significance. In this case, 
the law would be expressed in modern notation as 


{x:Fx} = {x:Gx} o VxFxo Gx. 


Or, since Frege held that concepts are equal just in case they have 
the same objects falling under them, we could write it more simply as 


{x:Fx} =(x:Gx}<o F=G 


(although, as already noted, Frege himself preferred not to use the ‘=’ 
sign in this way). This way of writing the law illustrates clearly that 
Frege’s notion of the extension of a concept is no more than a level- 
changing operator, mapping each concept to an object. The reason 
Frege needed such an operator was, of course, his requirement that 
numbers should be objects. 


CORRESPONDENCE WITH HILBERT 


As we have noted, Frege made a clear distinction between arith- 
metic and geometry: he believed that arithmetic is derivable from 
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logic, but he felt no temptation to disagree with Kant’s view that 
geometry is synthetic a priori. Frege did not use the word ‘axiom’ to 
mean a hypothesis: for him, an axiom must be true. So if geometry 
is presented, as has been common since the time of Euclid, as an 
axiomatic system, it is to be understood that the axioms are being 
asserted as true. 

In 1899 Hilbert published a book on the foundations of geom- 
etry. His purpose was to study the logical relationships between 
the axioms of geometry. He showed in this book that some of the 
axioms are independent of others. The standpoint he took through- 
out was that he was studying logical interrelationships between 
groups of propositions: whether those propositions are in fact true 
is, for mathematical purposes, irrelevant. His view was therefore 
directly opposed to Frege’s. 

In an exchange of letters that lasted almost a year Frege and 
Hilbert argued about this issue. In the course of their correspond- 
ence, Frege gradually disentangled two distinct issues, which he 
had at first intertwined. The first is the question of the logical rela- 
tionships between propositions. Frege was slow to see that Hilbert’s 
approach provides a way to show that one of the propositions in an 
axiom set is independent of the others by providing a non-standard 
interpretation in which this axiom is false and the others are true. 

The second question is whether the terms of a theory can acquire 
a meaning simply through the role they play in it. Frege insisted 
that they cannot. In his view we must have in mind an intended 
interpretation which makes the axioms of the theory true. If we 
do not, then all we have is empty formalism, not mathematics. For 
Hilbert, on the other hand, the only constraint on mathematical 
invention is that the axioms should be consistent. In mathematics, 
according to him, consistency entails existence. As Frege pointed 
out, however, this principle does not apply outside mathematics. 
The notion of an omnipotent, omniscient, benevolent being may be 
consistent, but we do not imagine that that on its own entails the 
existence of one. What Hilbert owed but did not offer was an argu- 
ment why his principle should apply in mathematics when it does 
not apply elsewhere. 

The correspondence between Frege and Hilbert tailed off with- 
out a resolution when Hilbert suggested that it would be easier for 
Frege to come and visit G6ttingen so as to continue it face to face. 
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(Frege did not take up the offer.) Perhaps, though, Frege’s criticisms 
eventually had an effect. For Hilbert’s later philosophy of mathem- 
atics was very different. The view he later proposed made elemen- 
tary arithmetic contentful, and although he proposed a formalist 
attitude to more abstract parts of mathematics, that formalism was 
constrained by the requirement that the abstract methods be legiti- 
mated by a conservativeness proof demonstrating (in principle, at 
least) their eliminability. 


GRUNDGESETZE II 


The second volume of the Grundgesetze went to the typesetter in 
1902, although Frege had probably written most of it before the first 
volume was published a decade earlier.'7 In the end, he resigned 
himself to paying the printing costs himself. In any case, the div- 
ision into volumes does not correspond to the subject matter: part II 
of the book is split awkwardly between the two volumes, and part 
ITI tails off at the end of the second volume, evidently to have been 
continued in a third volume that never appeared. 

Part III aims to extend Frege’s logicism from the arithmetic of 
part II so as to encompass the theory of the real numbers as well. 
Frege’s positive treatment of real numbers, which is strongly rem- 
iniscent of the account by Eudoxus which Euclid made use of in the 
Elements, is not without interest. Its principal novelty in compari- 
son with the treatments by Dedekind and Cantor that are much 
more familiar to the modern reader is that Frege defines the real 
numbers all at once without going via a construction of the rational 
numbers as an intermediate step. However, Frege’s account was 
almost entirely ignored by logicians until quite recently. 

As he had done earlier in the case of arithmetic, Frege started 
with a critique of other accounts that had already appeared, thus 
clearing the way for his own. The most important part of this cri- 
tique is undoubtedly the one devoted to Thomae and Heine, not 
because their treatments of real numbers were of special interest 
in themselves but because Frege saw their views as underpinned 
by a crude version of formalism. The fact that this version of for- 
malism is not seriously advanced by philosophers of mathematics 


1” See M. Dummett, Frege: Philosophy of Mathematics (Duckworth, 1991), p. 241. 
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nowadays is largely due to Frege’s critique. This critique has two 
main components. 

First, Frege points out that, even if mathematics were a game like 
chess, with no subject matter beyond the signs themselves, there 
would be things one could say about the game: in chess, for instance, 
it can be shown that one cannot checkmate with only a king and 
two knights. But that is a fact about chess, not about signs. So even 
if formalism were correct in relation to some part of mathematics, 
it could not be correct in relation to the whole of it. 

Second, formalism cannot offer an adequate explanation of any 
part of mathematics, such as arithmetic or the theory of real num- 
bers, which purports to be applicable in reasoning about the world. 
This is because a position in a game does not express a thought and 
therefore cannot be used in reasoning at all. 

Frege’s criticisms of Thomae are important because formalism is 
a position of independent philosophical interest. When Frege turns 
his attention to other accounts of the real numbers that had been 
developed independently by Cantor, Dedekind, Weierstrass and 
others, the result is less happy. The tone of Frege’s critique is unre- 
mittingly negative, and he is quite unable to distinguish criticisms 
of real substance from mere pedantic carping. Dummett is surely 
correct to say that 


Frege is anxious to direct at his competitors any criticism to which they 
lay themselves open, regardless of whether it advances his argument or 
not ... The Frege who wrote volume II of Grundgesetze was a very differ- 
ent man from the Frege who had written Grundlagen: an embittered man 
whose concern to give a convincing exposition of his theory of the founda- 
tions of analysis was repeatedly overpowered by his desire for revenge on 
those who had ignored or failed to understand his work." 


RUSSELL’S PARADOX 


The second volume of Grundgesetze is largely ignored by modern 
logicians. The only part that is referred to much is the appendix 
which Frege added after the volume had gone to press, in order to 
respond to the contradiction in his formal system which had only 


8 [bid., p. 243. 
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just been pointed out to him by Russell. The proof of contradiction 
Russell had discovered is brutally short. Suppose that we define 


XG y= pp dX(Xx [Ly = {z:Xz}). 
If we let 

a= {x:x € xt, 
then 

Vxx€aox€x, 
and so 

a€acaé€a, 


which is a contradiction. What this demonstrates is that a formal 
system is contradictory if it allows that every concept has an exten- 
sion which is an object falling within the range of the quantifiers of 
the system. 

Frege was forced to add an appendix to volume II in which he 
suggested a way of getting round the paradox. The proposal he made 
was to restrict Basic Law V in such a way as to block Russell’s proof. 
But this is plainly ad hoc, and it is no great surprise that Frege’s way 
out turns out to be contradictory as well. 

What is perhaps more interesting about Frege’s appendix is his 
refusal to countenance the obvious solution of treating extensions 
of concepts as objects of a different kind from the objects already 
referred to. Frege’s response here is strongly reminiscent of his 
response to the Julius Caesar problem twenty years earlier. He evi- 
dently had a strong attachment to a univocal notion of object: just as 
in the Grundlagen he had been driven by a conviction that numbers 
are objects in this univocal sense, now he was driven by a convic- 
tion that extensions of concepts are objects too. 

Frege evidently realized by 1906 that his attempt to fix his for- 
mal system in the appendix to volume II of Grundgesetze was a 
failure. ‘Set theory in ruins,’ he noted laconically.” After that, he 
continued to give annually at Jena his lecture course presenting the 
formal system of Grundgesetze, but now he omitted all mention 


19 PW, p. 176. 
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of the notion of the value-range of a function (or, in particular, the 
extension of a concept}.?° 


WIDOWERHOOD 


It has been popular to portray Frege after this as a broken man. But 
what caused his depression over the ensuing years may well have 
been the death of his wife in 1904 after a long illness rather than 
the disappointment brought on by Russell’s paradox. In 1905 he took 
time off work for ill health; over the next decade he published hardly 
anything, and he corresponded with other philosophers noticeably 
less than he had done previously. 

In 1908 Frege learned through a distant relative of the case of a 
brother and sister, Alfred and Toni Fuchs, then aged five and three, 
who had ended up in a care home as a result of parental neglect. 
Frege took over financial responsibility for the girl and himself fos- 
tered the boy. 

Frege’s health remained poor. In 1913 he once again took time off 
because of a ‘nervous illness’. (Rather oddly, the application for leave 
of absence also mentions that Frege wanted to complete some of his 
philosophical work, which somewhat undermines the other ground 
for the application.) From then until his retirement he rented the 
upper floor of his house to a Dr Schén and his family: Frau Sch6én’s 
later recollection was that Frege welcomed the sound of children 
about the house. 

It was Frege’s habit to go on holiday to Brunshaupten, a small 
seaside resort in Mecklenburg on the Baltic coast. It is said that he 
usually walked the whole way (about 200 miles) with his dog, stay- 
ing at the same inns each time. On at least one occasion (in 1914) 
he was even there during January, when the Baltic coast is not gen- 
erally at its warmest. 

In his later life Frege was evidently not an outgoing person. Frau 
Schon described him as ‘word-shy’ and Carnap, who attended his 
lectures, memorably described how he addressed them almost 
entirely to the blackboard. When he taught a more advanced course, 
on the other hand, things were more intimate. 


20 See Erich H. Reck and Steve Awodey (eds.), Frege’s Lectures on Logic: Carnap’s 
Student Notes, 1910-14 (Open Court, 2004). 
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In this small group Frege felt more at ease and thawed out a bit more. There 
were still no questions or discussions. But Frege occasionally made crit- 
ical remarks about other conceptions, sometimes with irony and even 
sarcasm.*' 


Gershom Scholem, who later became the preeminent modern 
scholar of Jewish mysticism, attended the University of Jena in 
1917-18 and became an enthusiast for Frege’s conception of logic in 
preference to Lotze’s. ‘I enjoyed his unpompous manner,’ he said. 
‘But in Jena hardly anyone took Frege seriously.’ 

The most remarkable contact Frege made during this period, how- 
ever, was with Wittgenstein. How many visits Wittgenstein made 
to Frege is not certain, but there were definitely at least three, one 
in 1911 or early 1912, one at Christmas 1912 and one at Christmas 
1913; and at least one of the visits took place in Brunshaupten rather 
than Jena. What is clear is that they formed a bond, although it 
was stronger, probably, on Wittgenstein’s side than on Frege’s. 
Wittgenstein revered Frege all his life, and was enormously influ- 
enced by him. 


LOGICAL INVESTIGATIONS 


Frege retired at the end of 1918 on a pension of 5,000 marks. He had 
been in poor health again and had been given leave not to teach any 
courses in the preceding two years. In 1918 he received a donation 
from Wittgenstein, which may have helped to make his retirement 
possible: he sold his house in Jena (to the family to whom he had 
been renting the upper floor) and bought a retirement home in Bad 
Kleinen, a village on the edge of a lake a few miles south of his 
birthplace. (Before the war, Wittgenstein had made a similar dona- 
tion to the Cambridge philosopher W. E. Johnson, with the aim of 
giving him the leisure to write up his work on logic, and it may well 
be that his gift to Frege had similar intentions.) At any rate Frege did 
indeed use his retirement to write up his Logical Investigations for 
publication. This is a series of three articles, ‘Thoughts’, ‘Negation’ 


* Rudolf Carnap, ‘Intellectual biography’, in P. A. Schilpp (ed.), The Philosophy of 
Rudolf Carnap (Chicago: Open Court, 1963}, p. 5. 

» Gershom Scholem, Walter Benjamin: The Story of a Friendship (London: Faber, 
1982), p. 66. 
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and ‘Compound thoughts’, which he published between 1918 and 
1923. He also began but did not complete a fourth article in the 
series called ‘Logical generality’. He evidently intended them to 
form a kind of textbook on logic. In the main, however, the Logical 
Investigations do not represent a new phase in Frege’s thinking 
about logic. ‘Thoughts’ is based on a draft which he had written in 
1897, and indeed the overall shape of the project is one that he had 
conceived even earlier. 

Moreover, much of the article merely lays out views he had 
already expressed in his published writings. He states again, for 
instance, his conception of thoughts as objective, publicly graspable 
items capable of truth or falsity. (It is here that he introduces the 
phrase ‘a third realm’ to refer to the abstract domain, neither phys- 
ical nor mental, that thoughts inhabit.) He stresses again his con- 
ception of logic as the study of the laws not of thought but of truth. 
He emphasizes, too, the indefinability of truth, and indeed comes 
very close to claiming that truth is altogether redundant. ‘The sen- 
tence “I smell the scent of violets”,’ he observes, ‘has just the same 
content as the sentence “It is true that I smell the scent of violets”. 
So it seems, then, that nothing is added to the thought by my ascrib- 
ing to it the property of truth.” 

But in ‘Thoughts’ Frege was clear, as he had not been before (not 
explicity, at least), about the fundamental difference in structure 
between thoughts and complexes. ‘Do we not see,’ he asks rhetoric- 
ally, ‘that the sun has risen? And do we not then also see that this 
is true?’ No. 


That the sun has risen is not an object emitting rays that reach my eyes; 
it is not a visible thing like the sun itself. That the sun has risen is recog- 
nized to be true on the basis of sense-impressions. But being true is not a 
sensible, perceptible property.?* 


This distinction between the rising sun and the fact that the sun 
is rising made a great impression on Wittgenstein: it was central to 
his conception of the world as the totality of facts, not of things, in 
the Tractatus. 


3 CP, p. 354. 
24 [bid. 
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Something else that we find in ‘Thoughts’ is Frege’s argument 
against the correspondence theory of truth. Correspondence, he 
says, comes in degrees; truth does not. ‘What is half true is untrue.’ 
And if we were to say that truth is merely correspondence of our 
ideas with reality in a certain respect, we would simply have pushed 
the question back to whether it is true that our idea corresponds 
with reality in the specified respect. To overcome this difficulty, 
Frege claims, we should regard truth not as correspondence with the 
facts but as identity: a fact does not correspond with, but simply is, 
a thought that is true. 

Frege then considers a difficulty for his conception of thoughts, 
and the senses which are their components, as intrinsically public, 
capable of being grasped by more than one person. If this is so, he 
wonders, what should we make of the sense of the word ‘I’? Frege 
takes it that I have a direct, unmediated access to myself that is not 
available to others. ‘Everyone,’ he says, ‘is presented to himself in 
a special and primary way, in which he is presented to no one else.’ 
Yet if lsay something about myself, I use the word ‘I’ in a way that is 
comprehensible to others. So the thought I have about myself is not 
the thought I express: the former is intrinsically incommunicable 
as the latter is not. 

This is a highly uncomfortable conclusion for Frege to have 
reached. Wittgenstein’s later response to the difficulty was to reject 
the Cartesian conception of the ego on which it is based. Frege’s 
response was to attempt a refutation of idealism on Cartesian prin- 
ciples. But, as Wittgenstein pointed out, Frege’s refutation is poor 
because it could at best refute a very simplistic kind of idealist. 

The second of Frege’s Logical Investigations is on ‘Negation’. 
Here Frege pursues his distinction between thoughts and complexes 
in order to show that a false thought cannot be thought of as the 
absence of something. The main thing that is new here is a long 
response to the views of Bruno Bauch on negation.”’ Frege also offers 
an argument against regarding denial as a distinct linguistic act on 
a par with assertion. If we did this, he says, it would not enable us 
to do without negation, since we may wish to entertain, without 
either asserting or denying, a thought which we can only express by 


»> See Sven Schlotter, ‘Frege’s anonymous opponent in Die Verneinung’, History 
and Philosophy of Logic, 27 (2006), pp. 43-58. 
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means of negation. On the other hand, if we have both assertion and 
negation, we do not need a distinct notion of denial, since denying 
something is tantamount to asserting its negation. 

The third of the Logical Investigations extends Frege’s account of 
thoughts in a fairly predictable manner to those formed by applying 
propositional connectives such as and or or. 


LAST YEARS 


In 1924 and 1925 Frege returned to the philosophy of mathemat- 
ics and began to draft some work which, if he had completed it, 
would have amounted to a radical new approach to the philosophy 
of arithmetic. What prompted Frege to think about the foundations 
of arithmetic again is not known. His new idea was that, since logi- 
cism had wholly failed to supply a foundation for arithmetic, we 
should seek to base it instead on geometry. With this proposal Frege 
was, of course, reverting to the view of the ancient Greeks: in the 
Elements Euclid presents number theory as a branch of geometry. 
It is unfortunate that what has survived of these last thoughts on 
mathematics is not enough to amount to a worked-out view. 

In mid-life Frege had been a supporter of the National Liberal 
Party, a traditionalist but mainstream political party which flour- 
ished in Prussia up to the First World War. In his old age, however, 
Frege veered to the right. At any rate he wrote shortly before he died 
a set of notes on his political views which have become notorious 
after Dummett commented on the editors’ decision to omit them 
from the published version of his Posthumous Writings (on the 
ground that they have no bearing on his philosophy). The notes have 
now been published, but for many years most Frege scholars knew 
them only from Dummett’s thumbnail sketch of them, and there 
was a danger that their notoriety would obscure the serious point 
Dummett was making, namely that by reading Frege’s remarks he 
had learned something about human beings which, as he said, he 
‘should be sorry not to know’. 

What little we know suggests in any case that Frege’s last years 
were not happy. The value of his savings, which he had invested 
in German government bonds, had been severely damaged by the 
post-war hyperinflation and he was financially dependent on his 
pension. He fell out with his brother over whether he was responsible 
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for paying an annuity that derived from their mother’s estate. He 
suffered from a stomach complaint and was sometimes too ill to 
answer letters himself. When eventually he died, during the night 
of 25/26 July 1925, he was buried in the old cemetery at Wismar next 
to his parents.”° 


THE NACHLASS 


Frege left his unpublished papers to Alfred, whom he had by then 
formally adopted as his son. ‘They are not all gold,’ he said, ‘but 
there is gold in them. I believe that some of it will one day be held 
in much greater regard than now. See to it that nothing gets lost ... 
It is a large part of myself that I here bequeath to you.’ 

In 1935 Alfred was approached by Heinrich Scholz of the Univer- 
sity of Munster and agreed to hand the Nachlass over to Scholz with 
the intention that it should eventually be deposited at the university 
library there. Scholz, along with his assistant Hermann Schweitzer, 
set about preparing an edition of Frege’s posthumous writings. 
During the war Scholz did indeed deposit the Nachlass for safekeep- 
ing with the manuscript department of the university library. The 
manuscript collection was evacuated to Salzuflen for safekeeping, 
but according to Heinrich Jansen, who was at the time head of the 
manuscript department, Frege’s Nachlass was not included in the 
evacuation and was therefore destroyed when the library was set on 
fire by British bombers on 25 March 1945. What remained, and were 
eventually published many years later, were only the carbon copies 
of the typescripts Scholz had been preparing for publication before 
the war. 

As Jansen was on sick leave at the time of the evacuation, and 
in Salzuflen at the time of the bombing, there is perhaps room 
to speculate on how authoritative his testimony is on the fate of 
Frege’s papers. Nonetheless, it remains the case that no trace of the 
Nachlass has since been found.?’ 


26 Thus the official register: his tombstone mistakenly gives the date as 28 July. 

27 For a full discussion see Kai Wehmeier and Hans-Christoph Schmidt am Busch, 
‘The quest for Frege’s Nachlass’, in Beaney and Reck (eds.}, Gottlob Frege, vol. I, 
Pp. 55-68. 
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INFLUENCE 


It is commonly said that Frege died a forgotten man. That is not quite 
true, but his influence on philosophy generally was largely indirect, 
via those he had influenced - Russell, Wittgenstein, Carnap. This 
method did not always transmit Frege’s views with great accur- 
acy. Russell, for example, did his best to bring Frege’s works to the 
attention of an English readership when he summarized them in an 
appendix to the Principles of Mathematics, but thereafter he often 
proceeded as if he had not really understood them: Frege’s long list 
of complaints,?® when he tried to read the first few pages of Principia, 
may have been a little pedantic, but it was also just. 

Wittgenstein’s Tractatus, on the other hand, shows the deep 
influence of ‘the great works of Frege’ on almost every page. But 
studying the Tractatus is perhaps not a very good way of coming to 
understand Frege. It is, rather, the modern study of Frege that has 
given us a better chance of understanding the Tractatus. 

Nonetheless, although Frege’s influence on the major figures of 
the first half of the twentieth century is unquestionable, he was 
not at that time widely read. Max Black’s 1934 book The Nature 
of Mathematics, for instance, contains extensive discussions of 
Ramsey, Russell and Wittgenstein, but treats Frege merely as an 
historical figure who ‘unfortunately ... did not use Boole’s calcu- 
lus of logic, preferring an elaborate but clumsy symbolism of his 
own, whose intricacy prevented his work receiving the recogni- 
tion it deserved’. And in the 1930s the philosophy of logic, such 
as it was, displayed little sign of direct engagement with Frege’s 
ideas. 

One channel of influence which helped to nudge Frege into the 
mainstream was Carnap, his former student. Alonzo Church, who 
was Carnap’s pupil and also studied at G6ttingen in 1929, resurrected 
Frege’s theory of sense from ‘On sense and reference’ in the 1940s. In 
Britain and America, however, Frege’s influence was still limited by 
the lack of English translations. This began to change shortly after 
the war, when Max Black (who had spent some time at Géttingen]) 
decided to translate ‘On sense and reference’ and the critique of for- 
malism from volume II of Grundgesetze: these appeared in 1948. 


28 Letter to Jourdain, 28 January 1914, in PMC, pp. 81-4. 
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About the same time, J. L. Austin decided to offer the Grundlagen 
as a set text for a course he was teaching at Oxford. The transla- 
tion of it which he produced for that purpose was published in 1950. 
Two years after that, Geach and Black published translations of a 
selection of Frege’s other writings. The choice of what to include 
in their selection was strongly influenced by Wittgenstein.?® This 
explains the omission from the collection of ‘Thoughts’, of which 
Wittgenstein had a low opinion, as well, no doubt, as the inclusion 
of the account of quantification from Begriffsschrift which had 
influenced Wittgenstein greatly. 

Over the next two decades interest in Frege’s works increased. 
One important step in persuading analytic philosophers of his cen- 
tral place in their subject was the publication of Kneale and Kneale’s 
The Development of Logic in 1962. But the decisive moment was 
surely the publication of Michael Dummett’s Frege: Philosophy 
of Language in 1973. Indeed Dummett’s book did several things 
at once. It corrected some of the misconceptions that had built up 
around what Frege actually said. It convinced philosophers of the 
central importance of Frege’s writings to many contemporary dis- 
cussions in the philosophy of language. But it also showed a whole 
generation of philosophers a way of studying historical texts that 
was new to them. Dummett was concerned not so much to tell us 
where Frege had got his ideas from, but to treat Frege as a modern 
philosopher and evaluate his positions as if from the inside. ‘It is 
impossible,’ Dummett noted, ‘adequately to evaluate Frege’s doc- 
trines without forming opinions about topics of which he did not 
treat ... Some sections of the book are therefore hardly about Frege 
at all, but about matters which must be considered if one is to judge 
whether Frege spoke the truth.’ 

Even after Dummett’s book it remained the case, however, 
that Frege’s philosophy of mathematics was paid little attention. 
(Dummett’s own book on the subject was delayed by more than a 
decade.) What led to Frege’s re-entry to the mainstream of philoso- 
phy of mathematics was Crispin Wright’s book, Frege’s Conception 
of Numbers as Objects, in 1983. This book poses a deceptively simple 
question. What if Frege had not been persuaded by the Julius Caesar 


29 See P. Geach, Preface to Gottlob Frege, Logical Investigations (Oxford: Blackwell, 
1977). 
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problem to drop the idea that number terms are implicit defined 
by means of Hume’s Principle? If he had retained it, he would at a 
stroke have avoided the problems he got into by defining numbers in 
terms of extensions of concepts, because, as Wright conjectured and 
others proved soon afterwards, Hume’s Principle (unlike Basic Law 
V) is consistent in second-order logic. (Geach had in fact pointed 
this out in print as early as 1976.)3° 

Wright’s work has led to a renewed interest in abstraction prin- 
ciples, i.e. principles of the form 


S(PeSicl = Foe 


where ~ is some suitably chosen equivalence relation on concepts. 
Hume’s Principle is an example, being the abstraction principle 
obtained by taking the equivalence relation to be equinumerosity. 
Wright’s proposal, which has come to be known as neo-Fregean 
logicism, is that abstraction principles may, in appropriate cases, 
provide us with a route to knowledge about some range of objects, 
and that approaching these objects via the abstraction principle is 
advantageous because it enables us to sidestep an epistemological 
debt which we would otherwise owe. If, for instance, we based arith- 
metic on the Dedekind-Peano axioms, we would owe an account of 
how we come to know that these axioms are true about the nat- 
ural numbers. Neo-Fregeans, by contrast, have hoped that Hume’s 
Principle might be seen, because it is an abstraction principle, as 
analytic (or something close to analytic) of the concept number. This 
hope has been encouraged by the metaphor of recarving employed 
by Frege himself. In an abstraction principle, he suggests, we replace 
the symbol ~ ‘by the more generic symbol = . ... We carve up the 
content in a way different from the original way, and this yields us 
anew concept.’ But we have already noted the difficulty Frege had 
in coming to a stable conception of the structure of propositional 
content, and the neo-Fregeans have not found it easy to cash out 
Frege’s metaphor. A particular difficulty has been what is nowadays 
known as the Bad Company objection, namely that Basic Law V is 
also an abstraction principle, but an inconsistent one. Neo-Fregeans 
therefore have to find a principled way of distinguishing between 


3° P. T. Geach, ‘Critical notice of Dummett’s Frege: Philosophy of Language’, Mind, 
85 (1976) pp. 436-49, at pp. 446-7. 
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consistent and inconsistent abstraction principles that does not sim- 
ply appeal (as Geach’s proof of the consistency of Hume’s Principle 
did) to our prior knowledge of the domain our grasp of which we are 
trying to explain. 


FURTHER READING 


For a lucid and straightforward introduction to Frege’s writings at 
a very introductory level Kenny could scarcely be bettered. The 
remaining chapters of this Companion discuss most aspects of Frege’s 
work in depth. In addition, readers may wish to consult Sullivan? 
for a good discussion of the logic of Begriffsschrift, and Dummett?3 
for an excellent exposition of Grundlagen and Grundgesetze.4 


3 Anthony Kenny, Frege (London: Penguin, 1995). 

32 Sullivan, ‘Frege’s logic’. 

33, Michael Dummett, Frege: Philosophy of Mathematics (Duckworth, 1991). 

34 Tam grateful to Michael Beaney and Peter Sullivan for comments on an earlier 
draft of this chapter. 
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2 Understanding Frege’s project 


Frege begins Die Grundlagen der Arithmetik, the work that intro- 
duces the project which was to occupy him for most of his profes- 
sional career, with the question, ‘What is the number one?’ It is 
a question to which even mathematicians, he says, have no satis- 
factory answer. And given this scandalous situation, he adds, there 
is small hope that we shall be able to say what number is. Frege 
intends to rectify the situation by providing definitions of the num- 
ber one and the concept of number. But what, exactly, is required of 
a definition? Surely it will not do to stipulate that the number one 
is Julius Caesar — that would change the subject. It seems reason- 
able to suppose that an acceptable definition must be a true state- 
ment containing a description that picks out the object to which 
the numeral ‘1’ already refers. And, similarly, that an acceptable 
definition of the concept of number must contain a description that 
picks out precisely those objects that are numbers — those objects to 
which our numerals refer. 

Yet, while Frege writes a great deal about what criteria his defini- 
tions must satisfy, the above criteria are not among those he men- 
tions. Nor does he attempt to convince us that his definitions of 
‘t’ and the other numerals are correct by arguing that these defini- 
tions pick out objects to which these numerals have always referred. 
There is, as we shall see shortly, a great deal of evidence that Frege’s 
definitions are not intended to pick out objects to which our numer- 
als already refer. But if this is so, how can these definitions teach us 
anything about our science of arithmetic? And what criteria must 
these definitions satisfy? To answer these questions, we need to 
understand what it is that Frege thinks we need to learn about the 
science of arithmetic. 
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WHY DEFINE THE NUMBER ONE? 


Definitions of the number one and the concept of number are neces- 
sary, Frege thinks, if we are to prove the truths of arithmetic from 
primitive truths. What are primitive truths? And why should we 
prove the truths of arithmetic from primitive truths? In the early 
sections of Grundlagen, Frege offers two motivations for attempting 
to provide such proofs. The first, which he characterizes as math- 
ematical, is a desire for increased rigour — proof wherever proof is 
possible. The second, which he characterizes as philosophical, is a 
desire to show whether the truths of arithmetic are a priori or a pos- 
teriori, synthetic or analytic. 

For Frege, the classification of a provable truth as analytic or syn- 
thetic, a priori or a posteriori, is determined by its most econom- 
ical (most general) proof — by the proof requiring the fewest specific 
assumptions. The least economical (least general} sort of proof is one 
that requires an appeal to facts, that is, unprovable truths about par- 
ticular objects; unprovable truths that are not general. Appeals to 
facts are required by any proof of an a posteriori truth.! Truths of 
empirical science are examples of a posteriori truths. A truth that 
can be proved without appeal to facts is a priori and can be either syn- 
thetic or analytic. This classification, again, depends on what sort of 
proof is available. Ana priori truth is synthetic if it cannot be proved 
‘without making use of truths which are not of a general logical 
nature, but belong to the sphere of some special science’.? Truths of 
Euclidean geometry are examples of synthetic a priori truths. For 
the axioms from which they are derived are not of a general logical 
nature (they govern a limited domain: that of spatial configurations) 
but are general (they are not truths about particular objects). Finally, 
an analytic truth can be proved using only ‘general logical laws and 
definitions’. This is the most economical (or general) sort of proof — it 
requires no appeals to facts or to truths of a special science. 

To find the most economical proof of some truth, we need a 
method for recognizing gapless proofs. Otherwise, we cannot rule 
out the possibility that a proof that apparently has only general 


' GI, §3, p. 4. All page references to Frege’s works in this chapter are to the original 
German edition, unless otherwise stated. 
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logical laws and definitions among its premises actually contains 
an implicit appeal to something that is neither a logical law nor a 
definition. The task is ‘that of finding the proof of the proposition, 
and of following it up right back to the primitive truths’? In the pro- 
cess, Frege says, 


we very soon come to propositions which cannot be proved so long as we 
do not succeed in analysing concepts which occur in them into simpler 
concepts or in reducing them to something of greater generality. Now here 
it is above all Number which has to be either defined or recognized as 


indefinable.+ 


One might suppose that, in this process, the concept of number will 
be recognized as indefinable. Yet Frege insists on defining the con- 
cept of number and the numerals. Why? 

If the point of proving truths of arithmetic from primitive laws is 
to enable us to determine the correct classification of these truths, 
there will be eligibility conditions that determine what can be 
taken as a primitive law. One obvious eligibility condition is that 
its truth be evident without proofs Another is that there be some 
means, other than examining a proof, of determining its classifica- 
tion (i.e., of determining whether it is a fact about particular objects, 
a primitive general truth of some special science, or a general logical 
law). For if there is to be a definite answer to the question about the 
correct classification of the truths of arithmetic, then there must be 
some means of classifying the primitive laws on which the truths 
of arithmetic depend. 

To see how this might work, consider an example: the claim that 
every object is identical to itself.6 Since its truth is self-evident, 
it satisfies the first eligibility requirement for primitive laws. 
Supposing this to be a primitive law, is it analytic? In Grundlagen, 
Frege mentions two features of analytic truths. One is maximal 


3 Ibid. 

4 Ibid., §4, p. 5. 

s Although Frege does not explicitly discuss this, it is obvious that, if the proofs 
based on an unproved primitive law are to establish the truth of their conclusion, 
the truth of the primitive law must be evident without proof. 

6 This is primitive-eligible, but not a basic Begriffsschrift law. Since Frege wants to 
minimize the number of primitive laws (see, e.g., Gg, vol. I, p. vi), he derives many 
laws that are primitive-eligible. 
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generality. Analytic truths govern ‘not only the actual, not only the 
intuitable, but everything thinkable’7 Another is that we cannot 
deny them in conceptual thought. That is, we cannot deny them 
‘without involving ourselves in any contradictions when we pro- 
ceed to our deductions’. Fundamental truths of arithmetic seem to 
be analytic because if we try to deny any one of them ‘complete con- 
fusion ensues. Even to think at all seems no longer possible.’» The 
law that every object is identical to itself exemplifies both of these 
features. First, this law surely tells us, not just about every actual 
(spatio-temporal) object or every intuitable object, but about every 
object. Second, it seems that we cannot deny it without involving 
ourselves in contradictions. Given these criteria, the law in ques- 
tion is analytic. The axioms of geometry, in contrast, are synthetic 
because we can assume the contrary of an axiom of geometry with- 
out involving ourselves in contradictions.’° 

What of basic truths about numbers? Frege suggests, without 
argument, that the fundamental propositions of the science of num- 
ber have the same status as logical laws — that denying them will 
involve us in contradictions.'t He also states, again without argu- 
ment, that the truths of arithmetic govern the widest domain of 
all (das umfassendste). Thus these truths seem to be logical laws. 
But there are also reasons for thinking that they are not primitive- 
eligible logical laws. Truths about the number one do not seem to 
have the requisite maximal generality of logical truths. The number 
one, after all, is a particular object. Nor do laws about numbers seem 
maximally general. They seem to govern, not the widest domain of 
all, but the peculiar domain of numbers. Inferences by mathemat- 
ical induction appear to be ‘peculiar to mathematics’? To substan- 
tiate his conviction that the truths of arithmetic are analytic, Frege 
needs to define the number one and the concept of number from 
recognizably logical notions and to prove the truths of arithmetic 
using only these definitions and logical laws. 


7 GI, §14, p. 21. 

8 Tbid., §14, p. 20. 

9 Ibid., §14, p. 21. 

10 [bid., §14, pp. 20-1. 
™ [bid., §14, p. 21. 

2 Tbid., §14, p. iv. 
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DEFINITIONS AND CONTENT 


We now have one criterion that Frege’s definitions must satisfy. 
They must enable him to provide gapless proofs of the truths of 
arithmetic from primitive truths — from primitive logical laws, if he 
is to show that they are analytic. Since the proofs must be of truths 
of arithmetic, Frege’s definitions must not transform arithmetic 
into some new and foreign science. One might suppose, then, that 
Frege’s aim is to give descriptions that pick out the objects that we 
are already talking about when we use the numerals and the term 
‘number’. Why, then, does he not say so? 

The explanation, one might suspect, is simply that Frege expected 
this to be obvious to his readers. But a problem remains. If this is 
right, Frege’s defence of his definitions should include an attempt to 
show that his definitions pick out the objects to which our numer- 
als already refer. But Frege’s Grundlagen defence of his definitions 
includes no argument that they pick out the objects to which our 
numerals already refer. What is Frege’s defence? 

The defence in Grundlagen appears ina group of sections labelled 
‘the completion and testing (Ergdnzung und Bewdhrung) of our def- 
inition’. He first defines the concept number which belongs to the 
concept F and shows that this definition passes several tests. He 
then turns to the task of completing his definitions — defining the 
individual numbers — which is followed with tests of these defi- 
nitions. The tests are tests of whether the definitions allow us to 
derive ‘the well known properties of numbers’.3 What are these 
properties? Although Frege is renowned for claiming that numbers 
are non-spatio-temporal objects, this is not the sort of property that 
must be derivable from the definitions. Rather, the properties in 
question are those that seem to underlie the uses we make of arith- 
metic, both in science and in everyday life. For example, we must be 
able to prove, using his definitions, that o is the number belonging 
to a concept if and only if no object falls under it (the number that 
belongs to a particular concept is the number of objects that fall 
under the concept); that if 1 is the number which belongs to a con- 
cept, then there exists an object which falls under that concept." 


33 [bid., §70, p. 81. 
“4 Ibid., §75, p. 88; §78, p. 91. 
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The definitions must provide a basis for an arithmetic that meets the 
demand ‘that its numbers should be adapted for use in every applica- 
tion made of number’.*’ Thus the definitions must be responsible to 
pure arithmetic. For the applications of arithmetic are applications 
of pure arithmetic. If Venus has o moons and the Earth has 1 moon, 
we ought to be able to infer that the Earth has more moons than 
Venus — something that would be blocked were it a truth of Fregean 
arithmetic that o=1. What we take to be simple truths and applica- 
tions of our arithmetic must be reproducible in an arithmetic based 
on Frege’s definitions. No acceptable definitions of ‘o’ and ‘t’ will 
make it true that o=1 or false (failing new astronomical events) that 
the Earth has 1 moon. Moreover, it will not suffice that it be true, 
given Frege’s definition of ‘t’, that if 1 is the number which belongs 
to a concept, then some object falls under the concept. It must be 
derivable. The definitions must not only preserve what we regard as 
the truths of pre-systematic arithmetic, they must also provide sup- 
port for its inferences. That is, the introduction of these definitions 
should enable us to replace our original, enthymematic arguments 
about, say, the numbers of moons of Venus and the Earth, with gap- 
less arguments."$ 

Definitions satisfying these constraints clearly preserve some 
pre-systematic content associated with the numerals and the term 
‘number’. This content seems very like the kind of content Frege 
introduces in Begriffsschrift:7 conceptual content (begriffliche 
Inhalt), content that has ‘significance for the inferential sequence’. 
And Begriffsschrift, the language in which he wants to carry out the 
proofs that will establish the analyticity of arithmetic, is designed 
to be a language that expresses conceptual content. This suggests 
that the criterion that must be met, if we are legitimately to regard 
Frege’s definitions as faithful to arithmetic, is that they preserve 
whatever conceptual content is inherent in our pre-systematic 
views about arithmetic. 


%s [bid., §19, p. 26. 

One might suspect, as Patricia Blanchette argues in ‘Frege’s Reduction’, History 
and Philosophy of Logic, 15 (1994), pp. 85-103, that Frege requires statements in the 
systematic science of arithmetic to be logically equivalent to claims of ordinary 
pre-systematic arithmetic. I argue below that this interpretation conflicts with 
Frege’s statements about the roles played by Begriffsschrift and natural language. 

17 T use the word ‘Begriffsschrift’ italicized to refer to Frege’s monograph, unitali- 
cized to refer to his logical language. 
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Although Frege does not use the expression ‘conceptual content’ 
in Grundlagen, the link between the content he wants to preserve 
and significance for inference is evident. He wants to convince us 
that intellectual effort is needed if we are to understand the content 
of the expression ‘number’ and the numerals. And one sort of evi- 
dence he offers is that, while we routinely make everyday inferences 
from numerical formulae, these inferences do not seem immedi- 
ately licensed by logical laws. Nor is it evident how these inferences 
can be made gapless. The link between content and inference is also 
apparent in other discussions of Grundlagen. For example, in his 
discussion of the content of the proposition ‘All whales are mam- 
mals’, he argues that the proposition is not about animals because, 
‘We cannot infer from it that the animal before us is a mammal 
without the additional premiss that it is a whale, as to which our 
proposition says nothing.’ 

He also argues that the ideas we associate with an expression 
cannot constitute its content, because the associated ideas do not 
support our inferences. Thus Frege’s explicit requirements on his 
definitions involve preservation of whatever conceptual content is 
already associated with the word ‘number’ and the numerals. 


DEFINITIONS AND REFERENCE 


But we might well have expected Frege to require that definitions of 
the numerals pick out whatever it is that we have been talking about 
all along. Or, to use a contemporary locution: that definitions of the 
numerals preserve pre-systematic reference. Yet Frege not only fails 
to articulate this requirement, he makes no attempt to show that 
his definitions satisfy it. One might suspect that he simply assumes 
that, to show that the definition picks out the object we have been 
talking about in our use of the term ‘1’, it will suffice to show that 
the definition preserves the conceptual content of ‘1’. But Frege’s 
actual remarks suggest something very different: that the terms to 
be defined do not actually have reference antecedent to his work. 
Frege writes, in a criticism of a proposed definition of the con- 
cept of number, ‘it must be noted that for us the concept of number 
has not yet been fixed, but is only due to be determined in the light 


*® GI, §47, p. 60. 
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of our definition of numerical identity’® This is an odd choice of 
words if each numeral already refers to a particular object and if to 
be a natural number is simply to be one of these objects. For Frege 
writes that all that can be demanded of a concept is that it should 
be determined, for each object, whether or not it falls under the con- 
cept.?° If each numeral already refers to a particular object, and if 
the numbers are the objects to which the numerals refer, then the 
concept of number is already fixed. We may be lacking a definition 
that identifies this fixed concept of number. But it certainly does 
not follow that the concept of number is due to be determined in the 
light of our definition. Were this Frege’s only remark of the sort, one 
might dismiss it as merely an odd choice of words. But it is not. 

Most of the discussions of Grundlagen are about the natural 
numbers. However, Frege also discusses the complex numbers. He 
considers the possibility of stipulating that the time-interval of one 
second is the square root of -1, and adds, in a footnote, that we are 
entitled to choose any one of a number of objects to be the square 
root of -1. The reason is that ‘the meaning [Bedeutung] of the square 
root of —1 is not something which was already unalterably fixed 
before we made these choices, but is decided for the first time by 
and along with them’.* 

If this is so, our symbols for complex numbers do not already 
refer to particular objects — which he goes on to suggest in the next 
section. In this remark, unlike the earlier remark about the con- 
cept of number, there is no ambiguity. One might suspect that this 
marks a difference between the complex and natural numbers. But 
Frege gives us no indication that there is such a difference. 

He goes on to suggest that there is a problem with defining 
the square root of -1 as a time-interval. This would import into 
arithmetic ‘something quite foreign to it, namely time’ and make 
arithmetic synthetic.” To show that arithmetic is analytic, Frege 
proposes using the same solution for complex numbers that he used 
for natural numbers: to define them as extensions of concepts. The 
notion of extension of concept is a logical notion, on Frege’s view, 
and definitions of numbers as extensions of concepts should make 


© Ibid., §63, p. 74. 
2° Ibid., §74, p. 87. 
« Tbid., §100, p. 110. 
» [bid., §103, p. 112. 
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it possible to prove truths about numbers from logical laws. He 
ends Grundlagen with the following remark about offering such 
definitions: 


Once suppose this everywhere accomplished, then numbers of every kind, 
whether negative, fractional, irrational or complex, are revealed as no more 
mysterious than the positive whole numbers, which in turn are no more 
real or more actual or more palpable than they.?3 


This would be an odd remark if, for example, ‘1’ had all along referred 
to a particular extension of a concept while the symbol ‘i’ refers to 
an extension of a concept only because of an arbitrary stipulation. 
But, again, this may be simply an odd choice of words. What other 
evidence is available? 

Frege acknowledges that the correctness of his definitions is not 
evident. For we ‘think of the extensions of concepts as something 
quite different from numbers’.4 One might expect him to go on to 
argue that numbers really are extensions of concepts. But he does 
not. Rather, he claims that he attaches no decisive importance to 
bringing in the extensions of concepts.*> This is completely mys- 
terious if we assume that, when we use the numerals in our current 
pre-systematic language, we are talking about particular objects, 
and if we assume that Frege’s task is to provide definitions that pick 
these objects out. Given these assumptions, either we are already 
talking about (our numerals already refer to) extensions of concepts 
(in which case it would be essential to bring in extensions) or we 
are already talking about (our numerals already refer to) objects 
other than extensions of concepts (in which case it would be wrong 
to bring in extensions). Frege’s comments are simply not consist- 
ent with the assumption that his definitions are meant to pick out 
objects that we have been talking about all along. Unless we are 
prepared to engage in interpretive contortions, the appropriate con- 
clusion is that, when Frege asks for a definition of the concept num- 
ber, he is not asking for explicit descriptions of objects to which our 
numerals already refer. And, given this, it is implausible to attribute 


23 [bid., §109, p. 119. 

24 Ibid., §69, p. 80. 

»> Ibid., §107, p. 117. Later, Frege attached more importance to bringing in exten- 
sions. But his reason is that ‘we just cannot get on without them’ (Gg, vol. I, p. x}, 
not that numbers really are extensions. 
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to Frege the view that there is a concept to which ‘number’ refers, 
and objects to which the numerals refer, antecedent to his introduc- 
tion of his definitions. That is, antecedent to Frege’s introduction of 
his definitions, the concept of number is not fixed.?® 

Of course, if Frege’s explicit remarks are absurd, there may be 
a compelling reason to engage in interpretive contortions. But are 
they? There are many distinct set theoretic definitions of the num- 
bers that fit our understanding — both everyday and scientific — of the 
numbers. Nothing in our understanding of the truths of arithmetic 
seems to offer grounds for deciding between alternative systems of 
set theoretic definitions or, for that matter, grounds for saying that 
numbers are (or are not) sets. Given this, Frege’s explicit remarks 
do not seem absurd at all. There is every reason to believe that the 
numerals do not refer to particular objects and, consequently, that 
the content associated with the numerals can be captured by offer- 
ing definitions that are at least partly stipulative. 


REFERENCE AND TRUTH 


There is a problem, however. Frege seems to assume, not just 
that such everyday sentences of arithmetic as ‘o is not equal to 1’ 
express truths but that they express truths about particular num- 
bers. Otherwise, what would be the point of defining the numbers 
as objects? But now suppose ‘o is not equal to 1’ expresses a true 
claim about particular numbers. It seems that its truth must depend 
on the character of those numbers — i.e., the character of the objects 
to which ‘o’ and ‘1’ refer. If there are no objects to which ‘o’ and ‘1’ 
refer, it follows that ‘o is not equal to 1’ does not express a truth. 
It seems to follow that no statements of everyday arithmetic can 
express truths. 

Frege never addresses this problem. The explanation, one might 
suspect, is that he simply did not notice this consequence of his 
views.’’ But this is not entirely convincing. For, he comes very close 


26 Tconcentrate here on reference. For a discussion of sense and of Frege’s discussion 
of analytic vs. constructive definitions see ‘What is a numeral? Frege’s answer’, 
Mind, 116 (2007), pp. 677-716. 

27 As Gary Kemp argues in ‘Frege’s sharpness requirement’, in Philosophical 
Quarterly, 46 (1996), pp. 168-84. Many of the following arguments are responses 
to his objections. 
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to explicitly acknowledging this consequence. He writes ‘would the 
sentence ‘any square root of 9 is odd’ have a comprehensible sense at 
all if square root of 9 were not a concept with a sharp boundary?”8 A 
sentence without comprehensible sense cannot have a truth-value. 
One might suspect that Frege takes it to be obvious that ‘any square 
root of 9 is odd’ does have a comprehensible sense and, hence, that 
the concept square root of 9 does have a sharp boundary. However, 
a look at the context in which the question appears shows that this 
interpretation is incorrect. A concept has a sharp boundary just in 
case it determinately holds or not of each object. For example, in 
order for greater than zero (or positive) to be a proper concept, Frege 
says, ‘it would have to be determinate whether, e.g., the Moon is 
greater than zero’.*® He continues, 


We may indeed specify that only numbers can stand in our relation, and 
infer from this that the Moon, not being a number, is also not greater than 
zero. But with that there would have to go a complete definition of the word 
‘number’, and that is just what is most lacking. 


In the discussions of Grundgesetze that immediately follow, he 
suggests that such expressions as ‘greater than’ and ‘+’ are used by 
mathematicians in such a way that they have no fixed meaning.°° 

It is difficult to imagine that Frege said all this without noticing 
the consequence that sentences in which ‘greater than o’, ‘greater 
than’ and ‘4+’ appear have no truth-value.: Indeed, given his require- 
ment that each predicate pick out a concept with a sharp boundary, 
few, if any, of our everyday sentences have comprehensible sense 
or truth-values. But, whether he noticed this or not, this creates a 
puzzle about Frege’s conception of his project. Frege’s avowed pro- 
ject is to show that the truths of arithmetic are analytic. Unless we 
already know some of these truths — unless our everyday sentences 
of arithmetic express them — what could be the point of this project? 
Although Frege does not address this problem explicitly, there are 
solutions to it to be found in his discussions of natural language, 
Begriffsschrift and science. 


b 


8 Gg, vol. II, §56. 

»9 Tbid., §62. 

° See the arguments in ibid., §§56-67. 

™ See also the discussion of the universal generalization of ‘(x>2) D (x?>2)’ in 
‘Peano’s conceptual notation’. 
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Frege characterizes Begriffsschrift, his logical language, as a tool 
that enables us to avoid some difficulties inherent in natural lan- 
guage. When we use natural language, he says, even careful use 
of logical laws will not prevent errors. Mistakes, he writes, ‘easily 
escape the eye of the examiner, especially those which arise from 
subtle differences in the meanings of a word.” He continues, ‘That 
we nevertheless find our way about reasonably well in life as well as 
in science we owe to the manifold ways of checking that we have at 
our disposal. Experience and space perception protect us from many 
errors.’ Frege does not suggest that there is anything wrong with 
relying on the manifold ways of checking or that the subtle differ- 
ences in the meanings of a word should be eliminated from natural 
language. Rather, these features of natural language are rooted ‘in 
a certain softness and instability of language which nevertheless is 
necessary for its versatility and potential for development’. 


In this respect, language can be compared to the hand, which despite its 
adaptability to the most diverse tasks is still inadequate. We build for our- 
selves artificial hands, tools for particular purposes, which work with 
more accuracy than the hand can provide. And how is this accuracy pos- 
sible? Through the very stiffness and inflexibility of parts the lack of which 
makes the hands so dextrous. Word-language is inadequate in a similar 
way. We need a system of symbols from which every ambiguity is banned, 
which has a strict logical form from which the content cannot escape. 


Neither natural language nor a logically perfect symbolic language 
is suitable for every purpose. Whether features of a language count 
as virtues or defects will depend on the purpose for which we want 
to use the language. Features of natural language that are defects, 
given Frege’s specialized purposes, are desirable for other purposes. 
Begriffsschrift is not an ideal language. It is ‘a device invented for 
certain scientific purposes and one must not condemn it because it 
is not suited to others’3 

Begriffsschrift is designed for the expression and evaluation of 
inferences. It must be capable of expressing all content of any state- 
ment that has significance for the inferences in which it can figure. 
Once an inference is expressed in Begriffsschrift, the employment 
of Frege’s logical laws and rules are to make it a mechanical task to 


3+ ‘On the scientific justification of Begriffsschrift’, p. 51/CN, p. 86. 
33 Bs, p. V. 
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determine whether it is correct and gapless, or whether it requires 
an unstated premise. Because the task is mechanical, no presuppos- 
ition can sneak in unnoticed. We need such a language and logical 
system in order to produce identifiably gapless proofs of the truths 
of arithmetic. And only identifiably gapless proofs from primitive 
truths will enable us to determine whether the truths of arithmetic 
are correctly classified as analytic or synthetic. 

In order to carry out this project, we must define all terms of 
arithmetic from primitive, undefinable terms and construct a list of 
axioms or primitive truths from which all truths of arithmetic can 
be proved by gapless logical inferences. To do this is (to use Frege’s 
later expression) to provide a systematic science. And science, Frege 
claims, comes to fruition only in a system.4 Arithmetic is a science in 
its early stages — a science whose sentences have not yet been associ- 
ated with precise thought content. It is not that that arithmetic is less 
developed than other sciences. Although it is as highly developed as 
any science, arithmetic does not satisfy the standards for systematic 
science. In fact, there are no systematic sciences — Euclidean geom- 
etry comes closest, but its proofs are not gapless.35 Frege’s systematic 
science of logic, of which arithmetic is a part, will be the first. 


NATURAL LANGUAGE AND BEGRIFFSSCHRIFT 


We can now see why it is not absurd for Frege to say that the every- 
day sentences of natural language do not have truth-values. Frege’s 
view seems to be that truth is what we get, not in everyday circum- 
stances, but rather at some ideal end of inquiry. And the language 
for this ideal end, the language for systematic science, is not natural 
language but Begriffsschrift. But while natural language may not 
be a good vehicle for expressing truth, it is an essential tool in the 
early stages of our attempts to express truths. In a diary entry, Frege 
wrote, of his attempt to say what the numbers are, 


[O]ne might think that language would first have to be freed from all 
logical imperfections before it was employed in such investigations. But of 


34 ‘Logic in mathematics’, NS, p. 261. Also PW, p. 242. 
35 See, e.g., Frege’s discussion, in ‘On the scientific justification of Begriffsschrift’, 
pp. 50-1/CN, pp. 84-5, of Euclid’s tacit presuppositions. 
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course the work necessary to do this can itself only be done by using this 
tool, for all its imperfections. Fortunately as a result of our logical work we 
have acquired a yardstick by which we are apprised of these defects. Such a 
yardstick is at work even in language, obstructed though it may be by the 
many illogical features that are also at work in language.** 


To systematize a science we begin with the everyday sentences that 
are regarded as its basic truths — such sentences as ‘o is not equal 
to 1’. Our everyday view that this sentence expresses a truth is not 
quite right. The content associated with it is not yet precise enough; 
the science is not yet sufficiently well worked out. But much of 
the science of arithmetic is worked out. Many of the standards by 
which we judge sciences have been met. This sentence provides a 
guide for systematizing arithmetic. For it places constraints on our 
assignments of meaning to the terms ‘o’ and ‘1’. On any acceptable 
assignment the sentence ‘o is not equal to 1’ must express a truth. 
Since it will help to have a label for this attitude in the discussion 
that follows, I will say that Frege regards these sentences as true. 
It is a consequence of Frege’s view that few, if any, of our everyday 
sentences actually express truths. Nonetheless it is consistent with 
his view that we can regard some of these sentences — particularly 
the results of pre-systematic research — as expressing truths. 

One might suspect that this view must conflict with Frege’s 
statements in ‘On sense and reference’, which includes extensive 
discussion of natural language. Frege introduces his renowned 
Sinn/Bedeutung distinction by talking about words and sentences 
of everyday language. And the Bedeutung of an object expression is 
whatever object that expression designates. Yet it is difficult to find 
any actual inconsistency. Although Frege writes as if the terms of 
everyday language have Bedeutung and the sentences of everyday 
language have truth-values, he never actually says that they do. It 
is not because the subject never comes up. Although he raises the 
question of whether ‘the Moon’ has a Bedeutung, he does not go 
on to say that it does. He says only that we ‘presuppose a mean- 
ing [Bedeutung]’37 Nor does he say that such presuppositions are 
always — or generally, or even sometimes - correct. He says only, 


36 September 1924. See NS, p. 285/PW, p. 266. 
37 ‘On sense and reference’, p. 31. 
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the question whether the presupposition is perhaps always mistaken need 
not be answered here; in order to justify mention of that which a sign 
means it is enough, at first, to point our intention in speaking or thinking. 
(We must then add the reservation: provided such a meaning exists.}3* 


We do, of course, presuppose that our terms have Bedeutung, that 
there is something we really are talking about and that our sen- 
tences really have truth-values.3? As we have seen, Frege’s comments 
about the numerals and ‘number’ indicate that he thinks there are 
scientific contexts in which this presupposition is incorrect. The 
incorrectness of this particular presupposition has not, however, 
impeded our everyday arithmetic. It has not even impeded such 
sophisticated mathematical uses as ‘Weierstrass’.4° It is the project 
of systematization that requires both that all presuppositions be 
eliminated and that the necessary work be done to guarantee that 
each term has Bedeutung. 

This is not to say that Bedeutung is unimportant in our use 
of natural language. But it is not a prerequisite for our use of nat- 
ural language - even in scientific contexts — that our terms have 
Bedeutung. But is this view plausible? Surely, one might think, it 
is essential that terms used in scientific contexts have Bedeutung. 
In fact, however, this apparently implausible view, at least in some 
cases, fits our conception of good scientific practice perfectly well. 
To see this, it will help to look at an example. 

Today, as a result of a good deal of research, it is widely regarded as 
a well-established truth that obesity increases one’s risk of heart dis- 
ease. Yet ‘obese’ no more designates a fixed concept than ‘number’. 
Although medical researchers studying obesity agree that obesity is 
some weight-related characteristic that is associated with increased 
morbidity and mortality, several distinct sorts of definitions are 
used in medical research. Most common, because of convenience, 
are definitions in terms of body mass index, an index calculated 
using measurements of height and weight.*t The current general 


38 [bid., pp. 31-2. 

39 Frege also warns against apparent proper names without Bedeutung. But the imper- 
fection in question is not that language has proper names with no Bedeutung, but 
rather that it is possible to form proper names with no Bedeutung. This possibil- 
ity cannot be prohibited in natural language. 

4° See ‘Logic in mathematics’, NS, p. 239/PW, p. 221. 

4 Body mass index (or Quetelet index) is defined as: [weight in kg]/[height in 
meters|?. 
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acceptance of the definition of obesity as BMI> 30 — by researchers, 
the World Health Organization, public health officials, newspaper 
reporters and their readers — is a fairly recent phenomenon. Only fif- 
teen years ago the preferred definition was a two-part definition: for 
men the obesity began at BMI>28.7, for women BMI> 28.3.” It was 
not that research revealed that the new cut-off was correct and the 
original incorrect. Rather, it was (and is) understood that any cut- 
off is to some extent arbitrary. This particular change was made, in 
part, for convenience. And it is also widely acknowledged that the 
current definition is not ideal. For almost everybody believes that 
obesity has something to do with body fat and some highly muscled 
athletes who do not have much body fat will be classified as obese, 
given this cut-off.#3 

The search for a good definition of obesity continues, along with 
the investigation of various hypotheses about obesity. Yet it would 
be unreasonable to halt all investigation of the effects of obesity 
on morbidity and mortality on the grounds that, since the concept 
has yet to be fixed, the hypotheses have no truth-values. It would 
be unreasonable to give up our view that it is true that obesity 
increases risk of heart disease. That is, an apparently absurd view 
that Frege seems to hold — that we are entitled to regard certain 
sentences as expressing truths, in spite of the fact that some of 
their terms do not have fixed meaning - is not absurd at all. It 
aptly describes perfectly unexceptionable views of researchers. But 
this is not to say that the issue of a term’s having fixed meaning 
is of no concern to this sort of science. In fact, the problem with 
requiring that all terms used in scientific investigation already 
have fixed meaning is precisely that it can be part of the scientific 
enterprise to fix the meaning associated with a term already in use. 
The procedure, as we have noted already, involves a combination 
of research and stipulation. 

What, then, is Frege’s view of truth? He may seem to have 
two notions: the strict sort of truth that is the aim of science 
and a different sort of truth that applies to sentences of natural 


# R.J. Kuczmarski and K. M. Flegal, ‘Criteria for definition of overweight in transi- 
tion: background and recommendations for the United States’, American Journal 
of Clinical Nutrition, 72 (2000), p. 1077. 

4 See, e.g., the historical remarks in ibid. Myriad internet web pages give examples 
of athletes who count as obese on this definition. See, e.g., www.obesityscam. 
com/myth1.1.htm. 
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language — something very like the supervaluationist notion of 
truth.44 After all, the significance of his regarding it as true that 
each number has a unique successor is that on every acceptable def- 
inition of the term ‘number’, it will be provable, hence true, that 
each number has a unique successor. There is, however, an import- 
ant difference between Frege’s and the supervaluationist’s views of 
natural language. Although Frege shares the supervaluationist view 
that there is something right about many of our everyday sentences, 
he does not share the supervaluationist view that we are correct 
to presuppose that the constituents of these sentences have fixed 
meaning. For while there is something right about the sentences 
that we regard as setting out fundamental truths of pre-systematic 
arithmetic, the demands of truth, as Frege understands them, show 
us that there is also something wrong with these sentences. Frege 
wants to satisfy these demands, using what is right about pre-sys- 
tematic arithmetic as a starting point. 

Frege wants to replace imprecise pre-systematic sentences with 
precise systematic sentences — e.g. to introduce definitions of ‘num- 
ber’ and ‘successor’, from which it can be proved that each number 
has unique successor. For Frege’s interest in ‘the sort of truth which 
it is the aim of science to discern’ will not allow him to rest con- 
tent with the standards of pre-systematic arithmetic.*’ To say that 
our statements do not now satisfy Frege’s demand that all constitu- 
ents have fixed meaning is merely to say that we are not finished. 
Our sciences have not yet reached fruition. The demands that Frege 
identifies as the demands of truth should be seen as part of a regu- 
lative ideal for science. But there is no reason to assume that any 
sentences of natural language actually satisfy the demand. Thus we 
can reconcile Frege’s conception of his project with his statements 
about truth. To show that the truths of arithmetic are analytic is not 
to undertake a project external to the development of the science of 


44 Central to the supervaluationist approach is the notion of precisification or a 
sharpening of the bounds of a predicate. Given a particular precisification of, e.g., 
the term ‘bald’, each person is either bald or not bald. On the supervaluationist 
account of a sentence containing a vague predicate, the sentence is true just in 
case it is true given any admissible precisification. See, e.g., Kit Fine, ‘Vagueness, 
truth and logic’, Synthese, 30 (1975), pp. 265-300. 

45 ‘Thoughts’, p. 59. 
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arithmetic. It is a further — the final — step in bringing this science 
to fruition. 


SEMANTIC DESCENT 


There is, for Frege, only one notion of truth. It is what we obtain 
in systematic science. And Frege does not think this is an unob- 
tainable ideal. His new logic is meant to be a systematic science. 
Moreover logic, he tells us, has a special relation to truth: the task 
of logic is to discern the laws of truth. Thus Frege’s logic seems to 
give us some sort of theory of truth. But what is this theory like? It 
is widely supposed that Frege means to give a theory that tells us 
how the truth of a sentence is determined by semantic values of 
its subsentential constituents. Of course, no such theory is stated 
in Begriffsschrift. But the Begriffsschrift proofs, many think, are 
only one part of Frege’s logic. His logic, on this view, is a familiar 
enterprise that involves a formal language and its interpretation; 
it is a science in which metatheory and metatheoretic proof play 
important roles. There are, however, a number of difficulties with 
this reading.*° 

One difficulty lies in the significance accorded to language. If a 
theory of truth tells us how the truth of a sentence is determined 
by semantic values of its subsentential constituents, then language 
would appear to be the subject of the theory of truth. Moreover, 
language appears to be the subject of most metatheoretic proof. 
Consider, for example, the sort of metatheoretic justification one 
might offer for modus ponens: 


if A is true and A — B is true, then B is true. 


This purports to state a general truth about sentences, with ‘A’ and 
‘B’ used as metatheoretic variables that range over sentences. 
But as we saw earlier, Frege believes that laws of logic are distin- 
guished by their universality. They hold, not just over the realm 
of some special science or the realm of the spatio-temporal, but 
over an unrestricted realm. How can the metatheoretic claim 
about modus ponens — which appears to be, not a statement about 


46 For a more thorough discussion, see J. Weiner, ‘Semantic descent’, Mind, 114 
(2005), pp. 321-54. 
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everything thinkable, but a statement about the restricted realm of 
the linguistic — justify truths that hold over an unrestricted realm? 

Quine, who also claims that language is not the subject of logic, 
offers us a familiar answer.’ He points out that ‘“Wombat” is true of 
some creatures in Tasmania’, which is about a linguistic expression, 
is also a paraphrase of ‘There are wombats in Tasmania’, which is 
not. Thus it is possible to use statements about language to express 
something whose subject is really not language at all. The strategy 
of talking about words when our actual interest is in something 
else, which Quine labels semantic ascent, is, he argues, necessary 
for logic. Logic ‘can be expounded in a general way only by talking 
of forms of sentences’.48 

The reason stems from the sorts of generalizations required by 
logic. Consider the clause ‘time flies’ in the sentence ‘if time flies 
then time flies’. Quine writes, 


We want to say that this compound sentence continues true when the 
clause is supplanted by any other; and we can do no better than to say just 
that in so many words, including the word ‘true’. We say ‘All sentences 
of the form “if p then p” are true.’ We could not generalize as in ‘All men 
are mortal’, because ‘time flies’ is not, like ‘Socrates’, a name of one of a 
range of objects (man) over which to generalize. We cleared this obstacle 
by semantic ascent by ascending to a level where there were indeed objects 
over which to generalize, namely linguistic objects, sentences.49 


On Quine’s account, semantic ascent solves a problem. Semantics 
is required for logic because the generalization needed for a general 
account of the logical laws is not generalization over objects. 

To see how this works, consider a contemporary rendering of 
Frege’s Basic Law I, ‘(A — (B — A))’. The contemporary rendering is 


47 That we need to talk of forms of sentences and truth predicates in order to make 
general claims (e.g., of infinitely many axioms of the form ‘P— P’, that they are 
logical truths) is not just Quine’s view. See, e.g., Jason Stanley’s claim, in ‘Truth 
and metatheory in Frege’, Pacific Philosophical Quarterly, 77 (1996), p. 53, that 
one reason that a truth predicate occurs ineliminably in discussions of the valid- 
ity of rules of inference is that they are generalizations. 

48 W. V. O. Quine, Word and Object (Cambridge, Mass.: MIT Press, 1960}, p. 273, my 
emphasis. 

4 W. V. O. Quine, Pursuit of Truth (Cambridge, Mass.: Harvard University Press, 
1992), p. 81; see also The Philosophy of Logic, 2nd edn (Cambridge, Mass.: Harvard 
University Press, 1986), pp. II-12. 
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neither an expression in contemporary logical notation nor a single 
logical law. It is, rather, a schema in which ‘A’ and ‘B’ are used as 
metalinguistic variables that range over sentences. A claim about 
the truth of Basic Law Lis really a claim about the truth of infinitely 
many sentences in the formal language. Similarly, the statement 
that explains the justification of modus ponens is the statement of a 
general claim about sentences and truth: for any sentences A and B, 
if A is true and A — B is true, then B is true. One hallmark of con- 
temporary logic, then, is the use of schemata. Michael Dummett 
writes, ‘Logic can begin only when the idea is introduced of a sche- 
matic representation of a form of argument.’° 

Another hallmark of contemporary logic is the use of the truth 
predicate, where truth is a property of sentences.*' Quine writes that 
the truth predicate has its utility, 


in just those places where, though still concerned with reality, we are 
impelled by certain technical complications to mention sentences. Here 
the truth predicate serves, as it were, to point through the sentence to the 
reality; it serves as a reminder that though sentences are mentioned, real- 
ity is still the whole point.” 


It makes sense, on this view, to talk of the laws of logic as the laws 
of truth and it makes sense to think that any general account of 
the logical laws must be metatheoretic. How close is this to Frege’s 
view? 

Some differences between the contemporary versions of the logical 
laws and rules and Frege’s versions are purely notational, but others 
are not. To understand these differences and their significance, it 
will help to look at some of the discussions from the early sections 
of Basic Laws — the sections containing Frege’s introduction and 


3° Dummett, The Logical Basis of Metaphysics (Cambridge, Mass.: Harvard 
University Press, 1991), p. 23. 

Or, for those who favor a model-theoretic view, a relation between sentences and 
interpretations. Since Frege objects to viewing Begriffsschrift expressions as sub- 
ject to multiple interpretations (see, e.g., ‘Foundations of geometry’, vol. II, p. 384), 
a contemporary version of Frege’s view would be one on which truth is a prop- 
erty. One might think that the view stated here is already far from Frege’s since, 
especially in his later work, Frege characterizes truth as something that applies 
to thoughts rather than sentences. However, there is a relevant property of sen- 
tences — not that of truth, but that of expressing a truth. This issue does not affect 
the argument that follows. 

*2> Quine, Philosophy of Logic, p. 11. 
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defence of the second version of his new logic.3 As we have seen, a 
metatheoretic justification of modus ponens involves both the use 
of schemata to generalize over linguistic entities and a truth predi- 
cate. Frege’s explanation, in its entirety, is: 


for if! were not the True, then since A is the True [das 
Wahre ist] A> T would be the False.54 


Does Frege use a truth predicate? The only candidate for a truth 
predicate in the above passage is the expression ‘is the True’ (das 
Wahre ist). To see whether this is simply a peculiarly worded truth 
predicate, we need to look at Frege’s use of the expressions ‘the True’ 
and ‘the False’ss 

Frege introduces the True and the False in order to make out his 
claim that a concept is a sort of function.* But why take concepts to 
be functions? To define a function is to indicate what values it has 
for each argument. And a concept definition does not seem to give 
values for arguments but, rather, an indication of what falls under 
the concept. However, we might think of a concept as a function 
that gives us something for each object — either the answer ‘true’ or 
the answer ‘false’. Taking this a bit further, Frege writes, of concepts, 
‘T now say: “the value of our function is a truth-value”, and distin- 
guish between the truth-values of what is true and what is false. I 
call the first, for short, the True; and the second, the False.” Concept 
expressions are predicates. Thus the expression for the value a con- 
cept has for a particular object will be a sentence. For example, ‘2 is 


53 I focus solely on the second (Grundgesetze) version of Frege’s logic. No argument 
is needed about the first (Begriffsschrift) version, since there is no candidate for 
a truth predicate there. Frege does not use the term ‘wahr’ but, rather, ‘bejaht’ 
(affirms) and ‘verneint’ (denies) and, on occasion, a variety of other terms (e.g., ‘stat- 
tfindet’). ‘Bejahen’ is not a truth predicate. It is not applied to sentential expres- 
sions but, rather, to sentential expressions prefixed by the judgement stroke. 

54 Gg, vol. I, p. 25. For convenience I use the arrow rather than Frege’s actual sym- 

bols: the horizontal combined with the condition stroke. 

David Bell has pointed out to me, in conversation, that ‘is the True’ is indisput- 

ably a truth predicate in this sense: it is a predicate whose only topic is truth. 

However, what is at issue here is whether ‘is the True’ is the sort of predicate used 

in contemporary semantics or metatheory. I use the expression ‘truth predicate’ 

to describe a predicate that is meant to hold either of (all and only) true sentences 

or of (all and only) true thoughts. 

6 This, of course, is a long story. For an account see chapter 5 of J. Weiner, Frege 
Explained (Chicago: Open Court, 2004). 

7 ‘Function and concept’, p. 13. 
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a prime number’ is an expression for the value the concept prime 
number has for 2. Since 2 is a prime number, ‘2 is a prime num- 
ber’ designates the True, as do all other true sentences. Similarly, all 
false sentences designate the False. Frege’s strategy for assimilating 
concepts to functions is to assimilate sentences to proper names. 

As we saw earlier, the technique of semantic ascent is needed in 
contemporary logic because there is an obstacle: we cannot general- 
ize over slots occupied by sentences because sentences are not proper 
names. But sentences are proper names for Frege. And, consequently, 
there is no such obstacle for Frege. An upshot is that Frege has no need 
for one of the essential elements of a metatheoretic soundness proof: a 
truth predicate. And there is no truth predicate (that is, no predicate 
that holds of true sentences} in Frege’s discussion of modus ponens.>* 
For ‘is the True’ is not a predicate that holds of all true sentences. 

To see why, consider Frege’s statements about sentences and 
proper names. In ‘On concept and object’, Frege writes, ‘a name of an 
object, a proper name, is quite incapable of being used as a grammat- 
ical predicate’s® It is not, Frege continues, that we cannot use predi- 
cates in which a proper name follows ‘is’ (for example, ‘is Venus’). It 
is that in these predicates, ‘is’ is not the copula but, rather, the ‘is’ of 
identity. Since the True is an object, ‘the True’ is an object name. It 
follows that the ‘is’ in ‘is the True’ is the ‘is’ of identity. That is, the 
predicate ‘is the True’ means the same as ‘is identical to the True’. 

These views are repeated in Grundgesetze. Frege introduces the 
truth-values (the True and the False) as objects.°° The view that the 
‘is’ in the predicate ‘is the True’ is the ‘is’ of identity, comes out 
the use of the predicate ‘is the True’ to explain the horizontal. The 
horizontal is offered as a Begriffsschrift translation of ‘is the True’. 
Frege writes, 


—A 
is the True [das Wahre ist] if A is the True; on the other hand it is the false 
if A is not the True [nicht das Wahre ist]. 


Moreover, the ‘is’ in ‘is the True’ must be the ‘is’ of identity. For he 
continues, 


88 There is also, I shall argue (see footnote 69}, no use of a predicate that holds of true 
thoughts. 

89 ‘On concept and object’, p. 193. 

6° Gg, vol. I, p. 7. 

% [bid., p. 9. 
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Accordingly, 

== 

is a function whose value is always a truth-value — or by our stipulation, a 
concept. Under this concept falls the True and only the True.” 


That is, ‘is the True’ is a predicate that holds of one object (the True] and 
no other. Thus, since there are distinct true sentences, the predicate 
‘is the True’ cannot hold of all true sentences. And it is, as we have 
seen, ‘is the True’ rather than ‘means (or denotes) the True’(bedeutet 
das Wahre) that appears in Frege’s discussion of modus ponens.® 
What of the capital Greek letters that appear in Frege’s defence 
of this rule? Are they used as metalinguistic variables? A moment’s 
thought should show that they cannot be — since ‘is the True’ cannot 
hold of true sentences. But if the capital Greek letters that appear 
in Frege’s discussion of modus ponens are not to be understood as 
generalizing over linguistic expressions, how are they to be under- 
stood? The quick answer is that the generalization involved is no 


% T[bid., pp. 9-10. 

6 Jamie Tappenden argues that this assertion about the meaning of ‘is the True’ is 
unjustified. See his ‘Metatheory andmathematical practice in Frege’, Philosophical 
Topics, 25 (1997). For a response to Tappenden, see Weiner, ‘Semantic descent’. 

64 Thus, e.g., were the following correct: 


‘T+ 1=2/ = the True 
and 
‘n<5’=the True 
we could infer that 
‘T+1=2'='2<5’ 
—i.e., that the sentences are the same. Of course the statements set off above are 
not correct, on Frege’s view. Rather, on his view, 
(1+1=2) = the True 
and 
(2<5) =the True. 


The consequence that (1+ 1=2) =(2<5) is one that Frege embraces. The same argu- 
ment also shows that ‘is the True’ is not a predicate that holds of true thoughts 
(if it were, there would be only one true thought). This is not to say that there is 
never any use in Grundgesetze of a predicate that is meant to hold of true sen- 
tences. Frege does use such a predicate; it is bedeutet das Wahre. But this predi- 
cate does not appear in his discussions of his rules of inference and logical laws. 
One might suspect that Frege was simply not as careful as he might have been. 
After all, Frege could have used the predicate that is supposed to hold of all true 
sentences in his discussion of modus ponens. Perhaps Frege simply did not notice 
the difference between ‘is the True’ and ‘means (or denotes) the True’. For an 
argument that this is not so, see Weiner, ‘Semantic descent’. 
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different from any generalization over objects. To see this, consider, 
again, Frege’s introduction of the horizontal. To define a first-level 
concept is to indicate, for each object, whether or not it holds of 
that object. By telling us that the horizontal names a concept that 
holds of the True and only the True, Frege does just that — both for 
objects named by sentences and for objects not named by sentences. 
He then goes on to say what the expressions ‘—2’, ‘—2?7=4', and 
‘__9?=5’ name. If A is not the True, —A is the False. Thus, given 
2 is not the True, —2 is the False. Similarly, since the Moon is not 
the True, — (the Moon] is the False. That is, the capital Greek let- 
ters that appear in Frege’s statements are not special metalinguis- 
tic variables. The generalization in the statements in which they 
appear is generalization over all objects. 

Thus, Frege’s discussion of why modus ponens is a good rule, 
unlike the kind of metatheoretical justification that appears in 
contemporary soundness proofs, exploits no truth predicate and no 
metalinguistic variables. But the rule itself differs only notation- 
ally from the contemporary rule. Frege’s statements of his laws, in 
contrast, are different from contemporary laws. Because his actual 
symbols are difficult to print, I will continue using the contempor- 
ary arrow, rather than Frege’s condition stroke, in the discussion of 
this rendering, but I will now add some of the requisite horizontals. 
Frege’s assertion of Basic Law I looks something like this: 


L(—a(=b salle 


yf 
y 


But Frege’s rendering, unlike the contemporary rendering, is not 
to be understood as a metatheoretic claim about infinitely many 
logical laws: a claim that ‘— (— a > (| — b — — al)’ turns into a true 
Begriffsschrift sentence whenever appropriate expressions are substi- 
tuted for ‘a’ and ‘b’. Frege’s Basic Law lisa single law directly expressible 


6° However, sometimes Frege does use capital Greek letters as metalinguistic vari- 
ables. Whenever he uses these symbols as metalinguistc variables (see, e.g., the 
Grundgesetze introduction of the identity sign), he uses quotation marks and a predi- 
cate, bedeutet das Wahre, which is meant to hold of linguistic expressions. In con- 
trast, when he does not (e.g., in the passage quoted above}, he uses no quotation 
marks and the predicate, ‘is the True’ is meant to hold of non-linguistic objects. 

% The vertical line that begins this expression is Frege’s judgement stroke. Although 
it would take us too far afield to discuss his use of this expression in detail here, 
one feature of its use is that expressions like this expression of Basic Law I that 
are preceded by a judgement stroke are universally quantified. The actual quanti- 
fiers inserted in the expressions below simply represent in more familiar form 
something that is actually in Frege’s notation. 
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in Begriffsschrift. The law is simply a universal generalization ‘for any 
aandb ...’. A more revealing rendering of the content of Frege’s law, 
using the peculiar notation I have introduced above, might be: 


La) (b) (— a> (—b > —a)). 


Given this machinery, it should not be particularly surprising 
that no truth predicate appears in Frege’s discussion of Basic Law I. 

Given Frege’s assimilation of sentences to proper names, there is 
no need for semantic ascent in the discussion of the justification of 
the basic logical laws and rules.® 


WHY AVOID USING A TRUTH PREDICATE? 


It would obviously be anachronistic to read Frege’s work as offer- 
ing a critique of the conception of logic on which metatheory plays 
a central role. But there are reasons to think that he was actively 
seeking a means to minimize use of the predicate ‘is true’ in the 
discussions of the justification of his logical laws and rules. Given 
the absence of a need for (or conception of) semantic ascent, if a 
truth predicate (which holds of sentences) plays a central role in 
an account of the justification of primitive logical laws, then logic 
would seem not to have the requisite generality. Its subject matter 
would appear to be, not everything thinkable, but only the limited 
domain of the linguistic. Of course, appearances can be misleading. 
After all, Frege thinks that the laws of arithmetic, which seem to 
express the peculiarities of a restricted domain, are logical laws. 
On the other hand, the fact that these laws seem to express pecu- 
liarities of a restricted domain is part of Frege’s motivation for 
undertaking his project. One aim of Frege’s proofs is to unmask 
the truths of arithmetic — to exhibit their true nature. Given the 


68 This is not to say that Frege is offering a strategy for eliminating the truth predi- 
cate from natural language. As I will argue shortly, a natural language truth 
predicate is useful for Frege’s purposes. Nor is there reason to believe that Frege 
would object to the use of a truth predicate in a systematic science. But such a 
science would not be logic. In particular, as I argue in ‘Semantic descent’, the 
‘new science’ Frege discusses in ‘On the foundations of geometry’ is not logic. 
Moreover, although Frege uses the expressions ‘denotes the True’ and ‘denotes 
the False’ throughout the early sections of Grundgesetze, with only two excep- 
tions, he completely avoids them when he is talking about the justification of his 
basic laws or rules. 
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importance of this sort of unmasking, it should be no surprise that 
Frege would want to avoid justifications of the rules of inference and 
basic laws of Begriffsschrift that seem to involve truths about the 
specific domain of the linguistic. The laws of truth should be laws 
that clearly do hold everywhere. 

What, then, are we to make of Frege’s statements that our concep- 
tion of the laws of logic is connected with how one understands the 
word ‘true’, that the laws of logic are the laws of truth?7° Taken in 
isolation, these statements suggest that the laws of logic either are, 
or are justified by, general statements or laws in which the predicate 
‘is true’ appears. However, there is no such suggestion in the context 
in which these statements appear. When Frege says in Grundgesetze 
that the laws of logic are the laws of truth, he says this by way of 
warding off the interpretation of the laws of logic as psychological 
laws; the laws in accord with which we think. Thus he writes, 
‘Tunderstand by “laws of logic” not psychological laws of takings-to- 
be-true, but laws of truth.’ They are ‘guiding principles for thought 
in the attainment of truth’? But this does not distinguish laws of 
logic from laws of other sciences. The laws of geometry and physics, 
Frege says, are also laws of thought in this sense.”3 They differ from 
laws of logic only in applying over more limited domain. The laws 
of geometry, for example, are guiding principles for thought in the 
attainment of truth about the peculiarities of what is spatial. The 
laws of logic, in contrast, are guiding principles for thought in all 
domains, they are laws that hold everywhere: or, simply, the laws 
of truth.”4 

But how, if not via metatheoretic proof, can he convince us that 
these laws are both true and universal? Consider, again, the law 
that every object is identical to itself. Frege says it is impossible for 
us to reject this law. And it is evident that this law holds, not just 
over the limited domain of some special science, but over every- 
thing. If so, to see that a Begriffsschrift proposition expresses this 
law is to see that it expresses a logical law. The same should hold for 


6° Gg, vol. I, pp. xiv-xv. 

7° [bid., p. Xvi. 

™ [bid., p. xvi. 

” Tbid., p. xv. 

73 Ibid., p. xv, see also, PW, pp. 145-6. 

™ See, e.g., Gg, vol. I, p. xv; see also PW, pp. 3, 128. 
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any primitive logical law we can identify. Similarly, one might sup- 
pose that anyone who understands Begriffsschrift will simply rec- 
ognize the Begriffsschrift rules as correct rules of logic. Frege seems 
to have thought so when he wrote Begriffsschrift. For all he says 
there in defense of modus ponens is that its correctness is apparent 
from his explanation of the condition stroke. A lucid introduction of 
Begriffsschrift should suffice to convince the reader that the primi- 
tive Begriffsschrift laws and rules are logical laws and rules. 

This is not to say that Frege has no metatheoretic perspective 
in any sense at all. It would be ridiculous to suggest that there is 
any way to introduce an artificial language such as Begriffsschrift 
without using everyday natural language to assign meanings to its 
symbols. Insofar as natural language discussion of Begriffsschrift 
belongs to metatheory, there can be no question that Frege’s logic 
involves metatheory. Moreover, Frege certainly makes some argu- 
ments in natural language about the characteristics of his formal 
system.’’ These are metatheoretic arguments. But these arguments 
are no part of a foundation for logic — the foundation is simply the 
primitive logical laws and rules. 

But, if this is so, what is the purpose of the (often elaborate} 
discussions of the truth of his basic laws in the early sections of 
Grundgesetze? Why would he not simply introduce the primitive 
terms, list the axioms and rules and get immediately to work on the 
Begriffsschrift proofs? 


THEORY AND ELUCIDATION 


Frege frequently remarks that the meaning of primitive terms can 
only be communicated via hints or elucidations. For example, 


Since definitions are not possible for primitive elements, something else must 
enter in. I call it elucidation. It is this, therefore, that serves the purpose of 
mutual understanding among investigators, as well as of the communication 
of the science to others. We may relegate it to a propaedeutic. It has no place in 
the system of a science; in the latter, no conclusions are based on it.’ 


75 E.g., in his unpublished articles about Boole’s logical notation and Begriffsschrift, 
Frege argues that Begriffsschrift is superior to Boole’s notation. I am indebted to 
Ian Rumfitt for bringing up the issue of Frege’s discussions of Boole. 

76 ‘Foundations of geometry II’, p. 301, see also Gg, vol. I, p. 4. 
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But it is not much help simply to provide a label. What is elucidation? 

Definitions are statements in a theory that are designed to com- 
municate the meanings of terms. There are rules for a properly 
formed definition, rules designed to guarantee that the definition 
fixes the meaning of a term. Thus it is tempting to suppose that 
there will also be rules designed to guarantee (or least make prob- 
able} the success of elucidation — albeit different and, perhaps, less 
reliable rules. But Frege also describes some elucidations as hints. 
After saying that we must rely on elucidation in our introduction 
of primitive terms, he also says ‘we must be able to count on a lit- 
tle goodwill and cooperative understanding, even guessing’’’ There 
are, then, no rules for successful elucidation. 

Nor is elucidation a technique for effective communication of the 
meaning of primitive terms. There is no such technique — as Frege 
makes clear in some of his discussions of logically simple notions. 
An example is his discussion of the notions of concept and object. 
Frege appears unperturbed by his recognition of the apparently para- 
doxical nature of his remarks and goes on, notoriously, to claim that 
some of his statements must either be false or miss his thought and 
to ask his readers to grant him a grain of salt. This would be mys- 
terious were we to interpret Frege as giving an argument designed 
to establish, as its conclusion, one of his general remarks about the 
nature of concepts. But these remarks are, rather, part of Frege’s elu- 
cidatory attempt to communicate an understanding of the notions 
of concept and object. If we can accept Frege’s characterization of 
elucidations as hints, his odd attitude is explicable.’ 

This is not to say that elucidation must consist of apparently para- 
doxical utterances or failed attempts to express the inexpressible. 
Indeed, most of Frege’s elucidatory remarks are entirely unprob- 
lematic. There is nothing paradoxical about Frege’s claim that the 
singular definite article indicates an object-name. Nor is this a 
failed attempt to express the inexpressible. But this claim, like 
the apparently paradoxical claims about what it is to be concept, 
is no part of Frege’s systematic science. There is no Begriffsschrift 
expression for predicating objecthood, hence no logical law that 


77 ‘Foundations of geometry II’, p. 301. 
78 For an argument, see J. Weiner, Frege in Perspective (Ithaca, N.Y.: Cornell 
University Press, 1990, pp. 246-59; see also Weiner, Frege Explained, pp. 103-14. 
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tells us what it is to be an object. Frege’s introduction of the term 
‘elucidation’ is meant to highlight the difference between these 
attempts to communicate the meanings of terms and actual defi- 
nitions. Statements that appear in discussions belonging to the 
propaedeutic of a theory are to be distinguished from actual prop- 
ositions of the theory. 

What does this understanding of the role of elucidation in Frege’s 
project tell us about his discussions of the justification of his primi- 
tive laws and rules? Consider, first, the laws. Frege writes, ‘The 
questions why and with what right we acknowledge a law of logic to 
be true, logic can answer only by reducing it to another law of logic. 
Where that is not possible, logic can give no answer.’”? As we have 
seen, Frege indicates that we cannot doubt primitive logical laws; 
that all we need in order to see that the primitive laws on which he 
relies are true is an understanding of the Begriffsschrift terms used 
in their statement. He also claims, later in his career, that the denial 
of a logical law can appear, if not nonsensical, at least absurd.*° In 
this case logic, it would seem, can (and need) give no answer. All we 
need, it seems, is elucidation. 

But can Frege’s actual discussions be elucidations? After all, 
they do not introduce primitive terms but, rather, are attempts to 
show that the complex expressions he uses to express his primitive 
laws express truths. Moreover, they seem to have the character of 
arguments, not hints.*' A closer look at Frege’s writings shows us 
that he restricts elucidation neither to the introduction of primi- 
tive terms nor to having the character of hints. There is at least 
one complex function term that Frege both defines and offers ‘a 


79 Gg, vol. I, p. xvii. 

8° ‘Compound thoughts’, p. 50. 

8 Some of the discussion below is a response to these objections from Stanley, 
‘Truth and Metatheory in Frege’. I do not have space here to discuss Stanley’s 
claim that the discussions of section 31 of Grundgesetze are meant as metathe- 
oretic proofs. This much is clearly right: section 31 contains natural language 
discussions about Begriffsschrift that have the character of argument. But if that 
is all that is meant by ‘metatheory’, then metatheory includes what Frege calls 
‘elucidation’ (see the remarks below about section 34) and need not satisfy the 
standards we apply to proofs. I argue in ‘Section 31 revisited: Frege’s elucida- 
tions’, in E. Reck (ed.), From Frege to Wittgenstein: Perspectives on Early Analytic 
Philosophy (Oxford: Oxford University Press, 2002) that, while these discussions 
do make sense as elucidations, they do not make sense as metatheoretic proofs. 
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few elucidations’ to help his readers understand the term.*? These 
elucidations consist of perfectly straightforward natural language 
arguments — arguments that are indistinguishable from natural lan- 
guage proofs — that are meant to show us what value the defined 
function has for different arguments. What is characteristic of elu- 
cidation comes out in the next section, where Frege writes, ‘[O]jur 
elucidation could be wrong in other respects without placing the 
correctness of those proofs in question; for only the definition itself 
is the foundation for this edifice.’*3 The character of the discussions 
and arguments in Frege’s writings that play elucidatory roles var- 
ies dramatically — from apparently paradoxical remarks that (Frege 
himself says) must either be false or miss his thought to elabor- 
ate arguments that might easily be (and sometimes ultimately are} 
expressed in Begriffsschrift. What marks a discussion as elucidatory 
is neither its form nor its content but, rather, its role in the project. 
The mark of elucidation is its contribution to the propaedeutic. 


TRUTH 


Let us return, finally, to the issue of the truth predicate. Frege makes 
at least one general statement about truth that seems to be neither 
a gloss on the meaning of Begriffsschrift terms nor assimilable to 
logical laws. This is the statement with which we have been con- 
cerned for most of this paper: that a sentence can have truth-value 
only if each of its constituents has Bedeutung. How is this to be 
understood? It purports to distinguish between sentences — those 
that do, and those that do not, have truth-values. Were this state- 
ment a part of a theory of truth (or a law of truth}, one would expect 
it to be applicable to particular languages. And as we saw earlier, 
given the criteria a term must satisfy if it is to have Bedeutung, 
one upshot of this law is that virtually no sentence of natural lan- 
guage has truth-value. If our interest is in natural language, the pur- 
ported distinction between sentences that do, and sentences that 
do not, have truth-values does not do any work. The same holds for 
logically perfect language. For a logically perfect language must be 


8 See Gg, vol. I, §34. This is somewhat obscured in Furth’s translation, where 
‘mégen einige Erlauterungen nicht tiberfliissig sein’ is rendered ‘a few explana- 
tory remarks are in order’. 

Ibid., vol. I, §35. 
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constructed, Frege tells us, so that each of its terms has Bedeutung. 
All sentential expressions of a logically perfect language will have 
truth-values. Thus, as a statement of a theory about language and 
truth, it seems either platitudinous or wrong. 

The point of this statement, I have been arguing, is that it is part 
of Frege’s articulation of his standards for introducing a systematic 
science of logic; part of his articulation of a regulative ideal. And we 
can see from this why, in spite of the fact that there is no need for 
a truth predicate in Grundgesetze, Frege would not want to elim- 
inate the truth predicate from natural language. For there is a con- 
tinuing role for a truth predicate to play in natural language — even 
on Frege’s view. Our everyday concerns and concepts play a con- 
tinuing role in introducing new questions to be addressed by scien- 
tific research. It will always be the case that most science is in its 
early stages and not yet systematizable. Science in its early stages 
requires a language with logical defects — a language, for example, 
in which it is possible to use a predicate that has no Bedeutung. 
But on Frege’s view the further development of science requires pro- 
gressively more rigour and precisification. It requires, in particu- 
lar, fixing the Bedeutung of the predicate in question. Thus to say 
that a sentence has a truth-value only if each of its constituents has 
Bedeutung is to state part of a regulative ideal that, Frege thinks, 
guides scientific research. The statement of, and attention to, this 
regulative ideal will continue to have importance for as long as our 
everyday concerns and concepts motivate the formulation and pur- 
suit of new scientific projects.*4 


84 My thanks to David Bell, Gary Ebbs, Mark Kaplan, Michael Liston and Thomas 
Ricketts for comments at various stages. Versions of parts of this paper were read 
to the conference on Truth in Frege at the University of London, the Society 
for Analytic Philosophy at Erlangen-Niirnberg and the philosophy departments 
at Friedrich-Schiller Universitat Jena, Indiana University, Leipzig University, 
Notre Dame University, Sheffield University and the University of Illinois at 
Urbana-Champaign. I am indebted to members of these audiences. Iam indebted 
to the American Philosophical Society and the Bogliasco foundation for support 
and to the Philosophy Programme, School of Advanced Study at the University 
of London. This paper contains short versions of arguments from ‘What’s in a 
numeral? Frege’s answer’ (Mind, April 2007) and ‘Semantic descent’ (Mind, April 
2005). The arguments are reprinted with permission. 
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3 Frege’s conception of logic 


Frege is of course an important progenitor of modern logic. The tech- 
nical advances he made were comprehensive. He clearly depicted 
polyadic predication, negation, the conditional and the quantifier 
as the bases of logic; and he gave an analysis of and a notation for 
the quantifier that enabled him to deal fully and perspicuously with 
multiple generality. Moreover, he argued that mathematical demon- 
strations, to be fully rigorous, must be carried out using only expli- 
citly formulated rules, that is, syntactically specified axioms and 
rules of inference. 

Less clear, however, is the philosophical and interpretive ques- 
tion of how Frege understands his formalism and its purposes. Upon 
examination, it appears that Frege had a rather different view of 
the subject he was creating than we do nowadays. In lectures and 
seminars as far back as the early 1960s, Burton Dreben called atten- 
tion to differences between how Frege viewed the subject matter 
of logic and how we do. The point has been taken up by several 
commentators, beginning with Jean van Heijenoort.' The technical 
development historically required to get from a Fregean conception 


' In Jean van Heijenoort, ‘Logic as calculus and logic as language’, Synthese, 17 
(1967), pp. 324-30. Other discussions of this difference in viewpoint are contained 
in Burton Dreben and Jean van Heijenoort, ‘Introductory note to 1929, 1930, 
and 1930a’, in Kurt Gédel, Collected Works, vol. I, ed. S. Feferman et al. (New 
York: Oxford University Press, 1986), pp. 44-59; Jaakko Hintikka, ‘On the devel- 
opment of the model-theoretic viewpoint in logical theory’, Synthese, 77 (1988), 
pp. 1-36; and Thomas Ricketts, ‘Objectivity and objecthood: Frege’s metaphysics 
of judgement’, in L. Haaparanta and J. Hintikka (eds.), Frege Synthesized: Essays 
on the Philosophical and Foundational Work of Gottlob Frege (Dordrecht: 
D. Reidel, 1986), pp. 65-95. Hintikka gives a variant version of what I call below 
the schematic conception of logic. 
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to our own was discussed in my ‘Logic in the twenties: The nature 
of the quantifier’ Yet there is currently little appreciation of the 
philosophical import of these differences, that is, the role in Frege’s 
philosophy that his conception of logic, as opposed to ours, plays. 
Indeed, some downplay the differences and assign them no influ- 
ence on or role in the philosophy. Thus Dummett says only that 
Frege was ‘impeded’ from having the modern view by a particular 
way of looking at the formulas of his Begriffsschrift.3 I want to urge 
on the contrary that Frege’s conception of logic is integral to his 
philosophical system; it cannot be replaced with a more modern 
conception without serious disruptions in that system. The rea- 
sons for this will, I hope, be instructive about the roots of Frege’s 
philosophizing. 


I 


The first task is that of delineating the differences between Frege’s 
conception of logic and the contemporary one. I shall start with 
the latter. Explicit elaborations of it are surprisingly uncommon. 
(In most writing on issues in philosophical logic, it is implicitly 
assumed; yet many textbooks gloss over it, for one pedagogical rea- 
son or another.) There are various versions; I will lay out the one for- 
mulated by Quine in his textbooks* as it seems to me the clearest. 
On this conception, the subject matter of logic consists of logical 
properties of sentences and logical relations among sentences. 
Sentences have such properties and bear such relations to each other 
by dint of their having the logical forms they do. Hence, logical 
properties and relations are defined by way of the logical forms; 
logic deals with what is common to and can be abstracted from dif- 
ferent sentences. Logical forms are not mysterious quasi-entities, 
a la Russell. Rather, they are simply schemata: representations of 
the composition of the sentences, constructed from the logical signs 
(quantifiers and truth-functional connectives, in the standard case) 


2 W. Goldfarb, ‘Logic in the twenties: The nature of the quantifier’, Journal of 
Symbolic Logic, 44 (1979), pp. 351-68. 

3 M. Dummett, The Interpretation of Frege’s Philosophy (London: Duckworth, 
1981), p. I51. 

4 W. V. Quine, Elementary Logic (Boston: Ginn, 1941) and Methods of Logic (New 
York: Holt, 1950). 
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using schematic letters of various sorts (predicate, sentence, and 
function letters). Schemata do not state anything and so are neither 
true nor false, but they can be interpreted: a universe of discourse 
is assigned to the quantifiers, predicate letters are replaced by predi- 
cates or assigned extensions (of the appropriate r-ities) over the uni- 
verse, sentence letters can be replaced by sentences or assigned 
truth-values. Under interpretation, a schema will receive a truth- 
value. We may then define: a schema is valid if and only if it is true 
under every interpretation; one schema implies another, that is, the 
second schema is a logical consequence of the first, if and only if 
every interpretation that makes the first true also makes the second 
true. A more general notion of logical consequence, between sets 
of schemata and a schema, may be defined similarly. Finally, we 
may arrive at the logical properties or relations between sentences 
thus: a sentence is logically true if and only if it can be schematized 
by a schema that is valid; one sentence implies another if they can 
be schematized by schemata the first of which implies the second. 

The notion of schematization is just the converse of interpret- 
ation: to say that a sentence can be schematized by a schema is 
just to say that there is an interpretation under which the schema 
becomes the sentence. Thus, a claim that a sentence R implies a 
sentence S, that is, that S is a logical consequence of R, has two 
parts, each of which uses the notion of interpretation: it is the asser- 
tion that there are schemata R* and S* such that 


(1) R* and S*, under some interpretation, yield R and S; and 


(2) under no interpretation is R* true and S* false. 


This is often called the Tarski-Quine definition, or (in the Tarskian 
formulation) the model-theoretic definition, of logical consequence. 
It is precise enough to allow the mathematical investigation of the 
notion. For example, using this notion of logical consequence, we 
can frame the question of whether a proposed formal system is sound 
and complete, and this question may then be treated with math- 
ematical tools. Better put, though, we should say that the definition 


> Tarski’s formulation in ‘On the concept of logical consequence’, in his Logic, 
Semantics, Metamathematics (Oxford: Oxford University Press, 1956, originally 
published 1935}, pp. 409-20, does not introduce schemata, but obtains the same 
effect for the formalized languages he treats by disinterpreting the non-logical 
vocabulary so as to allow for arbitrary reinterpretations. 
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is capable of being made precise. For the definition quantifies over 
all interpretations. This is a set-theoretic quantification; hence, 
complete precision would require a specification of the set theory 
in which the definition is to be understood. (However, it turns out 
that for implications between first-order schemata, the definition is 
rather insensitive to the choice of set theory. The same implications 
are obtained as long as the set theory is at least as strong as a weak 
second-order arithmetic that admits the arithmetically definable 
sets of natural numbers.)‘ (As an aside, let me note that this explica- 
tion of logical consequence has recently come under attack in John 
Etchemendy’s The Concept of Logical Consequence. Etchemendy 
argues that, if S is a logical consequence of R, then there is a neces- 
sary connection between the truth of R and the truth of S, and the 
Tarski-Quine definition does not adequately capture this necessity. 
Of course, neither Tarski nor Quine would feel the force of such 
an attack, since they both reject the cogency of the philosophical 
modalities. Moreover, it is only the Tarski-Quine characterization 
of logical consequence in terms of various interpretations of a sche- 
matism that makes the notion of logical consequence amenable to 
definitive mathematical treatment.} 

On this schematic conception of logic, the formal language of 
central concern is that of logical schemata. Pure logic aims at ascer- 
taining logical properties and logical relations of these formulas, 
and also at demonstrating general laws about the properties and rela- 
tions. Applied logic, we might say, then looks at sentences — of one 
or another formal language for mathematics or science or of (regi- 
mented versions of) everyday language — to see whether they may be 
schematized by schemata having this or that logical property or rela- 
tion. Thus, there is a sharp distinction between logical Jaws, which 
are at the metalevel and are about schemata, and logical truths, 
which are particular sentences that can be schematized by valid 


a 


That the arithmetical sets are enough for implications between schemata was 
shown in David Hilbert and Paul Bernays, Grundlagen der Mathematik, vol. I 
(Berlin: Springer, 1939), p. 252. The same proof shows that, for an infinite set of 
schemata, we need no more than the sets arithmetically definable from that set, 
but that we may need more than just the arithmetical sets themselves, however, 
was noted in George Boolos, ‘On second-order logic’, Journal of Philosophy, 72 
(1975), PP. 509-27. 

John Etchemendy, The Concept of Logical Consequence (Cambridge, Mass.: 
Harvard University Press, 1990). 
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schemata. The pivotal role in this conception of schemata, that is, 
of uninterpreted formulas that represent logical forms, gives a spe- 
cific cast to the generality of logic. Logic deals with logical forms, 
which schematize away the particular subject matter of sentences. 
Thus logic is tied to no particular subject matter because it deals 
with these ‘empty’ forms rather than with particular contents. 

Such a schematic conception is foreign to Frege (as well as to 
Russell). This comes out early in his work, in the contrast he makes 
between his Begriffsschrift and the formulas of Boole: ‘My intention 
was not to represent an abstract logic in formulas, but to express a 
content through written signs in a more precise and clear way than 
it is possible to do through words.’* And it comes out later in his 
career in his reaction to Hilbert’s Foundations of Geometry: ‘The 
word “interpretation” is objectionable, for when properly expressed, 
a thought leaves no room for different interpretations. We have seen 
that ambiguity [Vieldeutigkeit] simply has to be rejected.” There are 
no parts of his logical formulas that await interpretation. There is no 
question of providing a universe of discourse. Quantifiers in Frege’s 
system have fixed meaning: they range over all items of the appro- 
priate logical type (objects, one place functions of objects, two place 
functions of objects, etc.) The letters that may figure in logical for- 
mulas, for example, in ‘(p&q—p)’ are not schematic: they are not 
sentence letters.? Rather, Frege understands them as variables. Here 
they are free variables, and hence in accordance with Frege’s general 
rule the formula is to be understood as a universal closure, that is, as 
the universally quantified statement ‘(Vp)(Vq)(p&q— p).’ Similarly, 
logical formulas containing one-place function signs are to be under- 
stood not schematically, but as generalizing over all functions. 

On Frege’s conception the business of logic is to articulate and 
demonstrate certain true general statements, the logical laws. ‘(Vp) 
(Vq)\(p&q— py’ is one; it states a law, we might say, about all objects. 
Similarly, ‘(VF)(VG)(VH)((Vx)(Fx— GxJ&(Vx) (Gx— Hx) (Vx)(Fx— Hx))’ 


® ‘Uber den Zweck der Begriffsschrift’, Jenaische Zeitschrift fiir Naturwissenschaft, 
16, supplement (1882), pp. 1-10, at p. 1. Throughout this chapter the page refer- 
ences for Frege’s works refer to their original publication. 

° ‘Uber die Grundlagen der Geometrie’, Jahresbericht der Deutschen Mathematiker- 
Vereinigung, 15 (1906), pp. 293-309, 377-403, 423-30 (hereafter cited as Frege 
1906}, at p. 384. 

‘© Throughout this paper I use modern logical notation rather than Frege’s. 
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is a law about all functions." The business of pure logic is to arrive 
at such laws, just as the business of physics is to arrive at physical 
laws. Logical laws are as descriptive as physical laws,” but they are 
more general. Indeed, they are supremely general, for, aside from 
variables, all that figure in them are the all-sign, the conditional 
and other signs which are not specific to any discipline, but which 
figure in discourse on any topic whatsoever. Notions of the spe- 
cial sciences first appear when we apply logic. In applied logic, we 
infer claims that contain more specialized vocabulary on the basis 
of the laws of pure logic. For example, in applied logic we might 
demonstrate, ‘If Cassius is lean and Cassius is hungry, then Cassius 
is lean’, or, ‘If all whales are mammals and all mammals are verte- 
brates, then all whales are vertebrates.’ These statements may be 
inferred from the logical laws given at the beginning of this para- 
graph. Here we also see a typical situation, that these specialized 
statements are inferred from the logical law by instantiation of uni- 
versal quantifiers. 

On Frege’s universalist conception, then, the concern of logic 
is the articulation and proof of logical laws, which are universal 
truths. Since they are universal, they are applicable to any subject 
matter, as application is carried out by instantiation. For Frege, the 
laws of logic are general, not in being about nothing in particular 
(about forms), but in using topic-universal vocabulary to state truths 
about everything. 

The question arises immediately of how different these concep- 
tions actually are. They can look very close. Both take pure logic to 
be centrally concerned with generality. Generality is captured in the 
schematic conception by definitions that invoke all interpretations 
of the given schemata, and in the universalist conception by uni- 
versal quantifiers with unrestricted ranges. In the schematic con- 
ception, logic is applied by passing from schemata to sentences that 
are particular interpretations of them; in the universalist concep- 
tion, applications are made by instantiating the quantified variables 
of a general law. Given these close parallels, it is no wonder that 


™ Here, in using modern notation, I am eliding a nicety required by Frege’s quanti- 
fying over all functions, not just all concepts, namely, his use of the horizontal. 
™ Gg, vol. I, p. xv. 
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many logicians and philosophers would be inclined to minimize 
the distinction between the two conceptions. 

Parallels are not identities, however, and there are philosoph- 
ically important ways that the conceptions differ. First and most 
obviously, the schematic conception is metalinguistic. The claims 
of logic are claims about schemata or about sentences, and thus 
logic concerns features of discourse. In contrast, on the universalist 
conception logic sits squarely at the object level, issuing laws that 
are simply statements about the world. What logical laws describe 
are not phenomena of language or of representation. As Russell put 
it, ‘Logic is concerned with the real world just as truly as zoology, 
though with its more abstract and general features.3 This diffe- 
rence will have consequences for the philosophical characteriza- 
tion of logic. For example, the universalist conception leaves no 
room for the notion that logic is without content; the laws of logic, 
although very general, have to be seen as substantive. Indeed, in the 
Tractatus, Wittgenstein breaks with the universalist conception in 
order to arrive at a view in which the propositions of logic are empty. 
Even if Wittgenstein’s characterization of logic is rejected, the meta- 
linguistic conception will inevitably make the nature of discourse, 
or of our representations, the focus of any account of logic. A sharp 
sense of this can be obtained by contrasting the remark of Russell's 
just cited with this one of Dummett’s, made unselfconsciously and 
with no argument at all, at the start of laying out his own metaphys- 
ics: ‘Reality cannot be said to obey a law of logic; it is our thinking 
about reality that obeys such a law or flouts it.”* On Frege’s view, as 
on Russell’s, it is precisely reality that obeys the laws of logic. 

Indeed, the universalistic conception is an essential background 
to many of Frege’s ontological views. Frege took not just proper names 
but also sentences and predicates to be referring expressions, that is, 
to have a reference; in the latter case, the referents were of a different 
logical sort from those of proper names and sentences. From many 
contemporary viewpoints, it is odd to think of sentences as names 
at all; and if predicates are thought to refer, it would be to properties 


3B. Russell, Introduction to Mathematical Philosophy (London: Allen & Unwin, 
1919), p. 169. 

™ M. Dummett, The Logical Basis of Metaphysics (Cambridge, Mass.: Harvard 
University Press, 1991), p. 2. 
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or sets or some other entities that need not be sharply distinguished 
in logical character from the referents of singular terms. 

It should be clear that the universalistic conception demands that 
sentences and predicates refer. As we have seen, for Frege the truth- 
functional laws look like ‘(Vp)(Vq)(p&q— p)’ and will be applied by 
instantiating the quantifiers with sentences. For ‘If Cassius is lean 
and Cassius is hungry then Cassius is lean’ to count as a genuine 
instance of the law, the expressions which instantiate the quanti- 
fied variables have to refer, to things that are values of the variables, 
just as to count as a genuine instance of ‘(Vx}(x is a prime number 
greater than 2—.x is odd)’ the name replacing ‘x’ has to refer, and 
what it refers to must be among the values of ‘x’. (To be is to be the 
value of a variable as much for Frege as for Quine.) Similarly, since 
the laws of logic include many that generalize in predicate places, 
and their application requires instantiating those quantified vari- 
ables with predicates, here too we are driven to take predicates as 
referring expressions. 

In the case of sentences, it requires a further argument, based 
on intersubstitutivity phenomena, to conclude that what sentences 
refer to are their truth-values, and it requires yet other consider- 
ations to support taking the truth-values to be of the same logical 
type as ordinary objects. The former is pretty compelling; the latter 
has elicited heated objections." 

For predicates, however, support for the sharp distinction in logical 
type of the referent can come from the structure of applications of 
logic, on the universalist conception. If the position occupied by a 
predicate in a statement is taken to be generalized on directly, the 
distinction in logical type is apparent, since the predicate position 
has argument-places; and if an expression has an argument-place 
and so can be used in an instantiation of a quantified predicate vari- 
able, then it cannot be used to instantiate a singular term, without 
yielding expressions that violate the most basic rules of logical (and 
grammatical) syntax. Thus we see that the universalist conception 
demands second-order logic.’® Indeed, it was one of Quine’s avowed 


's For example, see M. Dummett, Frege: Philosophy of Language (London: Duck- 
worth, 1973), p. 180 and following. Dummett calls Frege’s view on the matter a 
‘gratuitous blunder’. 

6 Charles Parsons canvasses an objection to Frege’s conclusion in his ‘Objects and 
logic’, Monist, 65 (1982), pp. 491-516, at pp. 499-501. Suppose we take it that pred- 
icates are generalized not directly but only via ‘nominalization,’ that is, only 
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motivations, in developing the schematic conception, to show that 
logic did not require us to take there to be anything designated by 
the predicates in our statements. 

Logic, as construed on the universalist conception, is also 
in back of a doctrine of Frege’s that many have found puzzling, 
namely, that all functions be defined everywhere; for the special 
case of concepts, this is the requirement that concepts ‘have sharp 
boundaries’.” For Frege, all quantified variables have unrestricted 
domain. Given this, and given that ‘(VF)(‘Vx)(Ex v —Ex)’ is a logical 
law, Frege’s requirement follows at once. If something is a concept, 
then an expression for it can instantiate the quantifier in this law; 
thus we can logically derive that, for every object, either the con- 
cept holds of it or the concept does not. This is just what Frege 
means by ‘sharp boundaries’. 


II 


A second important difference between the two conceptions con- 
cerns the role of a truth predicate. Clearly, the schematic conception 
employs a truth predicate: the definitions of validity and logical con- 
sequence talk of the truth under all interpretations of schemata." 


once they are transformed into names of qualities, properties, sets or the like: for 
example, only once ‘x is malleable’ is transformed into ‘x has (the property of) 
malleability’. Since ‘malleability’ lacks argument-places, it may be taken as gen- 
eralizable using a variable of the same logical type as those over objects. Parsons 
notes a problem with this: since the assertions with which one starts and ends 
will contain the unnominalized predicate, one needs a principle to underwrite 
the transformation, that is, a general principle a particular instance of which 
will be ‘(Vx}(x is malleablex has the property of malleability)’. But any such 
principle, it seems clear, will have to contain a generalization directly in the 
predicate place occupied in this instance by ‘is malleable.’ Hence the Fregean 
conclusion stands. As Parsons notes (‘Objects and logic’, p. 503), there is one way 
around this conclusion. That is to use the method of semantic ascent and under- 
stand the principle underwriting the nominalization not as a direct generaliza- 
tion over what predicates refer to, but as an assertion that any assertion of a 
certain form may be transformed into another form salva veritate. To adopt this 
strategy is simply to give up the universalist conception, as it requires a metalin- 
guistic principle that makes ineliminable use of a truth predicate. 

” Funktion und Begriff, p. 20. 

'® The truth predicate needed is a predicate of sentences. For Frege, it was not 
sentences but rather thoughts (senses of sentences) that were true or false. 
Consequently, those who take Frege to have a form of the schematic conception 
treat implication as a relation among thoughts. In this version, the definition 
would require a truth predicate of thoughts. 
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Since the predicate is applied to an infinite range of sentences, it 
cannot be eliminated by disquotation. On the universalist concep- 
tion, in contrast, no truth predicate is needed either to frame the 
laws of logic or to apply them. Moreover, although Frege sometimes 
calls logical laws the ‘laws of truth’, he does not envisage using a 
truth predicate to characterize the nature of those laws. 

On the schematic conception, logic starts with the definitions 
of validity and consequence and goes on to pronounce that a given 
schema is valid or is a consequence of other schemata. Formal sys- 
tems may be introduced as a means to establish such facts, but 
this then requires a demonstration of soundness to show that what 
the system produces are, in fact, validities and consequences. The 
introduction of a formal system also raises the (less urgent) ques- 
tion of completeness, of whether all validities and all implications 
can be obtained by means of the system. Thus it is the overarching 
notions of validity and consequence that set the logical agenda and 
provide sense to the question of how well a system for inference cap- 
tures logic. On this conception, the notion of logical inference rule 
is posterior to that of consequence: a logical inference rule is one 
whose premises imply its conclusion or, in the context of a system 
for establishing validities only, is one that always leads from valid 
premises to a valid conclusion. 

In Frege’s universalist conception, there is no analogous char- 
acterization of what is a logical law or what follows logically from 
what. Frege’s conception of logic is retail, not wholesale. He sim- 
ply presents various laws of logic and logical inference rules, and 
then demonstrates other logical laws on the basis of these. He 
frames no overarching characteristic that demarcates the logical 
laws from others.? Consequently, the only sense that the question 
has of whether the laws and rules Frege presents are complete is 
an ‘experimental’ one — whether they suffice to derive all the par- 
ticular results that we have set ourselves to derive. For example, at 
one point, Frege entertains the possibility that a failure to obtain 


’ In this Frege differs from Russell, who from the first tries to formulate neces- 
sary and sufficient conditions for a truth to be a logical truth. Russell tries to 
use generality as the key element of the characterization. Wittgenstein takes up 
the problem, but criticizes Russell’s invocation of generality. He takes himself 
to have solved the problem with the notion of tautology; that notion gives him a 
general conception of the logical. 
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established results while developing an area of mathematics axio- 
matically could lead us to recognize a new logical inferential prin- 
ciple.2? The closest Frege comes to providing a notion of logical 
consequence occurs in ‘On the foundations of geometry’, where 
he defines one truth’s being logically dependent on another. The 
definition is: when the one can be obtained by logical laws and 
inferences from the other (Frege 1906, p. 423). No further char- 
acterization of logical laws and inferences is made. Thus, in dir- 
ect contrast to the situation in the schematic conception, Frege’s 
notion here rests on the provision of the logical laws and inference 
rules. 

Now Frege does say, ‘Logic is the science of the most general laws 
of truth." But he does not intend this as a demarcation of logic, only 
as a ‘rough indication of the goal of logic’, As we have seen, gener- 
ality and absence of vocabulary from any specialized science are, 
on the universalist conception, features of the logical. Frege does 
not attempt to give any specification of the vocabulary allowable in 
logic; moreover, there is no reason to think that he would take truth 
and absence of specialized vocabulary as sufficient for logical sta- 
tus.?? Yet there is a deeper reason that his phrase gives only a ‘rough 
indication’, and that has to do with the anomalous status of ‘true’ 
when used as a predicate. 

Frege repeatedly calls attention to that anomalous status. In 
‘Der Gedanke’, he presents a regress argument to show that any 
attempt to define truth must fail, and concludes that ‘the content of 
the word “true” is sui generis and indefinable’.s Both the argument 
and his subsequent considerations show that he does not mean sim- 
ply that the notion of truth is a primitive notion, not to be defined 
in terms of anything more basic. After reflecting that ‘I smell the 
scent of violets’ and ‘It is true that I smell the scent of violets’ have 


2° ‘Uber die Begriffsschrift des Herrn Peano und meine eigene’, p. 363. 

> ‘Logic’, in PW, pp. 126-151, p. 128. 

» Richard Heck suggests that Frege may have formulated the principle of count- 
able choice to himself and found himself unable to derive it. ‘The finite and the 
infinite in Frege’s Grundgesetze der Arithmetik’, in M. Schirn (ed.), Philosophy 
of Mathematics Today (Oxford: Oxford University Press, 1998). If so, Frege may 
have wondered whether that principle is an example of a truth statable without 
using non-logical vocabulary, but not itself a truth of logic. 

‘Der Gedanke’, Beitrége zur Philosophie des deutschen Idealismus, 1 (1918), 
pp. 58-77 (hereafter cited as Frege 1918), at p. 60. 


2 


a 
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the same content, so that the ascription of truth adds nothing, he 
concludes: ‘The meaning of the word “true” seems to be altogether 
sui generis. May we not be dealing here with something which can- 
not be called a property in the ordinary sense at all?’ (Frege 1918, p. 
61). In ‘ Introduction to Logic’,*4 Frege goes farthest in suggesting 
that truth is not a property at all: ‘If we say “the thought is true” 
we seem to be ascribing truth to the thought as a property. If that 
were so, we should have a case of subsumption. The thought as an 
object would be subsumed under the concept of the true. But here 
we are misled by language. We don’t have the relation of an object to 
a property’ (PW, p. 194). In ‘My basic logical insights’,*> he connects 
the use of ‘true’ in characterizing logic with the idea that the ascrip- 
tion of truth to a thought adds nothing: 


So the sense of the word ‘true’ is such that it does not make any essential 
contribution to the thought. If I assert ‘it is true that sea-water is salty’, 
I assert the same thing as if I assert ‘sea-water is salty’. This enables us to 
recognize that the assertion is not to be found in the word ‘true’ but in the 
assertoric force with which the sentence is uttered ... ‘[T]rue’ makes only 
an abortive attempt to indicate the essence of logic, since what logic is 
really concerned with is not contained in the word ‘true’ at all but in the 
assertoric force with which a sentence is uttered. 


Thus, rubrics like ‘general laws of truth’ cannot serve to give a 
real characterization of logic or a demarcation of the realm of the 
logical. The notion of truth is unavailable for the role of setting the 
agenda for logic. Moreover, if we take Frege’s scruples seriously, it 
follows that the schematic conception of logic is simply unavail- 
able to him. To formulate it, as we have seen, use has to be made 
of a truth predicate. That predicate figures not as a suggestive way 
of talking, nor as a term whose usefulness arises only from the 
‘imperfection of language’, as Frege put it in *1915, but as a scientific 
term in the definitions of the most basic concepts of the discipline. 
Clearly, Frege would not think that legitimate. 

The question then arises of whether Frege’s scruples are well 
placed, or whether they can be dismissed as merely peripheral phe- 
nomena, with no deep systematic connections. Addressing this 
question requires a careful examination of the arguments Frege 


24 In Frege, PW, pp. 185-96. 
25 In Frege, PW, pp. 251-2 (hereafter cited as Frege *1915). 
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adduces. I shall not attempt this here; for a detailed treatment, 
see Thomas Ricketts’ ‘Logic and truth in Frege’.”* I limit myself to 
mentioning the philosophical outlook which I take to be expressed 
in Frege’s scruples about a truth predicate. It is that objective truth 
is not to be explained or secured by an ontological account. Such 
an account would take us to have a conception of things ‘out there’ 
and of their behaviours or configurations that exist independent of 
our knowledge, and it would depict those behaviours or configura- 
tions as being that which renders our thoughts true or false. Such 
an account is often ascribed to Frege, for it is just what is involved 
in ascribing a truth-conditional semantics to him. But this ascrip- 
tion is incompatible with Frege’s remarks on truth. To take Frege’s 
scruples seriously is to appreciate that there is no general notion of 
something’s making a truth true — that is, that there is no theory 
of how the thoughts expressed by sentences are determined to be 
true or false by the items referred to in them. It is thus to put us 
in a position to appreciate the extraordinarily subtle view Frege 
can be read as unfolding. On this reading, Frege is not a realist, on 
the usual philosophical characterizations of that position. He is 
committed to the objectivity of truth and its independence of any- 
one’s recognition of that truth, but the conception of truth here is 
immanent within our making of judgements and inferences, our 
recognitions of truth. 


III 


Earlier I noted that the most obvious difference between the uni- 
versalist and the schematic conceptions is that in the former logic 
operates at the object level, whereas in the latter it operates at the 
meta-level. Even this by itself has consequences, and it can be 
used to get at an important role the universalist conception has in 
Frege’s system. 

Of course, it is important to avoid anachronism here. At the time 
Frege was writing, a distinction between object level and meta- 
level could hardly have been drawn; in fact, it was not to become 
clear until the 1920s. Nonetheless, we can see a precursor of the 


»6 T. Ricketts, ‘Logic and truth in Frege’, Proceedings of the Aristotelian Society, 
supplementary volume 70 (1996), pp. 121-40. 
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distinction as being at issue. Many traditional logicians spoke of logic 
as being about the forms of judgement, which were to be obtained 
by abstraction from judgements. Although this conception was far 
from precise and traditional logic lacked the machinery to work it 
out, it seems clear that forms of judgement were invoked as a way 
of capturing the generality of logic and lack of tie to the content of 
individual judgements. Thus we can see here a proto-schematic con- 
ception. (This is particularly visible in Bolzano.) Frege rarely speaks 
of forms of judgement. It is not hard to surmise some reasons. 

First, talk of forms of judgement and of abstracting from indi- 
vidual judgements has a dangerously psychological ring to it. The 
very locution ‘forms of judgement’ suggests that the forms are of 
mental acts and so are prime material for psychologistic treatment. 
Moreover, Frege argued vigorously against any notion of abstrac- 
tion as needed to get from particulars to general notions.?’ Indeed, 
elimination of any role for abstraction is central not just to Frege’s 
antipsychologism, but also to his anti-Kantianism. To eliminate 
abstraction is to eliminate the question, How do we attain the 
general? Frege replaces it with the question of the relation between 
the (already given) general and the particular, a question to be 
answered by logic. 

This leads us to the second reason Frege has for discarding talk 
of the forms of judgement. He has no need of such talk, precisely 
because his devising of the quantifier gives him a rigorous tool to 
capture the generality that ‘forms of judgement’ gestures toward. 
The generality is directly expressed by the quantifier. The relation 
of general to particular is given by the logical rule of instantiation 
from former to latter, not by some imprecise, psychological notion 
of abstraction from the latter to the former. 

These two reasons are not relevant to the modern schematic 
conception, which has found precise non-psychologistic notions to 
replace ‘forms of judgement’ and ‘abstraction’ and which uses quan- 
tification (in the metalanguage) to capture the desired generality. 
There is, however, another consideration at work in Frege that is not 
simply obsolete. 


27 See, for example, ‘Rezension von Dr. E. G. Husserl: Philosophie der Arithmetik 
I’, Zeitschrift ftir Philosophie und philosophische Kritik, 103 (1894), pp. 313-32. 
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Frege’s conception of logic is intertwined with his notion of jus- 
tification. A cornerstone of Frege’s thinking is the sharp distinction 
between the rational basis of a claim — the truths that it presup- 
poses or depends upon - and what we might call concomitants of 
thinking or making the claim: the psychological phenomena that 
occur when a person thinks of the claim, or believes it, or comes to 
accept it, the empirical conditions someone must satisfy in order 
to know the claim, the history of the discovery of the claim, and 
so on. The distinction is emphasized throughout Frege’s writings, 
and particularly vividly in the Introduction to Die Grundlagen 
der Arithmetik. Remarks like these abound: ‘Never let us take a 
description of the origin of an idea for a definition, or an account 
of the mental and physical conditions on which we become con- 
scious of a proposition for a proof of it.’*® The point is more general 
than antipsychologism, or a distinction between objective and sub- 
jective, as the following shows: 


A delightful example of the way in which even mathematicians can con- 
fuse the grounds of proof with the mental or physical conditions to be 
satisfied if the proof is to be given is to be found in E. Schréder. Under 
the heading ‘Special Axiom’ he produces the following: ‘The principle 
I have in mind might well be called the Axiom of Symbolic Stability. It 
guarantees us that throughout all our arguments and deductions the sym- 
bols remain constant in our memory — or preferably on paper,’ and so on. 
(GL, p. viii) 


Clearly, we would not be able to arrive at correct mathematical 
arguments if our inkblots were constantly to change. Yet that does 
not imply that mathematics presupposes the physical laws of ink- 
blots, that those laws would figure in the justifications of mathem- 
atical laws. 

It is important to note that something must give content to the 
distinction between rational basis and mere concomitant; some- 
thing must provide a means for saying what counts as showing that 
one proposition is the rational basis for another, and showing when 
one proposition presupposes another. It is Frege’s logic that plays 
this role. Logic tells us when one claim is a ground for another, 
namely, when the latter can be inferred, using logical laws, from the 


28 GI, p. vi. 
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former. Explanation and justification are matters of giving grounds. 
For Frege, then, the explanation of a truth is a logical proof of that 
truth from more basic truths; the justification of a truth is a logical 
proof of that claim from whatever first principles are its ultimate 
basis. Thus the laws of logic are explicatory of explanation and jus- 
tification; on this rests their claim to the honorific title ‘logic’. 

Given this role for logic, it should occasion no surprise that 
Frege’s conception of logic and the demands he puts on the notion 
of justification are closely linked. Now the notion of justification 
plays a philosophically very important role for Frege, as it is key 
to his argument for the logicist project. Although we might start 
off thinking that arithmetical discourse is completely understood, 
transparent, and poses no problem, Frege urges that we lack know- 
ledge of the ultimate justification of the truths of arithmetic. In 
order to ‘afford us insight into the dependence of truths upon one 
another’, we must analyse the seemingly simple concept of number 
and find the ‘primitive truths to which we reduce everything’ (GI, 
p. 2). Frege also brings up ‘philosophical motives’ for the logicist 
project, asking what looks to be the traditional philosophical ques- 
tion of whether arithmetic is analytic or synthetic. But actually he 
redefines these notions (as well as those of a priori and a posteriori) 
so that they concern ‘not the content of the judgment but the justifi- 
cation for making the judgement’ (GI, p. 3). Here too it is the notion 
of justification that is doing the work. 

Essential to the role of this notion of justification in supporting 
the logicist project, and to the plausibility of Frege’s redefinitions 
of traditional philosophical terminology, is the applicability to all 
knowledge of the standards of justification. The canons of justifica- 
tion must be universal in their purview: ‘Thought is in essentials 
the same everywhere: it is not true that there are different kinds of 
laws of thought to suit the different kinds of objects thought about’ 
(GI, p. iii). Another important feature of justification is explicit- 
ness: a justification must display everything on which the truth of 
the claim being justified depends. To insure that ‘some other type of 
premise is not involved at some point without our noticing it’, a jus- 
tification must provide ‘a chain of inferences with no link missing, 
such that no step in it is taken which does not conform to some one 
of a small number of principles of inference recognized as purely 
logical’ (GI, p. 102). 
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Obviously, these demands are met when logic, as invoked in 
Frege’s notion of justification, is taken on the universalist concep- 
tion. That the canons of justification must extend to all areas of 
knowledge requires utmost generality and universal applicability 
of the logical principles. Explicitness is vouchsafed by the direct 
applicability of logic: there are no presuppositions, no implicit steps, 
in the application of logical laws. To illustrate this, let us examine 
how, on Frege’s picture, logic would be used to justify the conclu- 
sion that all whales are vertebrates on the basis of the claims that 
all whales are mammals and that all mammals are vertebrates. We 
start with the assertions: 


(t) All whales are mammals. 
(2) All mammals are vertebrates. 
We then provide a logical demonstration from first principles that 
ends with: 
(3) (VF)(VG)(VA)|('Vx)(Fx > Gx) > ((Vx)(Gx— Hx) > 
(Wx)(Fx—> H~x))].29 


Three instantiation steps then license us in the assertion of: 


(Vx}(x is a whale x is a mammal)— ((Vx)(x is a mammal 
—x is a vertebrate) — (Vx)(x is a whale — x is a vertebrate)). 


Or, in ordinary English: 


(4) If all whales are mammals, then if all mammals are 
vertebrates then all whales are vertebrates. 


By modus ponens from (4) and (1) we obtain: 


(5) If all mammals are vertebrates then all whales are 
vertebrates. 


Finally, by modus ponens from (5) and (2), we arrive at: 


(6) All whales are vertebrates. 


Taken together, all these assertions, including those in the logical 
proof of (3), constitute the justification of the assertion of ‘All 


20 See Bs, §23. 
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whales are vertebrates’ on the basis of the assertions of ‘All whales 
are mammals’ and ‘All mammals are vertebrates’. 

The requirement of explicitness and the need for the logical laws 
to be directly applicable can be highlighted by consideration of an 
argument against logicism devised by Henri Poincaré.*° The version 
I summarize here is formulated by Charles Parsons.! In order to 
show that arithmetic is logic, one must devise a formal system of 
logic and show how the theorems of arithmetic can be obtained in 
that formal system. Now, to give a formal system is to specify, first, 
the class of formulas and, second, the class of derivable formulas. 
The usual form of specification is this: certain basic expressions 
are stipulated to be formulas; other formulas are specified as those 
and only those expressions obtained from the basic expressions by 
finitely many applications of certain syntactic operations. Similarly, 
certain formulas are stipulated to be axioms; the derivable formu- 
las are specified as those and only those formulas obtained from 
the axioms by finitely many applications of certain inference rules. 
Thus these specifications are inductive in nature: the notion of a 
finite number of applications of given operations is essential to 
them. Therefore, number is presupposed in the logicist foundation 
for arithmetic. This is a petitio principii. Thus there is a logical cir- 
cle in the logicist reduction. 

I believe Poincaré’s objection fails, and it is important to see why. 
The objection would succeed if Frege construed the justification of 
arithmetic to involve, for one or another arithmetical claim, the fol- 
lowing assertion: ‘This claim is provable in such-and-such formal 
system.’ That assertion is a metatheoretic one. It is about the for- 
mal system; since Poincaré is quite right that inductive definitions 
are used to specify the formal system, it follows that the assertion 
relies on number theory. That is not, however, how Frege conceives 
of justification. To give a justification of an arithmetical claim is to 
give the claim with its grounds. It is not to assert that the claim is 


3° Henri Poincaré, ‘La logique de l’infini’, Revue de Métaphysique et de Morale, 17 
(1909), pp. 461-82. Poincaré was responding to Bertrand Russell’s ‘Mathematical 
logic as based on the theory of types’, American Journal of Mathematics, 30 
(1908), pp. 222-62. 

3t Charles Parsons, ‘Frege’s theory of number’, in his Mathematics in Philosophy: 
Selected Essays (Ithaca, N.Y.: Cornell University Press, 1983), pp. 150-75, at 
p. 168. See also Mark Steiner, Mathematical Knowledge (Ithaca, N-Y.: Cornell 
University Press, 1975), p. 28ff. 
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provable; it is to give the proof. Now, of course, one might want to 
verify that what has been given is, in fact, a proof by the lights of 
the formal system. Such a verification would proceed by syntactic 
means, and does presuppose the specification of the system. The 
verification is not constitutive of the argument’s being a justifica- 
tion; it is just a means for us to ascertain that it is. In order for us 
to be psychologically sure that what we are giving are justifications, 
we have to use our knowledge of the formal system, that is, our 
metatheoretic knowledge which is of an inductive nature. But that 
is different from what the justification of the claim actually is. 

Here Frege is relying precisely on the distinction between what we 
might have to do, in fact, by our natures, in order to be in a position 
to do mathematics, and what the justification of mathematics is. That 
we need to set out a formal system to be sure of our justifications is no 
more relevant to the rational grounds of mathematics than our need to 
write down proofs because otherwise we will not remember them. 

The Fregean rebuttal to Poincaré requires that in what Frege 
would call a justification, say of an arithmetical truth, everything 
that is presupposed by the truth does play a role. This lies in back of 
his demand for ‘gap-free’ deductions. 

To gain an appreciation of the role of the universalist concep- 
tion of logic in this, it is instructive to contrast how a justifica- 
tion abiding by the Fregean requirement of explicitness would have 
to proceed if logic were taken on the schematic conception. Let us 
once again undertake a justification of ‘All whales are vertebrates’ 
on the basis of ‘All whales are mammals’ and ‘All mammals are 
vertebrates’. We can’t simply pass from the latter to the former, with 
a note (‘off to the side’, so to speak} that the latter two jointly imply 
the former, since this does not make explicit what is involved in the 
inference. Rather, matters have to be laid out as follows. As before, 
we start by asserting: 


(t) All whales are mammals. 


(2) All mammals are vertebrates. 


We then assert, along with whatever grounds needed to show it from 
first principles: 


(3) There is an interpretation of ‘(Vx)(Fx— Gx,’ (Wx)(Gx > 
Hx),’ and ‘(Vx)(Fx— Hx)’ under which these schemata 
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become (regimented versions of) the sentences ‘All 
whales are mammals’, ‘All mammals are vertebrates’, 
and ‘All whales are vertebrates’, respectively. 


We now adduce a mathematical proof culminating in: 


(4) Any interpretation that makes ‘(Vx}(Fx— Gx)’ and “(‘Vx) 
(Gx— Hx)’ true also makes ‘(Vx}(Fx— Hx)’ true. 


Using some logical laws and intermediate steps for making the tran- 
sition, we can assert on the basis of (3) and (4): 


(5) If ‘All whales are mammals’ and ‘All mammals are 
vertebrates’ are true, then ‘All whales are vertebrates’ 
is true. 


To apply (5), we must adduce the Tarski paradigms: 


(6) ‘All whales are mammals’ is true if and only if all 
whales are mammals. 


(7) ‘All mammals are vertebrates’ is true if and only if all 
mammals are vertebrates. 


(x), (2), (5), (6), (7), and truth-functional laws will allow us to obtain: 
(8) ‘All whales are vertebrates’ is true. 
Finally, adducing 


(9) ‘All whales are vertebrates’ is true if and only if all 
whales are vertebrates, 


we obtain: 
(10) All whales are vertebrates. 


Needless to say, from Frege’s point of view this outline already looks 
terribly circuitous, and the amount that has to be filled in to provide 
justifications for (3) and (4) will make matters worse. Even ignoring 
Frege’s scruples about a truth predicate, the status of the disquota- 
tional biconditionals is also troublesome, for, in what is outlined, 
those biconditionals figure among the grounds of ‘All whales are 
mammals’ as much as do assertions (1) and (2). If, for example, they 
are meant to be consequences of a substantial semantic theory, then 
we are in the position of requiring that theory in the justification 
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of ‘All whales are vertebrates’ on the basis of ‘All whales are mam- 
mals’ and ‘All mammals are vertebrates.’ Matters look less peculiar 
if the truth predicate is meant to come merely from a Tarski-style 
definition; but even here an oddly large body of mathematics must 
figure in order to justify what is, after all, a rather simple logical 
inference. All this is to say that the schematic conception of logic 
fits poorly with the Fregean picture of justification. 

This lack of fit comes out in another difficulty as well. In the 
justification as just outlined, various transitions, like that from (3) 
and (4) to (5), will be made by applying logical rules. On the sche- 
matic conception, logical rules are justified only on the basis of their 
soundness, that is, their yielding logical consequences. But then it 
looks like the justification we have presented is not fully explicit; 
there is something left unsaid that it presupposes. 

It might be objected, however, that there is a similar problem in 
the justification given on the universalist conception. In it, infer- 
ences are made in accord with certain inference rules. Shouldn’t the 
demand of explicitness be invoked further, to require that whatever 
principles lie behind the correctness of the inference rules be made 
explicit and considered part of the justification? In general, the 
only way of stating these principles are as the soundness or truth- 
preservingness of the rules and involve semantic ascent and a truth 
predicate. Thus the ‘directness’ alleged for the universalist concep- 
tion papers over an elision.3 

Now I believe Frege would reject the idea that inference rules rest 
on or presuppose the principles expressing their soundness. Rather, 
our appreciation of the validity of the rules is not the recognition of 
the truth of any judgement at all; it is manifested in our use of the 
rule, in our making one assertion on the basis of another in accord- 
ance with the inference rule.3t There is nothing more to be made 
explicit, although of course individual instances of the inference 
rule can always be conditionalized and asserted as logical truths. 


32 Not that it was meant to: Tarski’s and Quine’s views of justification are different 
from Frege’s. 

33 This line of objection is suggested by a remark by Parsons in ‘Objects and 
logic’, p. 503. 

34 Here I draw on Thomas Ricketts, ‘Frege, the Tractatus, and the logocentric 
predicament’, Notis, 19 (1985), pp. 3-14, at p. 7. See also Ricketts, ‘Logic and 
truth’, §9. 
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To some this may appear to be an evasion. But let us investigate 
the question we left hanging with respect to the schematic concep- 
tion. There, the justification looked inexplicit because it omitted a 
demonstration of the soundness of the logical rules it employed, and, 
on the schematic conception, logical rules are justified only on the 
basis of their soundness. Of course, one could adjoin a demonstration 
of soundness. Naturally, that demonstration will use logical rules. 
Usually the soundness of those rules will not be vouchsafed by the 
adjoined demonstration, because the quantified variables in the dem- 
onstration will have to range over a larger class than any of the uni- 
verses of discourses of the interpretations covered by the soundness 
proof. For example, an everyday soundness proof shows that the usual 
logical rules are sound with respect to all interpretations whose uni- 
verses of discourse are sets. The reasoning in that proof involves vari- 
ables ranging over all sets; hence, the universe of discourse of that 
reasoning is a proper class. A soundness proof for the logical rules 
used in the everyday proof would therefore have to show something 
stronger than everyday soundness, namely, that the rules were sound 
with respect to interpretations whose universes of discourse were 
proper classes. This would require a stronger set-theoretic language 
yet, in which collections of proper classes existed, and the reason- 
ing in the stronger soundness proof would involve variables ranging 
over such collections. This process continues with no end. To avoid a 
vicious regress, we have to be able to take the logical rules used in the 
justification for granted. Yet, on this conception, it has to be admitted 
that a fuller justification, one amplified by a further soundness proof, 
is always possible. In passing to that fuller justification, we also pass 
toa larger universe of discourse. The upshot is that at no level can one 
think of the quantifier as ranging over everything; there is no abso- 
lutely unrestricted quantifier. All the while, though, in enunciating 
the claims at any level, one is not (yet) in a position to specify how 
the quantifiers are restricted: they range over everything that at that 
point one can have. This is a curious position, one which goes far more 
against Frege’s demand for explicitness than our acceptance of a rule 
of inference without an explicit semantic principle to back it up. 


35 The position that there can be no such thing as a truly unrestricted quantifier is 
due to Charles Parsons in ‘The Liar Paradox’, in his Mathematics in Philosophy, 
pp. 221-50. Parsons’s argument is based on phenomena associated with the Liar 
Paradox. The use of the idea in the current context is due to Ricketts. 
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This last argument has brought us rather far afield. My central 
aims in this paper have been to delineate Frege’s universalist con- 
ception of logic and contrast it with a more familiar one, to show 
that this conception connects with many other points in Frege’s 
philosophy, and to suggest that the conception is a well-motivated 
one, given the nature of Frege’s project. Of course, today most of us 
would find the schematic conception (or some variant of it) far more 
natural, if not unavoidable. But I hope to have caused us to reflect on 


how much else has to shift in order to make it so.36 


36 Reproduced from ‘Frege’s conception of logic’, in J. Floyd and S. Shieh (eds.}, 
Future Pasts: The Analytic Tradition in Twentieth-Century Philosophy (Oxford 
University Press, 2001), pp. 25-41. By permission of Oxford University Press, Inc. 
Iam greatly indebted to Thomas Ricketts for countless conversations and com- 
ments, as well as for access to his unpublished works. Needless to say, he does not 
agree with all the formulations given in this paper. 
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4 Dummett’s Frege 


I INTRODUCTION 


It has become standard for commentators to note sadly how little 
impact Frege’s work had amongst his contemporaries, but then to 
temper this observation by claiming an enormous indirect influ- 
ence for his ideas through the work of those few who did pay serious 
attention to them, perhaps most notably Russell, Wittgenstein and 
Carnap. How effective or transparent those conduits were is still a 
matter of scholarly debate.' For myself, Iam increasingly persuaded 
that much of what we would now judge to be most centrally import- 
ant in Frege was at best imperfectly transmitted. 

That we can now attempt judgement on what is thus central is 
owed, in the first place, to the republication and translation of Frege’s 
work that effectively began with Austin’s version of Grundlagen in 
1950. Austin had translated the work so as to be able to set it for an 
Oxford finals paper. Michael Dummett took the course, and was, he 
reports, ‘bowled over by the Grundlagen’, so much so that during 
the following year he ‘settled down to read everything that Frege had 
written”. Soon, though not at first, Geach and Black’s Translations 


The route via Carnap is considered by Erich Reck and Steve Awodey (Erich Reck 
and Steve Awodey (eds.), Frege’s Lectures on Logic: Carnap’s Student Notes, 
1910-14 (Chicago: Open Court, 2004), Introduction). Recently Michael Potter has 
added greatly to our understanding of the route through Cambridge, demonstrat- 
ing how certain of Frege’s very general insights, for instance about the unique 
status of logic and the special character of its defining concern with the notion of 
truth, shaped Wittgenstein’s earliest reflections (M. Potter, Wittgenstein’s Notes 
on Logic (Oxford: Oxford University Press, 2009}, ch. 29). 

> M. Dummett ‘Intellectual autobiography’, in R. E. Auxier and L. E. Hahn (eds.), 
The Philosophy of Michael Dummett (Chicago: Open Court, 2007), pp. 9-10. 
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(1952) would help in this, but before long the work would take 
Dummett to Munster to examine Frege’s unpublished work: the 
first result of this study is the 1956 ‘Postscript’ to his 1955 ‘Frege 
on functions’, itself an important early step in dispelling bizarre 
misconceptions of Frege’s doctrines which seem then to have been 
prevalent. Dummett began to form plans for a comprehensive book 
on Frege. This required further sustained study of the Nachlass, 
including a visit in 1957 when, its editors acknowledge, Dummett 
provided an important stimulus and essential ‘spadework’ (PW, p. xii) 
towards its publication. Frege: Philosophy of Language, a rather dif- 
ferent book from that first planned, eventually appeared in 1973. 
Dummett modestly remarks of it, ‘I believe that the book helped 
to revive interest in Frege.4 Peter Geach, with whom he had been 
in discussion about Frege virtually from the beginning of the work, 
more nearly conveys its importance: 


As a guide to Frege’s thought [Dummett] is absolutely unrivalled. Many 
books about Frege have now appeared; none even distantly approaches this 
in its wide learning, deep sympathy with Frege, and clarity and patience 
of expositions 


Of course, many more books have since appeared, but a similar 
judgement today would be no less clearly true. The development of 
the interpretation the book offers played so vital a role in the wider 
rediscovery of Frege that the two cannot be disentangled. Its insight 
and force are such that it can fairly be said to be the second factor 
that now informs our understanding of what Frege was centrally 
about. (This much is acknowledged — in a back-handed kind of way 
that has understandably irritated Dummett‘ — by those who contest 
his interpretation, while nonetheless describing it as the ‘orthodox’ 
or ‘standard’ view. 

To attempt to sketch even the highlights of Dummett’s Frege in 
one chapter would be foolish. The approach I have chosen instead is to 
confine attention to the opening three chapters of Frege: Philosophy 


3 E. D. Klemke’s anthology, Essays on Frege (Urbana: University of Illinois Press, 
1968), bears witness to many of these. 

4 Dummett ‘Intellectual autobiography’, p. 24. 

5 P. T. Geach, ‘Critical notice of FPL’, Mind, 85 (1976), p. 449. 

° M. Dummett, The Interpretation of Frege’s Philosophy (London: Duckworth, 
1981), p. xiv. Hereafter IFP. 
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of Language, because in these chapters I think we can most clearly 
see the central reason for the unique authority and depth of his 
interpretation. This reason is that Dummett’s interpretation begins 
where Frege himself began, with the discovery, in Begriffsschrift, of 
quantification, ‘the deepest single technical advance ever made in 
logic’? As he says, at the opening of chapter 2, 


The discovery by Frege, at the outset of his career, of the notation of quan- 
tifiers and variables for the expression of generality dominated his entire 
subsequent outlook upon logic. By means of it, he resolved, for the first 
time in the whole history of logic, the problem which had foiled the most 
penetrating minds that had given their attention to the subject. It is not 
surprising that Frege’s approach was ever afterwards governed by the les- 
sons which he regarded as being taught by this discovery. (FPL, p. 8} 


This discovery and those lessons will be our concern. We will 
approach them, as Dummett does in chapter 1, through an account 
of the philosophical context in which the discovery took place. 


2 THE FOUNDATION OF A THEORY OF MEANING 


‘Precision and rigour,’ Frege says, ‘are the prime aim of the concept 
script’ (PW, p. 32). He tells us that the idea of the concept script 
first arose in the course of investigations to determine ‘how far one 
could get in arithmetic by means of logical deductions alone, sup- 
ported only by the laws of thought’ (Bs, Preface; CN, p. 104]. The 
aim immediately requires some means of being assured that no 
other, unacknowledged support is being tacitly relied on. It would 
be essential, then, to lay out his deductions in full, ‘to keep the 
chain of reasoning free of gaps’ (ibid.). But what does it mean to do 
that, and how will we know whether we have managed it? On both 
questions Frege found that the natural language in which he at first 
tried to formulate these deductions let him down. Aiming for expli- 
citness produced only unwieldiness and complexity, thus increas- 
ing, rather than reducing, the resources presupposed of anyone in 
his receiving, understanding and endorsing the reasoning set out. 
This situation seemed to put, not just the achievement of the goal, 
but even any understanding of it as an approachable ideal, further 


7 M. Dummett, Frege: Philosophy of Language, 2nd edn (London: Duckworth, 1981), 
p. xxxiii. Hereafter FPL. 


Dummett’s Frege 89 


from view. Dwelling on it, one could easily be led to think that full 
explicitness in reasoning, like full understanding of another human 
being, is a whimsical fantasy. 

This is the problem from which Dummett’s exposition sets out. 
‘The original task that Frege set himself’, he says, ‘was to bring to 
mathematics the means to achieve absolute rigour in the process 
of proof ... What Frege wanted was a framework within which all 
mathematical proofs might be presented and which would offer a 
guarantee against incorrect argumentation: of a proof so set out, it 
would be possible to be certain that it was not erroneous, or valid 
only within certain restrictions not made explicit, or dependent on 
unstated assumptions’ (FPL, p. 1). In the three paragraphs that begin 
with this observation Dummett sets out a train of thought that grad- 
ually expands upon what the realization of Frege’s goal requires. 
Each step is of the form: to achieve Y it was necessary to provide X. 
The striking conclusion soon reached is this: that ‘Frege had ...to 
provide the foundation of a theory of meaning’ (FPL, p. 2). 

This remarkable train of thought is what justifies Dummett in 
choosing ‘Frege: Philosophy of Language’ as his title. It starts out 
from what looks at first like a narrow methodological requirement 
of a specific and characteristically nineteenth-century programme 
in scientific foundations, and develops from it a fundamental recon- 
ception of the philosophical enterprise of understanding thought 
and its relation to reality that would dominate the twentieth cen- 
tury. It takes the seeming whimsy of fully explicit understanding 
and creates out of it a crystalline formal model towards which that 
enterprise has been directed. So to appreciate this train of thought 
would in large measure be to understand, not just how analytic phil- 
osophy, a movement with its roots in a particular foundational pro- 
ject in mathematics, should have accorded such centrality within 
philosophy generally to a concern with language and the theory of 
meaning, but the particular formal and aprioristic character of that 
concern. 

The first steps of this train of thought specify the framework 
Frege wanted as necessarily including a formalized language sup- 
plemented by formal rules of proofs. As Frege typically presented 
them, these points are clearer in reverse order. 

The aim of gapless proof is to ‘expose each presupposition which 
tends to creep in unnoticed, so that its source can be investigated’ 
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(Bs, Preface; CN, p. 104). Such presuppositions may be unstated 
premises, but equally they may be implicit in modes of reason- 
ing special to the subject matter. (Frege illustrates this (CN, p. 85) 
by showing how assumptions of the asymmetry and transitivity 
of ‘larger than’ have entered into geometrical reasoning.) His ini- 
tial remedy is to require that every special assumption be declared 
in the form of a premise, restricting allowable inferences to those 
sanctioned by entirely general laws of thought. The first and most 
obvious requirement of this is that the allowed inference modes 
must be strictly circumscribed. The second is that there must be no 
opening left for ‘something intuitive ... to squeeze in’ (CN, p. 104) in 
determining whether a given inference exemplifies one of the speci- 
fied modes. The allowable modes of inference must therefore be for- 
mally specified, so that correct inference can be confirmed ‘on the 
basis of linguistic form’ (CN, p. 85). It is just here, though, that the 
inadequacy of natural language shows itself. Ordinary linguistic 
practice of course offers no determinate set of allowable inference 
modes. But the more fundamental point is that its looseness and 
vagueness cannot be rectified by specifying such a set. ‘Language is 
not governed by logical laws in such a way that mere adherence to 
grammar would guarantee the formal correctness of thought proc- 
esses’ (ibid.). No formally specified rules could therefore be sound 
in direct application to inference conducted in natural language. 
At best we could devise rules to which ordinary-language infer- 
ences would be compared and held responsible: these laws would be 
‘applied externally, like a plumb-line’ (ibid.). Clearly, though, that 
process of comparison would be another entry point for ‘something 
intuitive’ to creep in. 

The conclusion thus far, then, is that gapless proof must be for- 
mal proof, which must be proof conducted in a formalized language. 
Approaching the conclusion in Frege’s way has made prominent 
points about what a formalized language must be that Dummett’s 
third paragraph elaborates. But it is worth dwelling briefly on his 
summary of these initial steps. ‘Frege was,’ he says, ‘proposing [A] 
to take the step from the axiomatization of mathematical theor- 
ies ... to their actual formalization’. The axiomatic method had 
been employed to isolate and elucidate the basic notions of various 
mathematical theories. But ‘what Frege wanted was [B] to subject 
the process of proof to an equally exact analysis’ (FPL, pp. 1-2). How 


Dummett’s Frege gI 


is it that A, the step to formalization, amounts to B, the analysis of 
proof itself? 

A straightforwardly mathematical answer presents itself. The 
formalization of proof constitutes it as a precisely delineated phe- 
nomenon susceptible to mathematical investigation, just as the 
axiomatization of spatial properties and relations in geometry had 
done for them. Dummett is clear, though, that, while this was part 
of Frege’s achievement, it was not his aim (FPL, p. xxxv): making 
formal systems into ‘the objects of mathematical investigation’ is 
one way in which ‘light is thrown on the nature of mathematical 
proof’ (FPL, p. xxxiv), but it is not the way Dummett has in mind 
here. His idea depends instead, I think, on a rather different sense 
in which, in the formalized proofs Frege envisaged, correct move- 
ments of thought will be fully laid out, and everything involved in 
them rendered fully explicit. According to this idea everything that 
makes the proof into an instance of correct reasoning, and so what 
it is in this instance for the reasoning to be correct, will be there on 
the page and open to reflective review. Of course, recognizing it as 
such will depend on one’s understanding of it, but it will not rely 
on any further understanding, not expressed in it, in the light of 
which its correctness is to be appreciated. In that way the role of the 
receiving mind shrinks, as it were, to a pure receptivity, since the 
configuration it is to adopt is the configuration exemplified in the 
proof itself. The thought, as Wittgenstein would later put it, is the 
proposition.’ This idea has, I think, been enormously influential. It 
is at work, for instance, in Davidson’s striking methodological pro- 
nouncement that he ‘will not think of [languages] as separable from 
souls’® More relevantly here, it informs Dummett’s own contention 
that the analysis of thought consists in — is to be achieved through, 
and only through — the analysis of language. He is right to find the 
roots of this idea in Frege’s formalizing project. 

Dummett now brings these points about formalization into con- 
nection with truisms about inference: that the validity of a proof 
depends on the meanings of the statements figuring as premises 
and conclusion; and that the meaning of a statement is fixed by the 


8 L. Wittgenstein, Tractatus Logico-Philosophicus (London: Kegan Paul, 1922), p. 4. 
° D. Davidson, ‘On the very idea of a conceptual scheme’, reprinted in his Inquiries 
into Truth and Interpretation (Oxford: Clarendon Press, 1984), p. 185. 
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meanings of the words occurring in it and their manner of com- 
bination (FPL, p. 2). If, in a formalized proof, validity is to be deter- 
minable by grammatical form alone, then the grammatical forms 
involved must offer a consistent and complete reflection of the 
‘logical relations’ (CN, p. 85) between concepts on which the mean- 
ings of its constituent statements, and thus the validity of the proof, 
depend. As Leibniz had foreseen, the idea of a calculus ratiocinator, 
a method of proof in which validity is effectively decideable by ref- 
erence to syntactic criteria,” ‘has the closest possible links’ with 
that of a lingua characteristica, ‘a script which compound|s] a con- 
cept out of its constituents’ (PW, p. 9): the first is feasible only as a 
supplement to the second. ‘An analysis of proof’, then, must rest on 
‘an analysis ...of the structure of the statements that make up the 
proof’ (FPL, p. 2), since that analysis must be embodied in the gram- 
matical structures of the sentences of the language in which the 
proof is conducted. What this calls for is a semantic analysis, one 
that explains ‘how the meaning of each sentence [is] determined 
from its internal structure’. This is the requirement that Dummett 
summarizes by saying that ‘Frege had, in other words, to provide 
the foundation of a theory of meaning’ (FPL, p. 2). 

Why is this an appropriate summary? One might be misled on 
this by a formulation earlier in the paragraph, which represents it as 
Frege’s task ‘to give an analysis of the structure of the statements of 
our language’ (FPL, p. 2). The semantic analysis the project demands 
relates rather to the sentences of the formalized language, those 
actually occurring in proofs. There are familiar views according 
to which such an analysis sheds a more or less direct light on the 
means by which the same propositions are expressed by our own, 
natural-language sentences; such views would then cast Frege’s an- 
alysis as at least an important first step in explaining how our sen- 
tences bear the meanings they do — perhaps, then, as a ‘foundation 
of a theory of meaning’ for them. But no such view is entailed in the 
train of thought we have reviewed, and none is plausibly attributed 
to Frege (CN, p. 85; PW, p. 13). Dummett, moreover, would clearly 
agree with these points. He repeatedly emphasizes that Frege did 


7° ‘Calculemus’ suggests a stronger notion of decidability, where the production, 
and not just the checking, of proofs could be mechanized; this was not part of 
what Frege took from Leibniz. 
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not aim to explain ‘how our language works’ (FPL, p. 36) — the com- 
plex and disorderly means by which it manages, to the extent that 
it does, to express the propositions that interested him — and that 
his key achievement, the analysis of propositions involving mul- 
tiple generality, was reached ‘by ignoring natural language’ (FPL, 
p. 20]. Of course, if natural language has the means to express these 
propositions, then Frege’s analysis of their structure will stand as 
a constraint on any account of what those means might be; but ‘if 
not’, Dummett says, nicely capturing Frege’s own attitude, ‘so much 
the worse for natural language’ (ibid.). Frege need take no stance 
on the issue, and neither is any stance taken in the conclusion of 
Dummett’s that we are considering. 

This conclusion should instead be understood in the light of 
Dummett’s later explanation that a theory of meaning is ‘a general 
account of the workings of language’ (FPL, p. 83), or ‘an account 
of how language functions, that is, not only of how it does what 
it does, but of what it is that it does’ (FPL, p. 92). Formalization 
demanded of Frege’s language complete perspicuousness in how it 
does what it does; the language thus furnishes us with a transparent 
model of what it is that it does. The philosophical questions that 
we look to a theory of meaning to answer are focused on language 
as such, not on this language or that, but the demands of explicit- 
ness placed on a formalized language are such that it cannot but 
present us with answers to some of the most basic of those ques- 
tions. In this sense Frege had indeed to provide ‘the foundation of a 
theory of meaning’. 

As yet this is, as Dummett might say, entirely programmatic. 
Frege’s insights into the demands and yields of formalization are 
of fundamental importance for understanding the course taken by 
the philosophy of language and thought in the twentieth century. 
But it seems scarcely possible either that he should have arrived at 
these general insights, or that they should have had such an influ- 
ence, except in connection with the specific analyses proposed in 
Begriffsschrift, to which we now turn. 


3 QUANTIFICATION 


No texts exist by which we might try to reconstruct Frege’s discov- 
ery of quantificational logic. What we can do, and what Dummett 
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brilliantly does in chapter 2 of FPL, is to identify the insights under- 
lying the discovery and to make vivid the force they would have for 
someone attaining to them for the first time (FPL, p. 9). 

The first of these insights is that the idea of step-by-step con- 
struction, the conception of a complex expression as put together 
from its basic vocabulary in a series of steps, should be invoked in 
understanding how expressions of generality function in sentences 
(FPL, p. 10). The step-by-step conception was of course not new with 
Frege: children would have been drilled in it then as they are now, 
learning how differently to evaluate (2+3)x 4 and 2 +(3 x4). Nor was 
its application in logic: using the signs to mean logical addition and 
multiplication, (p+ q)xr and p+(qxzr) are differently evaluated in a 
precisely parallel way. Nor again was its application to the logic of 
generality: with a different understanding of the letters, as stand- 
ing now for classes, parallels between propositional and syllogistic 
logic had been mapped. But here we run into the limitations of this 
approach. In the first place, the model borrowed from arithmetic 
supplies us with a treatment either of propositional logic or of syl- 
logistic logic, but, because different understandings of the oper- 
ators are involved, no combination of the two (PW, pp. 14-18}. In 
the second place, its treatment of the logic of generality is restricted 
to inferences turning on the occurrence of only one expression of 
generality (PW, pp. 18-20). Frege’s insight was that these are effect- 
ively the same limitation, to be overcome at once by extending 
propositional logic to include operations of generalization, opera- 
tions that could be iterated as (it was already understood) can the 
propositional operators. 

The apparent role of an expression of generality, such as ‘every- 
one’ or ‘someone’, is to combine with a predicate to specify what 
things the predicate is true of, as the role of a name is to combine 
with a predicate to specify one particular thing the predicate is true 
of. But the iterable operations now sought would necessarily lead 
from sentences to sentences. So the implementation of Frege’s first 
insight called for ‘a second fundamental idea’ (FPL, p. 15), which 
would reconcile these seemingly incompatible roles. This was to 
conceive the required operations as involving two steps. The first, 
which we can call ‘predicate abstraction’, takes a sentence as input 
and forms an incomplete expression, a predicate (or ‘function’ in 
Frege’s terminology], by omitting, or conceiving as replaceable (at 
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one or more of its occurrences}, some component of the sentence 
(Bs, §§9-10). The second consists in the application of a quantifier, 
e.g. ‘everything’, to a predicate thus abstracted, forming again a sen- 
tence (Bs, §11). This sentence will be true just in case the predicate 
to which the quantifier is attached is true of everything; and this 
predicate will be true of a given thing just in case a sentence from 
which it might have been formed, by omitting a designation of that 
thing, is true. Because these two-step operations are iterable they 
can account uniformly for the significance of sentences contain- 
ing any number of expressions of generality. And because they lead 
from sentences to sentences they can interleave, in the step-by-step 
construction, with the operations of the propositional logic they 
extend. These two features together explain the immense power of 
Frege’s conception. 


4 UNIQUE STRUCTURE 


In everything said so far one idea has been dominant: namely, that 
the understanding yielded through Frege’s logical insights is an 
understanding of structure. The real benefit of formalizing infer- 
ence emerges only through the requirement it imposes on the lan- 
guage in which inference is conducted, to render its content more 
exactly (PW, p. 12}, to ‘spell out [logical relations] in full’ (PW, p. 13; 
CN, p. 85], to construct a content out of its constituents (PW, p. 35). 
The primary insight of Frege’s account of quantification yields 
such benefits precisely because it incorporates the expression of 
generality within the only feasible model for that construction. 
So, unless all of the above has been very wide of the mark, it is 
an utterly central commitment of Frege’s that propositions have a 
unique structure which is reflected in their expressions and in vir- 
tue of which they stand in inferential relations one to another. Yet 
what Dummett identifies as the second fundamental idea of Frege’s 
account is that of predicate abstraction, and some of what Frege said 
in elaboration of this idea has led others to attribute to him a con- 
trary commitment. 

To introduce the issue we can contrast two rather different notions 
often in play in philosophical discussion of ‘the structure of propos- 
itions’ (or ‘the structure of thoughts’). The first invokes the idea of 
each proposition as a node in a space of propositions. The geometry 
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of the space is given by internal relations holding amongst propos- 
itions, relations which determine any given proposition’s location 
in the space (and so, presumably, sufficient to identify it). According 
to the second notion the structure of a proposition is instead a mat- 
ter of its inner complexity, the way in which it is constructed out of 
its ingredient elements. This potential ambiguity is often tolerated, 
it seems, because of a presumption that the two notions will some- 
how run along in step. But even if that is so we can still ask which 
leads and which follows. Does the inner complexity of a proposition 
ground and explain its internal relations to others, or is it rather 
that the structure ascribed to any particular proposition is merely 
a reflection of these relations? If the first of these views is correct, 
we will expect there to be, for each proposition, a single determin- 
ate account to be given of how it is constructed from its constituent 
elements. The second view allows, on the other hand, that there 
will be different, equally legitimate ways of representing a propos- 
ition as structured, each highlighting some amongst the internal 
relations it bears to others. 

The stance adopted here is that Frege adheres firmly to the first 
of these views. Dummett’s discussion in chapter 2 of FPL demon- 
strates the correctness of this stance, and goes on to show how, 
within it, we should explain the most important of those features 
of Frege’s account that have led others to ascribe to him instead the 
second view. The immediately following section will consider these 
matters. Dummett goes beyond this, however, in recognizing and 
exploring a different challenge to the first view. This further chal- 
lenge takes off from the observation that, where something X is held 
to stand in any such relation as grounding, entailing or explaining 
to something Y, we should not in general suppose that X will fully 
reveal itself in Y, or that X will be adequately characterizable by 
attention to Y. A thing’s physical make-up explains why it will tip 
the balance against some other things while being outweighed by 
still others, but there is only so much you can learn about the phys- 
ical make-up of a thing with a set of scales. If the structure of prop- 
ositions grounds their inferential connections, might it not similarly 
be the case that logic, which attends to and encodes these connec- 
tions, can give us only a partial view of the grounding structures? 
Wittgenstein for one, and Ramsey for another, certainly thought 
so. Their views represent a deep challenge to Frege’s conception of 
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the relations between logic, analysis and ontology. The challenge 
lies well beyond the scope of this chapter. But in the final section I 
will consider Dummett’s treatment of an issue that is, in my view, 
essential for evaluating it. 


§ ANALYSIS AND DECOMPOSITION 


Traditionally the philosophical analysis of a proposition or thought, 
like the grammatical analysis of a sentence, begins with its div- 
ision into subject and predicate. Frege, however, allows this dis- 
tinction no place in his way of representing a judgement (Bs, §3), 
and proposes to replace the concepts of subject and predicate with 
those of argument and function (Bs, Preface; CN, p. 107). Using 
these simply as replacement terms we might then describe ‘carbon- 
dioxide is heavier than oxygen’ (cHo) as dividing into the argument 
‘carbon-dioxide’ and the function ‘... is heavier than oxygen’ (i.e. 
as dividing c | Ho). ‘This distinction,’ Frege however remarks, ‘has 
nothing to do with the conceptual content, but only with our way 
of viewing it’ (Bs, §9). To reinforce the point he introduces for com- 
parison the proposition ‘carbon-dioxide is heavier than hydrogen’ 
(cHh). Suppose we think of this second as obtained from the first by 
replacing ‘oxygen’ by ‘hydrogen’, leaving the remainder constant; 
then we see the pair as dividing 


(1) cH |o 
cH |h 


and so have the same function with different arguments. But now 
suppose instead that carbon-dioxide represents the focus of our 
interest; then we will view the second, as initially we viewed the 
first, as telling us something about it, so that the pair now divide 


(2) c| Ho 
c|Hh 


giving us different functions with the same argument. Each of 
these divisions of the pair groups them along with further prop- 
ositions. The catalogue begun in (1) continues, for instance, with 
‘carbon-dioxide is heavier than | nitrogen’; that begun in (2) with 
‘carbon-dioxide|is inert’. Of the interconnections between prop- 
ositions highlighted in this way different ones will be relevant 
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in different connections — most importantly, in connection with 
different inferences. But neither of these divisions could claim 
to take us closer than the other to how any of the propositions 
divides ‘of itself’. 

What Frege says here is plainly right. Equally plainly, it has no 
tendency to tell against the view that there is a way the proposition 
is articulated ‘in itself’. To state the obvious, cHo can be divided after 
its first constituent (c|Ho) or before its third (cH|o) because it has 
three constituents. Neither of these divisions provides an account of 
how the proposition is constructed out of these three constituents; 
instead, each of them depends on such an account. 

This case presents us with probably the simplest example of a 
contrast which Dummett introduces in FPL as one between two 
different sorts of analysis, or two different understandings of ‘an- 
alysis’ (FPL, p. 28), but which he later elaborates in the distinction 
between analysis and decomposition. Analysis aims at an account 
of how a proposition is constructed, typically in several stages, from 
its simple constituents. Decomposition is then the process by which 
a proposition so constructed may be regarded as dividing into con- 
stant and variable components. The importance of this distinction 
emerges more clearly in connection with more complex examples. 
But before we turn to such examples it is worth countering a mis- 
understanding that finds a challenge to the idea that propositions 
have a unique structure even in what Frege has to say about this 
simplest of cases. 

In a natural language sentence the principal focus of interest will 
typically be presented by the grammatical subject of the sentence. 
So one way of encouraging us to view ‘carbon-dioxide is heavier than 
oxygen’ as dividing cH|o would be to recast it so that the argument 
‘oxygen’ appears as subject: ‘oxygen is lighter than carbon-dioxide’. 
This recasting leaves unaltered the propositional content expressed 
(Bs, §3); and this content has, we said, three basic constituents. 
But now, it might be asked, which three constituents are these? 
‘Heavier’ and ‘lighter’ are not synonyms, but indicate relations that 


™ TFP, ch. 15; the terminology of ‘analysis’ and ‘decomposition’ is introduced at 
p. 271. We will also follow Dummett’s terminological distinction between the 
immediate or ultimate ‘constituents’ of a proposition exposed by its analysis, and 
the ‘components’ into which it divides on any one decomposition. 
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are converse to each other. Which of them occurs in the supposed 
single content expressed by our two sentences?” 

If this were a good question, we should have to admit that there 
is no good answer to it; and that would be one route to the con- 
clusion that a propositional content has ‘in itself’ no unique an- 
alysis into its constituents. But it is plainly not a good question. For 
Frege, a relation is ‘incomplete’, which means (at least) that to men- 
tion a relation is to speak of one thing’s standing in the relation to 
another. So the only sensible question to ask in this case is whether 
our proposition speaks of something’s being heavier than another, 
or of something’s being lighter than another. And the only sensible 
answer to that question is that the proposition does both, simultan- 
eously. To introduce into Frege’s language a symbol allowing us to 
say that something x is heavier than something y is automatically 
to introduce a symbol allowing us to say of y that x is heavier than 
it, i.e. that y is lighter than x. So we do not have to choose whether 
our single content involves heavier or lighter as constituent: for it 
to include the one is for it to include the other.3 


? Both J. Levine (‘Analysis and decomposition in Frege and Russell’, Philosophical 
Quarterly, 52 (2002), p. 205) and T. Ricketts (‘Pictures, logic, and the limits of 
sense in Wittgenstein’s Tractatus’, in H. Sluga and D. Stern (eds.), The Cambridge 
Companion to Wittgenstein (Cambridge: Cambridge University Press, 1996), 
p. 67) discuss Russell’s response to this question, which was to accept that, since 
heavier and lighter are obviously different, ‘A is heavier than B’ and ‘B is lighter 
than A’ must express different (though equivalent) propositions, the first having 
heavier as constituent, the second lighter. Surprisingly both go on to suggest, 
quite wrongly, that Frege would have difficulties answering the same question 
(Levine, pp. 205-6; Ricketts, fn. 31). This is to overlook the essential role played 
in Russell’s response by his commitment that ‘these two words [‘heavier’ and 
‘lighter’] have certainly each a meaning, even when no terms are mentioned as 
related by them’ (B. Russell, The Principles of Mathematics (London: Allen and 
Unwin, 1903), §219, my emphasis}, a commitment Frege does not share. 

This is not to say, as Russell contemplated saying (B. Russell, ‘On the notion of 
order’, in his Collected Papers, vol. Il, ed. G. H. Moore (London: Routledge, 1993), 
p. 300), and later did say (Theory of Knowledge, in his Collected Papers, vol. VII, 
ed. E. R. Eames (London: Routledge, 1983), pp. 87-8), that a relation and its con- 
verse are ‘the same’. On Frege’s account ‘sameness’ of relations amounts to their 
relating the same things, so that a relation R will be ‘the same’ as its converse 
just in case Rxy = Ryx, that is, just in case it is symmetrical, which heavier than 
is clearly not. What the above claims to be ‘the same’ are rather what it is for a 
proposition to express a relation and what it is for it to express the converse of 
that relation. 


a 
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Our counter to that challenge highlights a further principle 
governing Frege’s analysis which Dummett makes central to his 
exposition (FPL, pp. 35ff.), namely, that to identify any element of a 
proposition, or of the sentence that expresses it, is to identify the role 
that element plays in determining what is required for the truth of 
the proposition. Merely pointing to the supposed constituent heav- 
ier, or lighter, falls short of that, since it does not settle which thing 
is to be the heavier, and which the lighter, if the proposition is true. 
This point applies to the constituents of a proposition revealed by 
its analysis, because what analysis aims at is precisely an account 
of how it is settled, by the constituents of the proposition and the 
manner in which they are combined, how things must be for the 
proposition to be true. And since the various possible ways in which 
the proposition may then be subsequently decomposed are fixed by 
its analysis the point holds equally of its components under such a 
decomposition. 

Frege indeed makes this point immediately on introducing the 
notion of decomposition in Bs, §9, where he warns that the possibil- 
ity of dividing the natural language sentences 


The number 20|can be represented as the sum of four 
squares 


and 


Every even number|can be represented as the sum of four 
squares 


in the way indicated does show that we have here the same function 
of different arguments. To have two values of the same function 
requires more than the recurrence of the same phrase, and more than, 
as we surely have here, the recurrence of the same phrase carrying, 
by ordinary standards, the same meaning. What is required is that 
the phrase play the same role, in relation to its putative argument 
expression, in settling what is required for the truth of the whole. 
In the first of our sentences the role of the phrase is to formulate a 
proposition that will be true if the condition it expresses is satis- 
fied by the object designated by its argument expression. Since the 
suggested argument expression in the second sentence, ‘every posi- 
tive integer’, does not designate any particular object, that cannot 
be the role of the common phrase in the second sentence: as Frege 
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summarizes the point, ‘what is asserted of the number 20 cannot be 
asserted in the same sense of [the concept] “every positive integer’’’, 
the concepts are, he says, of different ‘rank’, or level (Bs, §9). 

This is the crucial point for deflecting a serious misunderstanding 
of Frege’s remark in the following section that, because © appears 
at a place in the symbol (A) (which Frege offers as schematic for ‘A 
has the property ®’), ‘we can consider (A) as a function of the argu- 


ment ®’ (Bs, §1o). Consider alternative pairings of the propositions, 


Sk (Kevin snores) 
Sh_ (Herbert snores) 
Yh_ (Herbert yawns) 


ae 
(1) Sk Sh (2) 
Sh Yh 


In the first pair we find the same function (S ...) of different argu- 
ments (k and h); in the second the same function (... h) of different 
arguments (S and Y). Frege holds that ‘the different ways in which 
the same conceptual content can be considered as a function of this 
or that argument have no importance’, or that they have ‘nothing to 
do with the conceptual content’ (Bs, §9). The misreading concludes 
that whether S, or anything else, is a function has to do only with 
our way of viewing it — whether we view it in line with pairing (1) 
or pairing (2) — and so purports to discover a far more radical rejec- 
tion of the concepts of subject and predicate. But now if the S ... 
that occurs as function in pairing (1) is to be recognized again in 
pairing (2), its role there must be the same. So conceiving S ... as 
argument to a certain function ... h, as pairing (2) encourages, is 
not an alternative to conceiving it as the function we recognize in 
pairing (1), but must be another instance of that. Thus the view we 
have of Sh under pairing (2), in which S ... appears as argument to 
a certain function ... h, is likewise not merely an alternative to the 
view we took of it under (1), where S ... takes h as argument; instead 
it depends on that prior conception of it. It follows that the function 
... h we recognize under pairing (2), which Frege represents ‘(hy)’ 
(Gg, §22), cannot be identified with h. Characterization of the role 
played under (2) by (h) depends on a characterization of its argu- 
ment S ... under (1), represented by Frege as ‘S()’, which in turn 
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depends on that of h. In Dummett’s terminology, the decomposition 
of Sh into the components (h) and S(&) rests on its prior analysis as 
constituted from the function S(&) and h. 

This application of the analysis-decomposition contrast illus- 
trates the basic ground of Frege’s stratification of expressions and 
the entities they refer to into hierarchies of names, first-level predi- 
cates, second-level predicates, and so on, and of objects, first-level 
concepts, second-level concepts, and so on. Two principles drive 
this. The first is that the identification of a propositional element 
includes the identification of its role in fixing the truth-condition 
of the proposition. (This first principle is virtually a restatement 
of Frege’s ‘context principle’, that an expression has meaning only 
in the context of a proposition.) The second, which is distinctively 
responsible for the hierarchy, is that some such roles can be charac- 
terized only by reference to others, which are therefore presupposed 
as already determinate. But now what is the root reason for attribut- 
ing to Frege this whole interlocking conception, in preference to the 
view on which the structures of propositions are merely a reflection 
of their interconnectedness? 

As befits such a basic feature of his interpretation, Dummett 
locates this reason in Frege’s account of quantification. As we saw, 
this account explains the move from an instance ‘A(c)’ to its general- 
ization ‘Vx A(x)’ as proceeding through the formation, by decompos- 
ition, of a predicate ‘A(E)’, to which the quantifier is then attached. 
The account thus assumes that an understanding of the instance is 
sufficient to ensure understanding of the subsequent steps, and we 
therefore need to ask what guarantees this assumption. Dummett 
distinguishes three versions of it. He formulates an intermediate 
version as follows. 


[Frege] is making the assumption that, whenever we understand the truth- 
conditions for any sentence containing (one or more occurrences of) a 
proper name, we likewise understand what it is for any arbitrary object to 
satisfy the predicate which results from removing (those occurrences of) 
that proper name from the sentence ... (FPL, p. 17) 


An immodest version of the assumption would be got by replacing 
‘any arbitrary object’ by ‘all objects’. This immodest version incor- 
porates what in Dummett’s view is the additional assumption that 
grasp of the instance is sufficient to ensure grasp of the range of 
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generalization as a determinate totality (FPL, p. 19).!4 This add- 
itional assumption — or more accurately, whether it is an additional 
assumption — need not concern us; I have identified it only because 
doing so helps to isolate Dummett’s treatment of what for current 
purposes is the core issue. A variant on the other side gives the 
modest assumption, ‘that, from our understanding of “A(c)”, ... we 
can derive the truth-conditions of another sentence “A(d)”, given the 
sense of “d’” (FPL, p. 19). We can begin with it. 

On the view adopted here, according to which propositions have 
an intrinsic structure reflected in their expressions, this modest 
assumption is guaranteed ‘just because we understand the sentence 
by understanding the senses of its constituent expressions’ (FPL, 
p. 19). We grasp the proposition ‘A(c)’ on the basis of our understand- 
ing of the name ‘c’ and of whatever other simple expressions occur 
in the context ‘A(é)’, together with the operations of combination 
that would be detailed in the analysis of ‘A(c}’. Those other simple 
expressions and operations will be replicated in the analysis of ‘A(d)’ 
which will run precisely in parallel save for the replacement of ‘c’ by 
‘d', which we are also assumed to understand. Our basis for under- 
standing ‘A(c)’ therefore provides intrinsically for the understanding 
of ‘A(d)’, thus guaranteeing Frege’s assumption in its modest ver- 
sion. To advance from there we need only add that the understand- 
ing of ‘c’ contributes to determining the truth-condition of ‘A(c)’ by 
fixing an object as its referent, the sentence being understood to 
express a condition on that object. The basis of our understanding of 
‘A(cy’, that is, intrinsically provides for understanding the abstracted 
predicate ‘A(é)’ as expressing a condition that any object will sat- 
isfy or not, thus guaranteeing Frege’s assumption in its intermedi- 
ate version. 

No such guarantee is forthcoming on the opposed view. On that 
conception our representing two propositions through the expres- 
sions ‘A(c)’ and ‘A(d)’ reflects some connection between them, but 
the conception offers no account of how grasp of one of the propos- 
itions puts one in a position to understand the other, or of how, if one 
happens to understand both, one is thereby placed to discern this 
particular connection between them. These negative contentions do 


™ Cf. M. Dummett, Frege: Philosophy of Mathematics (London: Duckworth, 1991), 
ch. 24. Hereafter FPM. 
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not depend on assuming an extreme version of the opposed view, as 
committed to the dubious notion that propositions are grasped ini- 
tially as wholes, to which a structure is only subsequently attributed 
in consequence of some connection recognized as holding amongst 
them. The complaints will still hold against a modest version of 
the opposed view which ties the grasp of a proposition to linguistic 
understanding, and so holds that any way of grasping a proposition 
will discern some structure in it. Frege’s assumptions depend on 
the stronger contention, that for any given proposition there is some 
structure that must be apprehended by anyone who grasps that prop- 
osition, and this must be denied by any variant of the opposed view. 

Frege’s commitment to the view that each proposition has a 
unique analysis is an intrinsic part of his account of quantifica- 
tion. When put into the balance against that, such remarks as there 
are elsewhere in his writings suggestive of the opposed view can 
weigh very little. 


6 SIMPLE AND COMPLEX PREDICATES 


Frege’s parallel hierarchies, of expressions and the entities they 
mean, were mentioned briefly in the previous section. They form 
the topic of chapter 3 of FPL, where the principles governing them 
are clearly set out (FPL, p. 45). Because the two hierarchies run in 
parallel it is customary to speak of ‘the’ hierarchy, indicating that 
our interest is in their common structure. I will do that here and, in 
keeping with the same interest, I will use terminology (and quota- 
tion marks) in ways that reflect indifference between expressions 
and their meanings. 

In that vein, then, we can say that Frege’s hierarchy is grounded 
on the two categories of ‘complete’ expressions, propositions and 
names.'* Every other category is conceived as a type of functions, 


' There certainly are such remarks. Many of the relevant texts are gathered 
and thoughtfully discussed in Levine, ‘Analysis and decomposition’, D. Bell, 
‘Thoughts’, Notre Dame Journal of Formal Logic, 28 (1987), pp. 36-50; and 
H. Hodes, ‘The composition of Fregean thoughts’, Philosophical Studies, 41 
(1982), pp. 161-78. 

6 In Frege’s later work propositions are merely a kind of names — names of truth- 
values — so that there is only one basic category; this was, as Dummett says, a 
‘retrograde step’ (FPL, p. 7), and we will ignore it. 
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yielding things of one or the other of these basic categories as values, 
and taking as argument(s) either things of one of these categories or 
functions of a type already specified by reference to them. 

Of many equivalent notations for these types the one adopted 
here uses ‘P’ and ‘N’ for the basic categories of propositions and 
names, and specifies a function from n things of types @.,,..., &, to 
something of type f as being of type nB(q,,..., o,,). Thus in ‘Herbert 
snores unless Keith is a liar’ the connective ‘unless’ takes two prop- 
ositions to form another, and so is of type 2P(P,P). Its first constitu- 
ent proposition, ‘Herbert snores’, contains the name ‘Herbert’; its 
predicate, ‘E snores’, is thus of type 1P(N). In ‘Everyone snores’ this 
predicate occurs as the sole argument to a quantifier, ‘Everyone 9’, 
which is thus of type 1rP(1P(N}). In ‘Only Herbert snores’ we find 
the complex predicate ‘Only & snores’, again of type 1P(N), making 
‘Only € 9’ of type 2P(N, 1P(N)).17 

These types fall into levels: N and P are of level 0; and the 
level of any function is one higher than that of its highest-level 
argument. 

When it comes to pronouncing these type-symbols two readings 
suggest themselves. We might describe an nB(q,,...,a,,) as something 
which, in conjunction with n items of types @.,,...,0,,, Will form a B; 
call this the ‘construction’ reading. Alternatively, we might describe 
it as what remains of a B when items of types «,,...,@, are removed; 
call this the ‘remainder’ reading. Neither reading happily covers 
all cases. 

Consider, for instance, ‘Only Herbert snores’ with respect to 
the occurrence in it of the predicate ‘€ snores’. This predicate is of 
type IPN, and the containing context ‘Only Herbert o’ is thus of 
type 1P(1PN). But it would be at best misleading, adopting the ‘con- 
struction’ reading, to say of ‘Only Herbert q’, i.e. of ‘Vx (gx = x = 
Herbert)’, that it is something which, in conjunction with ‘E snores’, 
will form the proposition ‘Only Herbert snores’. The division into 
‘Only Herbert g’ and ’E snores’ is one possible decomposition of that 


XN 


This type-notation is designed, like ‘Polish’ logical notations, to be unambiguous 
without brackets or other punctuation (‘2PN1PN’ has only one possible parsing); 
but, again like ‘Polish’ notations, it is more readable if some redundant punctu- 
ation is included, and from now on I will do that. 

If all brackets are included, counting them outwards gives the level. 


oo 
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proposition, but the proposition is formed, that is constructed, in 
the quite different way given by its analysis, which would trace 
some such” constructional history as this: 


Snores (Alan]) Alan = Herbert 
\ / 


Snores (Alan) = Alan = Herbert 


| 
Snores (&) = & = Herbert 


Vx (Snores (x) = x = Herbert} 


Now consider on the other hand ‘Everyone snores’, with its 
analysis, 


Snores (Alan} 


Snores (&) 


Vx Snores (x] 


Here it would be almost as misleading to say, in line with the 
remainder reading, that ‘Everyone 9’, or ‘Vx g(x)’, is what remains of 
this proposition when the predicate ‘& snores’ is removed. The quan- 
tifier ‘Everyone o’ is no mere remainder: it is that by the application 
of which the proposition is constructed. 

The type-notation we have presented is insensitive to such dif- 
ferences.”° In Frege’s later terminology, these types carve things 
adequately at the level of reference, where ‘Only Herbert g’ and 
‘Everyone @’ are just two second-level functions. At the level we 
have been working at, though, which concerns itself with how the 


9 ‘Some such’, because the occurrence of ‘Alan’ in the atomic propositions is an 
arbitrary choice: the complex predicate ‘snores (&) = € = Herbert’ is conceived as 
arrived at by the omission of some name, but it doesn’t matter which. In this 
limited respect Frege’s conception does not assign the proposition a unique con- 
structional history (cf. FPL, p. 14). 

So, if type-symbols are to be pronounced, it might be sensible to choose a form of 
words that slurs over the difference. ‘1P(N)’, for instance, might be read: ‘1 item 
short of a proposition, viz. a name’. 


2 
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significance of propositions is determined through their compos- 
ition, there is an important distinction to be made. One way of 
making it is this. The simplest propositions in which an nf(q,,..., 
o,,) occurs are those in which it is combined with items of types 
OL, ..., O,, these latter determinately occupying its argument places. 
For some expressions of the type, such a proposition will be analys- 
able as constructed by the application of that expression to those 
arguments, so that it, as well as they, are genuinely constituents 
of the proposition. For other examples of the type, this will never 
be so: though they may of course be constituents of other, more 
complex propositions, in relation to these simplest propositions in 
which they occur these expressions can only ever be components 
disclosed through decomposition. The first kind will be the primi- 
tive or logically simple examples of the type; the second will be 
called complex. The quantifier ‘Everyone q’ is, then, a logically 
simple second-level predicate, while ‘Only Herbert 9’ is a complex 
instance of the same type. 

This is (an obvious generalization of) the distinction between 
simple and complex predicates which Dummett introduces in 
chapter 2 of FPL (pp. 27ff.). The fact that the classifications it 
makes are in many cases obvious — that it counts ‘Vx @x’ as sim- 
ple and ‘Vx (px =x = h)’ as complex, or (seemingly) ‘S(&)’ as simple 
and ‘S(€) > T(é)’ as complex — might make one impatient with the 
roundabout way I have approached it. But not all cases are quite 
so obvious. Recall, for instance, what was said in section 5 in dis- 
tinguishing ‘Herbert’ from the second-level predicate ‘e(Herbert)’. 
Of type 1P(1PN)], the simplest propositions in which this predicate 
occurs will be those in which it is combined with a first-level 
predicate (a 1PN), most straightforwardly such a proposition as 
‘Herbert snores’. Analysis will not represent such a proposition as 
constructed by the application of this second-level predicate. So, 
by the above, ‘@(Herbert)’ is complex — even if it does not immedi- 
ately look to be. It is an example of what Dummett calls a ‘degen- 
erate’ complex predicate (FPL, p. 30). 

Degenerate examples bring out especially clearly that the core of 
Dummett’s distinction between simple and complex predicates lies 
in the different theoretical roles that the two notions are required 
to fill (FPL, p. 27). Simple predicates serve the needs of analysis. 
They are among the building blocks of propositions, or, speaking 
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linguistically, the primitive vocabulary that defines the expressive 
resources of a language; in this respect, at least, simple predicates 
belong with the names of the language. Complex predicates do 
not add to these resources, but represent ways in which the logical 
machinery of a language like Frege’s exploits them to codify infer- 
ential connections. The notion of a complex predicate is needed, 
in the first instance, for Frege’s account of quantification. There, 
as we saw, it is conceived as abstracted from, or formed through 
decomposition of, an instance of the desired generalization, and rep- 
resents a pattern shared by all of these instances. More specifically, 
it represents a common pattern in the route by which the content 
or truth-condition of any instance of the generalization would be 
determined by its composition, as revealed in the analysis of that 
instance (FPL, p. 29). The complex predicate ‘€ snores and € snuf- 
fles’, for instance, captures the pattern that each of its instances 
requires for its truth the conjoint truth of a pair of propositions, 
‘n snores’ and ‘n snuffles’, ascribing snoring and snuffling to the 
same thing. Each of the instances, that is, is a conjunction, but the 
complex predicate is not itself a conjunction of any kind, nor is it to 
be thought of as put together in any other way from any ingredients. 
It is instead a compendious representation of a range of conjunc- 
tions, and the effect of attaching a universal quantifier to it is to 
assert that any conjunction formed in accordance with the captured 
pattern will be true. 

It is just this notion of a complex predicate that Frege introduces, 
though not by this name, in Bs, §§ 9-10, because it is this notion 
that is needed, in accordance with the two-step model described in 
section 3 above, to prepare for the account of generalization that 
follows in Bs, §11. What Frege then says about predicates (or ‘func- 
tions’) is offered as applying to predicates so conceived, and I think 
we can agree with Dummett that the same holds good generally in 
Frege’s writings (FPL, p. 31). This is most clearly true of the con- 
tention discussed in section 5, that the discernment of a certain 
predicate as occurring in a proposition has to do with our way of 
viewing the proposition, rather than with how the proposition is 
constituted in itself. It is also true of the hierarchical stratification 
of predicates, since it is of complex predicates that it is most clearly 
true that their propositional role can be characterized only by ref- 
erence to the already determinate role of the arguments omitted in 
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abstracting them; indeed, as Frege describes things, we can come 
to recognize a complex predicate as occurring in a proposition only 
given that we already recognize its argument as belonging, along 
with others that might replace it there, to an already determin- 
ate range of generalization. Yet while such examples show that 
Frege’s attention was primarily directed to complex predicates, he 
can hardly have forgotten that the patterns they represent must be 
patterns in something. Whether we say they represent patterns in 
sentences, in the propositions these sentences express, or in the 
constructional histories by which the significance of these prop- 
ositions is determined, we are directed equally to the building 
blocks of these constructions, simple predicates among them. So 
we should say something to explain why it is that, although Frege 
does on occasion clearly recognize this fact (PW, 17), he does not 
much highlight it (cf. FPL, p. 30; IFP, p. 292). 

The first and easiest point to make here is no more than a reminder 
of something we saw early on. Frege introduced his conception of 
a predicate in connection with examples (like c|Ho and cH|o from 
section 5 above) where the prior construction from names and a 
simple predicate, and the way this prior construction makes pos- 
sible the decompositions Frege illustrates, is simply too obvious to 
need mentioning. A second point is equally straightforward. The 
general notion of a complex predicate, conceived as abstracted from 
a proposition, is key to his account of quantification, and therefore 
constitutes Frege’s distinctive contribution to logic; it is hardly sur- 
prising that his discussions give it top billing (FPL, p. 32). A final 
point, though, is slightly more delicate. As Frege says, if a propos- 
ition is to be decomposable in accordance with his new conception, 
‘it must already be itself articulated’ (PW, p. 17). But the demands 
this conception places on just how it is articulated are minimal. 
Frege’s account presumes that certain basic elements, which we 
have called names, can be distinguished in propositions, and under- 
stood as filling a role there that would be differently filled by other 
names which might replace them. He presumes, for instance, that in 
the proposition ‘hydrogen is lighter than carbon-dioxide’ we can rec- 
ognize the element ‘hydrogen’, and understand it to be replaceable 
by ‘oxygen’ or ‘nitrogen’. On such replacement ‘“oxygen” or “nitro- 
gen” enters into the relations in which “hydrogen” stood before’ 
(Bs, §9), but just what those relations are Frege need not say. We 
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know of them only what is implied in the above, namely, that by 
whatever means they enable the original proposition to be understood 
as expressing a condition on hydrogen that can be considered as hold- 
ing also of oxygen or nitrogen. From this minimal basis Frege’s new 
conception takes over and generates of itself, in the way described 
at the start of this section, the whole hierarchy of dependent roles. 
Moreover, the minimalism of the basis is reflected in a certain thin- 
ness in the way these roles are characterized. The basis dictates of a 
IPN only that it expresses a condition on an N, hence of a 1P(1PN} 
only that it expresses a condition on such conditions; and this is 
something that the simple quantifier ‘Everyone ’ and the complex 
‘Only Herbert g’ both do. In other words, without assuming any 
more than we have said about the functioning of the basic, simple 
constituents of propositions, Frege’s conception supplied him with a 
system of roles for them to fill. He was thus able to construe them, 
and subsequently did construe them, as filling (some of) these roles. 
In this sense Dummett is clearly right to represent Frege as having 
‘tacitly assimilated simple predicates to complex ones’ (FPL, p. 30). 

Is the assimilation legitimate? It certainly does, as we observed, 
suppress important differences, differences that emerged in our 
uncertainty between the ‘construction’ and ‘remainder’ readings of 
type-symbols. But overlooking differences, e.g. between Austrians 
and other German-speakers, is not wrong; for given purposes, the 
broader category might be the important one. Is the case comparable 
to that one, or is it more like claiming Austrians to be Germans, 
which they are not? 

It is not immediately clear whether Dummett has a consistent 
answer to this question. For several reasons I opted above to intro- 
duce the distinction of simple and complex predicates in connec- 
tion with second-level, rather than first-level examples. This made 
it easier to separate the core of the distinction, which we saw has 
to do with the different theoretical roles of the notions, from fur- 
ther theses Dummett has maintained about first-level cases which 
are either dubious or which have prompted misguided criticism. 
For an example of the first kind, Dummett claimed that, whereas 
a complex predicate must be viewed as a feature of a sentence, or 
a pattern in it, a simple first-level predicate is an isolable part of a 
sentence, ‘as much a linguistic entity capable of standing on its own 
as are ... proper names’ (FPL, p. 28). In later discussion he retreated 
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somewhat from this claim (IFP, p. 318), in response to points made by 
Geach," but in any case the claim is not central to the distinction, 
and would not have been made about the simple second-level predi- 
cate ‘Everyone o’. Other criticisms from Geach provide examples of 
the second kind. Dummett had observed, quite rightly, that com- 
plex predicates form ‘the prototype for Frege’s general notion of an 
incomplete expression’ (FPL, p. 31); and he had gone on to observe 
that the clearest sense in which complex predicates are incom- 
plete — namely, that they are formed by abstraction, as what remains 
when some component of a proposition is omitted, and so are rea- 
sonably counted incomplete propositions — does not hold of simple 
predicates. Geach protested that this ‘false and unFregean doctrine’ 
casts both the sense and the reference of a simple predicate as a spe- 
cies of object, and so undermines Frege’s account of propositional 
unity.” In the first place, though, Dummett’s distinction is clearly 
compatible with acknowledging that simple and complex predicates 
are not distinguished at the level of reference (see p. 106 above), and 
in consequence that the sense of a simple predicate, being the way 
in which an incomplete referent is determined, is itself incomplete 
(IFP, p. 319). And in the second place, Frege’s resolution of the prob- 
lem of propositional unity does not in any case lie in his notion of 
incompleteness, but is entirely contained in his context principle: it 
is only because Frege allowed complex predicates to subsume simple 
ones that he so often presented this resolution in terms more suited 
to the former than the latter. I hoped, then, to avoid such tangles by 
introducing the distinction by second-level examples. But the most 
straightforward reason for this choice was just to emphasize that 
the distinction is a general one, applicable in principle at any level, 
and applying in fact at any level where the language includes simple 
predicates. (Frege’s language includes simple third-level predicates.) 
This would lead one to expect that, if the assimilation of simple to 
complex is objectionable, it will be equally objectionable at whatever 
level. But Dummett’s description of Frege’s hierarchy suggests other- 
wise. At the first level he holds that ‘strictly speaking, Frege ought 
to have treated separately of simple ... predicates’, though ‘with a 


2 P. T. Geach, ‘Names and identity’, in S. Guttenplan (ed.), Mind and Language 
(Oxford: Clarendon Press, 1975), p. 148. 
2 Geach, ‘Critical notice of FPL’, pp. 444-5. 
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certain inaccuracy’ he ‘preferred to subsume them under the general 
category of first-level predicates’ (FPL, p. 38). Moving on to character- 
ize second-level predicates, he remarks, by contrast, that a quantifier 
is ‘precisely such an expression’ (FPL, p. 39); and later he confirms, 
with no suggestion that any inaccuracy is involved, that ‘the univer- 
sal quantifier (binding individual variables) is a simple sign of type 
[[il’ (FPL, p. 48) — i.e. of type 1P(1PN). Why this asymmetry? 

It will help clear the way to an answer to this question to con- 
sider first a naive complaint — hence, not Dummett’s complaint — 
against the assimilation at the first level, and a rather bluff counter 
to it. The complaint takes off once again from the reasoning that 
earlier forced us to distinguish the name ‘Herbert’ from the second- 
level predicate ‘p(Herbert’), and which we can now set out in more 
explicitly hierarchical terms: 


Herbert snores P fe) 
Herbert N fe) 
& snores 1P(N) I 
e(Herbert} 1P(rPN) 2 


The two must be distinguished, we said, because a characterization 
of the role that ‘@(Herbert)’ plays in a proposition depends, via that 
of ‘& snores’, on a prior characterization of the role of ‘Herbert’. The 
complaint construes this as a distinction between an abstracted 
component or pattern in the proposition, ‘@(Herbert)’, and a genu- 
ine constituent of the proposition, ‘Herbert’, whose presence there 
makes possible that particular abstraction. And it now asks (speak- 
ing, as I said, naively): if Herbert must appear twice in this story, 
how is it that snoring appears only once? For ‘& snores’, when it 
appears here as a 1P(N}, is likewise cast as an abstraction from the 
proposition, and there must surely be, in its case too, some con- 
stituent in the proposition whose presence there makes possible 
this particular abstraction. This constituent can only be the simple 
predicate ‘snores’, which thus deserves to be explicitly and separ- 
ately acknowledged; but it is simply missing from Frege’s scheme. 
The bluff counter to this complaint charges it with railing against 
simple arithmetic. It is an immediate and obvious feature of the way 
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the hierarchy is generated — by considering what remains constant 
when something is varied, and then what remains constant what 
that in turn is varied, and so on — that anything at level n will find 
a reflection at level n+2: what first appears as the bearer, of certain 
properties, , , is automatically reflected in the property, ,, of those 
properties, ,, that they hold of it,. It is an even more obvious fea- 
ture of the conception that there are no ‘negative’ levels, so no level 
that finds its reflection at level 1. Yet the complaint is asking that 
the first of these features be respected at the cost of the second, and 
it clearly cannot have it both ways. Moreover, the relation between 
a level n entity and its level n + 2 reflection is in any case not, as 
the complaint construes it, that between grounding constituent and 
derivative abstraction, because it will hold equally (for n = 1) when 
what we have at level n is only an abstracted component. 

What we can gather from this naive exchange, at this stage, is 
only a warning against turning suggestions carried by one feature 
of the hierarchical conception into demands that are then pressed in 
contradiction to other features of this same conception. The warn- 
ing will be relevant when we have considered Dummett’s very dif- 
ferent, and far from naive, complaint against Frege’s assimilation. 

He writes: 


Once we have acquired the notion of a complex predicate, we cannot refuse 
to allow, as a degenerate case, the ‘complex’ predicate ‘€ snores’, considered 
as formed from such a sentence as ‘Herbert snores’ by omission of the name 
‘Herbert’, it would then seem quite redundant to insist on considering, as a 
separate linguistic entity, the simple predicate ‘... snores’. Nevertheless, it 
remains the case that, strictly speaking, if ‘ snores’ is treated as a complex 
predicate, on all fours with, say, ‘If anyone snores, then € snores’, we do 
need to recognize the separate existence of the simple predicate ‘... snores’ 
as well: for, precisely because the complex predicate ‘& snores’ has to be 
regarded as formed from such a sentence as ‘Herbert snores’, it cannot itself 
be one of the ingredients from which ‘Herbert snores’ was formed, and thus 
cannot be that whose sense, on Frege’s own account, contributes to com- 
posing the sense of ‘Herbert snores’. (FPL, p. 31) 


In speaking of how expressions are formed we describe relations of 
dependence holding between their sense. The ‘complex’ predicate 
‘€ snores’ is formed from a proposition such as ‘Herbert snores’ in 
that, as a general explanation of the significance of the quantifiers 
requires, the condition for this predicate to hold of a given object is 
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explained as the condition for the truth of a proposition in which a 
name of that object occupies the argument-place of the predicate. 
That condition in turn must be explained by reference to the name 
and the predicate that constitute the proposition: such a proposition 
will be true if the named object satisfies the condition for the predi- 
cate to hold of it. But if we now try to explain this condition, as 
before, as consisting in the condition for the truth of a proposition 
in which a name of the object completes the predicate, then ‘we 
shall go round in a circle’. 


We cannot explain what it is to grasp the condition for [Herbert snores’] 
to be true in terms of grasping the condition for [‘E snores’] to be true of 
an arbitrary [object], and then explain what it is to grasp that condition in 
terms of grasping the condition for [‘George snores’, ‘John snores’, ‘Herbert 
snores’], etc., to be true. (IFP, p. 293, with example changed) 


Circularity can be avoided, it seems, only if the satisfaction condi- 
tion of the predicate quantified in ‘Everyone snores’ is distinguished 
from that of the predicate occurring in an instance of that gener- 
alization; and, if these conditions are distinguished, then our an- 
alysis must also distinguish the expressions whose sense is given 
by them. 

There is, I think, only one way to counter this argument, and 
this way becomes apparent when we ask why the argument would 
not hold at a higher level. Just as first-order quantification requires 
us to recognize the general category of first-level predicates, so 
second-order quantifiers require the general category of second- 
level predicates. In each case the quantifier must be explained uni- 
vocally, and so in a way that accounts for its application to complex 
predicates, although some of those to which it is applied will be 
simple (or perhaps only ‘degenerately’ complex). Let us, assuming it 
to be primitive, take ‘4x x’ as a second-level example, correspond- 
ing to Dummett’s first-level ‘€ snores’. ‘VF 4x Fx’ is explained, as is 
‘Vx Snores(x)’, as requiring the truth of all its instances. The truth- 
condition of an instance will then be explained by reference to the 
condition for the quantified predicate, ‘4x x’ or ‘ snores’, to be 
true of what is referred to by the expression figuring as its argu- 
ment in that instance. It is in the attempt to explain this condition, 
in Dummett’s case, that circularity threatens; whereas, of course, 
in our case, of the simple second-level predicate ‘Ax ox’, explanation 
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proceeds smoothly down through the analysis, towards the con- 
dition for whatever replaces @ to hold of its arguments. What this 
shows is that the threatened circularity derives, not from the fact 
that the predicate whose application condition we are trying to 
explain is simple, since that is true in both cases, but from the 
more obviously relevant fact that the instance in which it is applied 
is an atomic proposition. 

This explains the asymmetry in Dummett’s remarks that we 
noted a few pages ago, but it also undermines the ground for it. For 
now that the source of the threatened circularity is clear the correct 
response to it is to accept it as a mark of an atomic proposition that 
this circularity cannot be avoided. This response does not question 
any of the premises of Dummett’s argument. It remains true, and 
an essential part of Frege’s conception, that 


(A) grasp of the condition for a predicate to hold of a given 
entity 


is in general to be distinguished from, and explained by, 


(B) grasp of the condition for the truth of a proposition in 
which a designation of that entity occurs as argument 
to the predicate. 


It is also true, as Dummett says, that explaining 


(Ar) what it is for a simple, atomic predicate to hold of a 
given object 


by reference to 


(Br) the condition for the truth of an atomic proposition in 
which a name of the object completes the predicate 


gets us precisely ‘nowhere’. But this is no ground for complaint. The 
reason it gets us nowhere is that there is nowhere further to go: ana- 
lysis, having reached its atomic basis, terminates here. We cannot 
have, and should not expect, any account of what it is to grasp the 
application-condition of an atomic predicate that represents it as 
prior to, or as offering a non-circular explanation of, the ability to 
use that predicate in framing judgements. Rather the two are, as 
Frege said, simultaneous (PW, p. 17). 
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To insist on distinguishing the simple predicate ‘... snores’ from 
that instance of the general category of first-level predicates that we 
have represented ‘& snores’, and thus to resist Frege’s assimilation, 
is, Ihave claimed, to demand something impossible. In this respect 
(though only in this respect) Dummett’s argument has something 
in common with the naive complaint countered above, and this 
emerges in his description of ‘6 snores’ as a ‘degenerate case’ of a 
‘complex’ predicate (FPL, p. 30). There should be no general objec- 
tion to this notion. Earlier I adopted it from him, and agreed that it 
applies to the second-level ‘(Herbert)’. This predicate is complex, 
by the explanation given, because analysis of its simplest occur- 
rences, e.g. ‘Herbert snores’, will not represent them as involving it 
as a constituent; it is only a degenerate case because it is not, in any 
ordinary sense, compound. But note that this explanation presup- 
poses the hierarchical structure we have described, as providing the 
more basic analysis of ‘Herbert snores’ in which ‘@(Herbert}’ does 
not figure. This structure provides no more basic analysis of the 
simplest occurrences of ‘€ snores’ than that they are completions of 
it. So to describe this as a degenerate complex predicate is to exploit 
a notion explained by the hierarchical structure in hankering after a 
still more basic analysis than any this structure provides; whereas, I 
have suggested, the only correct response for someone who respects 
this structure as providing the framework for analysis is to accept, 
as Frege did, that there can be no such account. To repeat, there 
is nothing wrong with the general notion of a degenerate complex 
predicate. But there are no first-level examples of it. There is, then, 
no need to distinguish the simple predicate that occurs in ‘Herbert 
snores’ from any such thing. 

What this shows, I think, is that there can be no such slight 
inaccuracy as Dummett complains of in Frege’s assimilation of sim- 
ple predicates to the general category of first-level predicates. So far 
as concerns the interpretation of Frege this is a point of disagreement 
with Dummett, but one that is entirely peripheral when compared 
with the agreement against which it is set. His core distinction of 
simple and complex predicates is unquestionably sound, and is, as 
he says, ‘not merely consonant with Frege’s views, but important 
for the avoidance of a misunderstanding of them’ (IFP, p. 292). So far 
as it concerns instead the evaluation of Frege’s views, I am less sure 
that it marks any disagreement. For it implies that, if there is any 
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sound thought underlying either of the complaints against Frege’s 
assimilation that we have considered, then this thought cannot be 
accommodated by a slight revision to Frege’s conception: no modest 
tweak of the conception will supply a place for what this thought 
hankers after. Satisfying the thought will call instead for a much 
more radical separation between the hierarchically structured cat- 
egories required in the explanation of quantificational inference and 
any system of categories purporting to represent the articulation of 
atomic propositions and the facts they portray, a separation, that is, 
between the categories yielded by logic and those needed by ontol- 
ogy. This is the drift of the deeper challenge to Frege mentioned 
at the close of section 4 as deriving first from Wittgenstein but 
then more clearly and more powerfully from Ramsey. It is one that 
Dummett has very much in mind, and one whose force he clearly 
recognizes (FPL, pp. 61-7; IFP, pp. 319-22). 

Assessing this challenge lies, as I said, far beyond the scope of 
this chapter; but I hope enough has been said to indicate that no 
reasonable assessment could proceed without the deep understand- 
ing of the issues involved that Dummett’s discussion provides. For 
this reason I believe that the case we have looked at provides an 
example — just one example among many - of how thinking through 
Dummett’s exposition is simply the same thing as thinking through 
what is most important in Frege. 

Perhaps, though, that is too obvious to need saying. It certainly 
should be. 
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5 What is a predicate? 


According to Frege, the sentence ‘Socrates is mortal’ can be analysed 
into the proper name ‘Socrates’ combined with the one-place predicate 
‘€ is mortal’. It is uncontroversial that the two items are governed by 
different grammatical rules of combination. But Frege also introduced 
semantic distinctions between them that have been contended ever 
since. He made them refer to different types of thing. The proper name 
refers to an object, while the predicate refers to a concept, which he 
proceeded to identify with a function from objects to truth-values, e.g. 
from Socrates to truth. His distinction between objects and functions 
is exclusive: nothing can be both. He marked the difference by saying 
that an object is complete or saturated, whereas a function is incom- 
plete or unsaturated. Proper names and predicates also differ in the way 
in which they refer to their referents. Frege uses ‘refers to’ as an umbrella 
term covering different relations, since his principle for individuat- 
ing them dictates that the reference relation holding between a proper 
name and an object is of a different type from the relation holding 
between a predicate and a concept. He made further semantic distinc- 
tions between proper names and predicates at the intermediate level 
of sense, but discussion of them will not be necessary, except in §2.4. 

These syntactic and semantic contrasts between proper names 
and predicates are relational in character. My question is whether 
proper names and predicates also differ in their intrinsic nature. 
Are they different sorts of thing, as different perhaps as the cor- 
responding objects and concepts? 

Frege answered that proper names and predicates ‘differ 
essentially’ Just as nothing can be both an object and a function, so 


' Frege, letter to Russell, 13 November 1904, in PMC, pp. 160-6, at p. 161. 
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nothing can be both a proper name anda predicate. He characterized 
the difference between them by redeploying the adjectives that he 
used to contrast their worldly referents. Proper names, like objects, 
are said to be complete and saturated; predicates, like concepts, are 
not. There is little agreement about what Frege meant by this or 
whether he was right. The dispute focuses on predicates, since it is 
generally accepted that proper names can straightforwardly be con- 
strued as expressions. In part 2 I shall describe and evaluate Frege’s 
account of predicates, taking issue with other exegetes. But first I 
need to map out various candidates for predicates and investigate 
the apparent competition between them. 


I PREDICATES 
1.1 Four candidates 


Plain expressions. I start with the simplest case, an atomic sentence 
‘Fa’ of the predicate calculus. Generations of logic students have 
learned to identify the expression ‘F’ as the predicate occurring in 
‘Fa’. Like the sentence, the expression is an abstract type. It may 
have any number of concrete tokens, of different forms and in differ- 
ent substances. And the type itself may reoccur in other sentences, 
or within a single compound sentence. But its grammar dictates 
that it occurs only once in an atomic sentence — at the front — and 
is followed by just one term. The grammatical rule governing the 
predicate ‘F’ invokes a general method of constructing sentences, 
namely predication of a one-place predicate (we shall come to predi- 
cates of higher degrees when the need arises). This method of con- 
struction may be identified with the linguistic function that maps 
two arguments — a one-place predicate ® and a term a — to a single 
value — the sentence ®a. 

Some authors characterize predicates in just these constructive 
terms: ‘Expressions that yield sentences when thus attached to sin- 
gular terms are called predicates’? One might equally well come at 
predicates by decomposition or subtraction: ‘F’ is what is left when 
‘a’ is subtracted from ‘Fa’. A third account would emphasize the 


> Gerald J. Massey, Understanding Symbolic Logic (New York: Harper & Row, 
1970), p. 226. 
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sharing of a single predicate by related sentences: ‘F’ is the com- 
mon element among ‘Fa’ and its substitutional variants ‘Fb’, ‘Fc’, 
etc. Nothing hinges on the differences between these descriptions. 
They describe the same thing: the expression ‘F’. 

I now introduce three further candidates, each intimately associ- 
ated with the expression ‘F’, and each leading naturally to the next. 
Each has some right to be called a pattern, but to avoid conflation 
and confusion, I give them different names. 

Schemata. The sentences ‘Fa’, ‘Fb’, ‘Fc’, etc. share a pattern ‘Fx’. 
In one sense of pattern, the common pattern is the very expression 
‘Fx'3 The ‘x’ in ‘Fx’ functions as a schematic letter, and ‘Fy’ is itself 
sometimes called a schema, which is the label I shall use; I some- 
times call ‘F’ a plain expression to distinguish it from the schema 
‘Fx’. Accordingly, when one says that ‘Fa’, etc. share the pattern ‘Fy’, 
one means that they are each the result of substituting a term for 
‘x’ in ‘Fx’. 

Linguistic functions. The substitution procedure applied to the 
schema ‘Fx’ yields a corresponding linguistic function: the result of 
substituting the term ... for ‘x’ in ‘Fx’. Call this function f for short, 
then the sentence ‘Fa’ is the value of f for the term ‘a’ as argument, 
while the variants of ‘Fa’ are values of the same function for differ- 
ent arguments. 

According to a second sense of ‘pattern’, the pattern common to 
‘Fa’ and its variants is not the schema ‘Fx’ but the corresponding 
linguistic function f. So when we say that ‘Fa’ and its variants all 
share or illustrate a common pattern, we now mean that they are all 
values of the same function for different arguments.4 

Instead of using an ‘x’ in a schema, others might use a ‘y’, or 
dots or lines or circled numerals or Greek consonants (‘F...’, ‘F__’, 
‘FO’, ‘FE&'). The choice is plainly arbitrary, but it prompts a search 
for a sense of pattern according to which these trivially different 
schemata all depict the same pattern. Our second sense of pattern 
gives us what we want, since the same linguistic function may be 
described in terms of substitution of a term for e.g. the letter ‘x’ 
in ‘Fx’, or the dots “..’ in ‘F...’. Of course, it may also be described 


3 See e.g. Christopher Kirwan, Logic and Argument (London: Duckworth, 1978}, p. 3. 
4 See e.g. Peter Geach, ‘Names and identity’, in Samuel Guttenplan (ed.), Mind and 
Language (Oxford: Clarendon Press, 1975), pp. 139-58, at pp. 142-3. 
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without making any reference to a schema, e.g. the result of attach- 
ing the term ... to the expression ‘F’. 

The linguistic function f is related to, but distinct from, the lin- 
guistic function that I earlier identified with the predication con- 
struction. The latter takes two arguments, e.g. it maps ‘F’ and ‘a’ 
to ‘Fa’, whereas f takes just one, e.g. it maps ‘a’ to ‘Fa’. In effect, the 
expression ‘F’ has been absorbed into the function f. 

Properties of sentences. The sentence ‘Fa’ is the value of the 
function f for the argument ‘a’. Hence ‘Fa’ has the property being 
the value of f for some term as argument, a property which it shares 
with its variants ‘Fb’, ‘Fc’, etc. This common property may be called 
a pattern in yet another sense of the words 

I have derived the common property from the corresponding lin- 
guistic function. But it too can be described more directly, e.g. as the 
property consisting of ‘F’ followed by a term. As well as depicting 
the function f, the schema ‘Fx’ may be understood in a different way 
as depicting this property of sentences. 

As I have explained, the pattern common to ‘Fa’ and its vari- 
ants may be regarded as either a schema, or a linguistic function, 
or a property of sentences. Indeed, the relevant predicate may be 
regarded as any of these things. Including the plain expression ‘F’ 
with which we started, we now have four candidates. So: what is a 
predicate? 

Different authors have given different answers. One has even 
given different answers at different times. Geach started by defining 
predicates as expressions: ‘A predicate is an expression that gives us 
an assertion about something if we attach it to another expression 
that stands for what we are making the assertion about’.© Within 
three years, however, he had come to deny that a predicate is an 
actual expression: ‘I should rather regard it as a common property of 
sentences’ Finally he championed linguistic functions: 


in ‘Raleigh smokes’, let us say, the two terms have totally different modes 
of significance. ‘Raleigh’ signifies just by being a man’s name. We cannot 


5 See e.g. Michael Dummett, Frege: Philosophy of Language (London: Duckworth, 
1973), pp. 31, 246, 250, who also speaks of ‘features’ of sentences. 

6 Peter Geach, ‘Subject and predicate’, Mind, 59 (1950), pp. 461-82, at p. 461. 

7 Peter Geach, ‘Quine on classes and properties’ (1953), reprinted in his Logic 
Matters (Oxford: Blackwell 1972), pp. 222-6, at p. 224. 
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sensibly ask what ‘smokes’ names, what is significant is not the bare word 
‘smokes’ but a certain pattern — name followed by ‘smokes’. And speak- 
ing of a common pattern in ‘Raleigh smokes’, ‘Churchill smokes’, etc., is 
just another way of saying what Frege would have expressed by saying we 
had values of a common function for a series of different arguments — the 
names ‘Raleigh’, ‘Churchill’, etc.’ 


1.2 Anything goes 


Whereas other authors argue for different candidates, I propose 
that there is nothing to choose between them. Anything goes: 
each is equally serviceable. The rich multiplicity of candidates 
(there will be more) is not an embarrassment. The choice between 
them can be made arbitrarily, or, when the context allows, it can be 
left unmade. 

I therefore need to rebut arguments that seek to show that some 
candidates are not fit for purpose. In the literature, the objections 
are targeted against plain expressions and against schemata. (Geach 
himself subsequently admitted that the difference between linguis- 
tic functions and properties of sentences ‘seems to matter little’.)9 
Before rebutting them, it is important to emphasize that for any 
choice of candidate, we can give an appropriate sense in which a 
predicate occurs in a sentence, and so an appropriate sense in which 
a predicate can be shared by different sentences. When a predicate is 
construed as a plain expression like the ‘F’ in ‘Fa’ and ‘Fb’, it occurs 
in them by simply being a part of them, albeit in a sense of ‘part’ 
that is appropriate for abstract types rather than concrete tokens. If 
another candidate for predicates is selected, an obvious compensat- 
ing change must be made to the sense of ‘occurs’. The schema ‘Fx’ 
occurs in ‘Fa’ means that ‘Fa’ is the result of substituting a term for 
‘x’ in ‘Fx’. The associated linguistic function f occurs in ‘Fa’ means 
that ‘Fa’ is the value of f for some term as argument. And the cor- 
responding property of sentences occurs in ‘Fa’ simply means that 
it has the property. These accounts of occurrence are tailor-made for 
atomic sentences. More complex contexts demand more complex 


8 Geach, ‘Names and identity’, pp. 141-2. 
° Peter Geach, ‘Saying and showing in Frege and Wittgenstein’, Acta Philosophica 
Fennica, 28 (1976), pp 54-70, at p. 61. 
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accounts of occurrence. But since all four candidates are so closely 
linked, what works for one can easily be adapted for the others. 


1.2a Objecting to schemata 


In the last paragraphs there is a certain linguistic awkwardness, of some 
philosophical interest. It is natural to speak of ... the two-place predicate 
‘E killed ¢’, but here, as Frege would put it, by a kind of linguistic neces- 
sity we cannot quite say what we are trying to say ... if we speak of the 
predicate ‘€ killed C’ as figuring in ‘John killed Mary’ or ‘Mary killed John’, 
then again what we quote does not figure in these sentences. The actual 
expression ‘€ killed C’ is neither a function nor a predicate: it serves how- 
ever to identify a two-place predicate shared by many sentences, and this 
is the same thing as identifying a function yielding such sentences as ‘John 
killed Mary’ and ‘Mary killed John’ as its values when proper names are 
supplied as its arguments.” 


Geach here thinks that the phrase ‘the two-place predicate ‘€ killed 
¢’ can only be understood as picking out a schema. Since he regards 
predicates as linguistic functions, ‘we cannot quite say what we 
are trying to say’. But he himself allows that schemata depict (or, 
as he puts it, ‘identify’) linguistic functions. So in fact we could 
use another mode of expression to say what we are trying to say, 
namely ‘the two-place predicate depicted by ‘& killed ¢’. There is no 
need to do so, however. His account of quotation is too restrictive. 
The phrase ‘the two-place predicate ‘€ killed ¢” does not pick out 
a schema as a matter of ‘linguistic necessity’, since we can under- 
stand the quotation marks to be directing us towards any of the 
candidates for predicates, without the detour via depiction by an 
intermediary schema. Some famous philosophers’ pronouncements 
notwithstanding, material enclosed in quotation marks may stand 
for a wide variety of things. Common examples are: expression 
tokens, whether written or spoken, meaningless or meaningful, 
expression types for all the different ways of typing them; mean- 
ings. As the Kneales quipped: ‘Quotation marks were made for man, 
not man for quotation marks’.* Logicians understandably baulk at 


© Geach, ‘Names and identity’, pp. 148-9. 
™ William and Martha Kneale, The Development of Logic (Oxford: Clarendon 
Press, 1962), p. 514. 
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such ambiguity, and invent different styles of quotation marks in 
order to resolve it. But there is a more relaxed way to disambiguate 
in ordinary use, namely the addition of an explanatory prefix, as in 
‘the printed token “loves”, ‘the phonological type “loves’”, ‘the lex- 
eme “loves”. 

To take our current topic, then, suppose that predicates are con- 
strued as linguistic functions. By using the prefix in ‘the linguistic 
function “& killed 6” we can pick out the relevant function directly. 
Once it is settled that linguistic functions are the chosen candi- 
dates, the same goes for ‘the two-place predicate “& killed C’”. 

This point about quotation aside, why does Geach suppose that 
we cannot really mean to mention the schema when we use the 
phrase ‘the two-place predicate “& killed ¢’”, i.e. why cannot predi- 
cates be schemata? He claims that the schema ’é killed C’ does not 
occur (or, as he says, ‘figure’) in ‘John killed Mary’, evidently on the 
ground that the schema contains Greek letters while the sentence 
does not. He has failed to understood ‘occur’ in the sense appropri- 
ate to the candidate. The schema ‘& killed C’ does indeed occur in 
‘John killed Mary’ in the relevant sense, since the sentence results 
from substituting terms for the schematic letters. Geach cannot 
object to this reinterpretation of ‘occur’ to suit the candidate, for 
he himself must say that a linguistic function — his favoured can- 
didate — occurs in the sentence in a sense of ‘occur’ quite different 
from that in which the plain expression ‘killed’ occurs. 


1.3 Objecting to plain expressions 


I now turn to a pair of arguments that aim to show that some or all 
predicates cannot be plain expressions. The first is Dummett’s.” 
He draws a distinction between two kinds of predicate accord- 
ing as they play different explanatory roles. Simple predicates are 
needed to explain the syntactic and semantic structure of atomic 
sentences. Complex predicates, on the other hand, are introduced 
to explain the structure of sentences that feature variable-binding 
devices such as quantifier phrases, and to explain and to represent 
schematically the validity of arguments featuring such sentences. 
To use Dummett’s own examples, ‘Brutus killed Caesar’ contains 


™ Dummett, Frege: Philosophy of Language, pp. 27-33. 
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the simple predicate ‘€ killed ¢’, which is used in accounting for the 
construction and understanding of the sentence. But we might also 
need to represent the sentence as containing the complex predicate 
‘€ killed Caesar’ when explaining and representing the validity of 
an argument in which the original sentence figures alongside the 
quantified ‘anyone who killed Caesar is an honourable man’. 

Dummett claims that this difference in role is matched by a dif- 
ference in nature: simple predicates are not the same sort of thing 
as complex ones. He asserts that simple predicates are plain expres- 
sions. The Greek letters in ‘€ killed C are not elements of the simple 
predicate represented, but are merely used to indicate the location, 
nature and number of its arguments (this is another example of how 
material enclosed in quotation marks may be used to pick out dif- 
ferent candidates for predicates in different contexts). Dummett 
quite reasonably counts even a discontinuous string of words as a 
plain expression, e.g. the simple predicate ‘€ took € to task’ consists 
solely of the two discontinuous parts ‘took’ and ‘to task’. 

In contrast to simple ones, complex predicates are not expressions 
at all, but ‘features’ or ‘patterns’ of sentences, by which Dummett 
means properties of them. In order to establish this difference in 
nature, he focuses on just one, quite special kind of complex predi- 
cate, namely those that have argument-places that are, as Frege 
says, ‘related’, i.e. places that must be occupied by occurrences of 
the same term. Related argument-places are indicated by repeating 
Greek letters, as in ‘€ killed &’. According to Dummett, 


There is no part in common to the sentences ‘Brutus killed Brutus’ and 
‘Cassius killed Cassius’ which is not also part of the sentence ‘Brutus 
killed Caesar’: yet the predicate ‘€ killed & is said to occur in the first two 
and not in the third. Such a complex predicate is, rather, to be regarded as 
a feature in common to the two sentences ... it does not consist merely of 
some sequence of words or symbols ... the complex predicate is thus not 
really an expression — a bit of language — in its own right." 


It is plain that Dummett’s argument is limited in scope, since it only 
applies to predicates with related places. For all that he has said, a 
complex predicate without related places, e.g. his ‘€ killed Caesar’, 


3 Gg, vol. I, §4. 
™ Dummett, Frege: Philosophy of Language, p. 31. 


126 ALEX OLIVER 


can be construed as a plain expression. Moreover, even if the argu- 
ment works for predicates with related places, it can only show what 
they are not. It cannot establish Dummett’s positive conclusion that 
complex predicates are properties of sentences. Why not schemata or 
linguistic functions? The same may be said against Geach’s use of 
an identical argument, first to argue that predicates are properties of 
sentences,’ and later to argue that they are linguistic functions.’ 

In any case, the argument does not even succeed on these lim- 
ited and negative terms. Dummett tells us that an expression is 
‘a sequence of phonemes or of printed letters’ or a word or string 
of words ‘which can quite straightforwardly be written down’."’ 
Yet even simple predicates cannot be expressions in this attenu- 
ated sense, since a predicate needs to be distinguished from its 
homophones and homographs, which may not obey the same rules 
of combination. In other words, if we use Dummett’s notion of an 
expression, a simple predicate cannot be an expression simpliciter, 
but only an expression coupled with a grammatical rule. He himself 
notes that his simple predicate ‘killed’ is governed by the grammat- 
ical rule that it goes with two terms, the same or different, one on 
each side. But then he must allow that the same expression ‘killed’ 
may be governed by the different grammatical rule that it goes with 
the same term on either side. Although the expression remains con- 
stant, the predicate is different, since the expression is coupled with 
a different grammatical rule. Of course, inspecting the plain ‘killed’ 
does not by itself reveal the intended predicate’s grammar. But it 
can be easily described, or else indicated by letters within quotation 
marks: ’& killed C vs ‘& killed &. 

It follows that simple and complex predicates, even those with 
related places, swing together ontologically. In particular, both can 
be regarded as expressions, in Dummett’s sense, coupled with gram- 
matical rules. Nothing changes if expressions are individuated more 
finely, by building grammatical rules into their identity conditions. 
It would still be true that both kinds of predicate may be construed 
as expressions. This not to deny that simple and complex predicates 
play different explanatory roles, but it is to deny Dummett’s thesis 
that the distinct roles are reflected in distinct natures. 

*S Geach, ‘Quine on classes and properties’, p. 224. 


See e.g. Geach, ‘Names and identity’, pp. 139-40. 
7” Dummett, Frege: Philosophy of Language, p. 32. 
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Noonan tackles both predicates and functors in one go, and gives 
an altogether different argument against regarding them - all of 
them — as plain expressions. He favours regarding them as linguistic 
functions (his ‘patterns’), and claims that we are inclined to regard 
them differently as expressions because 


in writing down the patterns exhibited by complex designations of num- 
bers (like ‘2 + 3’) or sentences (like ‘Socrates is wise’) we typically employ 
auxiliary expressions (‘+’, ‘is wise’) to construct the patterns thus exhib- 
ited. But we do not always do so (in mathematical symbolism the sign for 
the two-argument function x raised to the power y is ‘x’ and here there is 
no separable auxiliary expression which anyone could regard as the sign for 


the function), and we need never do so."* 


It is true that ‘24’ contains no expression standing for the function 
involved. It features only an arrangement of the terms ‘2’ and ‘4’. But 
from the facts about this particular case it hardly follows that no 
functor, actual or possible, can be construed as an expression. When 
an ‘auxiliary’ expression does happen to be present, as in ‘2 raised 
to the power 4’, it is a serviceable candidate for the relevant functor. 
Again, that there is a possible language in which no functor is an 
expression (Noonan’s ‘we need never do so’) is compatible with the 
fact that in our language expressions comprise one kind of candi- 
date for many functors. As for functors, so for predicates. 

Noonan works with a crude dichotomy between two candi- 
dates: plain expressions vs linguistic functions. But contrary to his 
intentions, his example actually serves to introduce yet another 
candidate — a fifth — for predicates and functors, which I omitted 
from the initial list in §1.1. In ‘2 the relevant functor may be iden- 
tified with the arrangement of the two terms, i.e. a particular rela- 
tion holding between them. Turning to predicates, one candidate 
for a predicate in ‘Brutus killed Caesar’ is the relation that holds 
between two terms, the same or different, when one is to the left 
of the expression ‘killed’ and the other to the right. This idea will 
be familiar to readers of the Tractatus.'? The corresponding candi- 
date for a one-place predicate is not a relation between terms but a 


8 Harold Noonan, Frege (Oxford: Polity Press, 2001), p. 147. 
'» Ludwig Wittgenstein, Tractatus Logico-Philosophicus (London: Routledge and 
Kegan Paul, 1922), 3.1432. 
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property of a single term, which is distinct from but related to the 
property of sentences discussed in §1.1. 


2 FREGE 


2.1 Frege’s own candidate: expressions with 
empty places 


I have now assembled almost all of the materials required to under- 
stand and evaluate Frege’s own account of predicates. I need to add 
two points about his logic which I have so far glossed over. First, he 
uses ‘proper name’ in an idiosyncratic, extended sense as including 
not only names such as ‘Socrates’ but also complex singular terms 
such as definite descriptions, and functional value terms obtained 
by applying a functor to its arguments, like ‘2 + 3’° The second 
point concerns the kinds of linguistic item that take arguments 
and produce values. As with the case of ‘occur’ in §1.2, ‘take’ and 
‘produce’ can be understood neutrally, or they can be given a spe- 
cific sense appropriate to a particular candidate. It is now usual to 
distinguish such items according as their arguments are singular 
terms or sentences and their values are singular terms or sentences. 
Predicates take singular terms and produce sentences, sentential 
connectives take sentences and produce sentences, while ‘functor’ 
is often reserved (as in §1.3) for items that take singular terms and 
produce singular terms. Frege, however, lumps them all together as 
‘function-names’. The reason is a second idiosyncrasy, namely his 
misconceived assimilation of sentences to singular terms. They too 
count as ‘proper names’. He does indeed speak more specifically 
of concept-words and relation-signs, but these do not correspond to 
the modern notions of one- and two-place predicates, since they can 
take sentences as arguments, e.g. ‘(2 + 3 = 5) = (2 = 2)’ is well-formed. 
(He distinguished function-names according to the ‘level’ of the 
functions for which they stand, e.g. higher-level functions that take 
other functions as arguments. But I shall have nothing to say about 
them, since they raise no new points of principle.) 

In the passages I shall be quoting, therefore, Frege is out to 
characterize the nature of function-names in general, rather than 


20 See e.g. Frege, ‘On sense and reference’, in CP, pp. 157-77, at p. 158. 
> See e.g. ibid., p. 163. 
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predicates in particular. But it should already be clear from the dis- 
cussion of Noonan in §1.3 that the multiplicity of candidates for 
predicates is easily replicated for connectives and functors. 

Frege devotes §1 of Grundgesetze to explaining function-names 
and the functions they name. He first warns against confusing func- 
tions with expressions: 


If we are asked to state the original meaning of the word ‘function’ as used 
in mathematics, it is easy to fall into calling a function of x an expression, 
formed from ‘x’ and particular numbers by use of the notation for sum, 
product, power, difference, and so on. This is incorrect, because a function 
is here represented as an expression, as a concatenation of signs, not as 
what is designated thereby.” 


He proceeds to argue that even a function-name cannot be regarded 
as an expression featuring the letter ‘x’ such as ‘2 + 3x”, where we 
would call ‘x’ a free variable. For this kind of expression ‘indetermi- 
nately indicates’ a value of the relevant function, and therefore does 
not stand for the function itself. He does not conclude that function- 
names are not expressions at all, only that they are expressions of 
another, special kind: ‘the expression for a function is in need of 
completion, unsaturated’ (§1). What does this mean? 

Frege repeatedly says that function-names are expressions with 
empty places. He means what he says; he never offers anything that 
would defeat a literal reading. I give four choice quotes; there are 
plenty more. 


the expression for a function must always show one or more places that are 
intended to be filled up with the sign of the argument.”3 


The name of a function is accompanied by empty places (at least one} 
where the argument is to go; this is usually indicated by the letter ‘x’ which 
fills the empty places in question. But the argument is not to be counted 
as belonging to the function, and so the letter ‘x’ is not to be counted as 
belonging to the name of the function either. Consequently one can always 
speak of the name of a function as having empty places, since what fills 
them does not, strictly speaking, belong to them.*4 


every function sign must always carry with it one or more places which 
are to be taken by argument signs; and these argument places — not the 


» Gg, vol. I, §1. 
23 Frege, ‘Function and concept’, in CP, pp. 137-56, p. I4I. 
24 Frege, ‘Comments on sense and reference’, in PW, pp. 118-25, at p. II9. 
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argument signs themselves — are a necessary component part of the func- 
tion sign.?5 

function names must differ essentially from proper names, the difference 
being that they carry with them at least one empty place — an argument 
place. And these argument places must always be preserved in a function 
name and be recognizable as such; otherwise the function name becomes 
a meaningless proper name.” 


Empty places are hard to see, especially when they come at either 
end. Frege uses different devices to make empty places visible. One 
is a pair of brackets serving as an empty container: “( ) =( )’. Another 
is the use of Greek letters: ‘& = C’, or the extreme case ‘E’, where the 
letter indicates the bare empty place that is his function-name for 
the identity function mapping any object to itself.?” 

He employs the Greek letters not just in the expressions he uses 
to mention functions, e.g. ‘the function & = C, but also in those he 
places between quotation marks to mention function-names, e.g. 
‘the function-name ‘& = C’’. This fact might lead one to think that he 
regards function-names as schemata. Thus Potts: ‘A Fregean incom- 
plete expression or function name is the same as a schema; it always 
contains at least one schematic symbol.”* But not so: Frege is clear 
that the Greek letters are not parts of his function-names. 


where use is made of an expression like ‘the function ®(&)’, it is always to 
be observed that ‘&’ contributes to the designation of the function only so 
far as it renders recognisable the argument-places.?° 


when we say ‘the function 1 + € —&’, the letter ‘&’ is not part of the function- 
sign ... the role of the letter ‘&’ is to enable us to recognize the places where 
the supplementing proper name is to be put ... This ‘&’ gives us a pointer for 
how to use the function-name.*° 


To repeat, the Greek letters do not here function schematically ie. 
they are not parts of the function-name that are replaced by argu- 
ment-terms when the function-name occurs in a larger context. 


* Frege, letter to Peano, 29 September 1896, in PMC, pp. 112-18, at p. I16. 

>6 Frege, letter to Russell, 13 November 1904, p. 161. 

27 Frege, Gg, vol. I, §26. 

8 Timothy Potts, Structures and Categories for the Representation of Meaning 
(Cambridge: Cambridge University Press, 1994), p. 71. 

»0 Frege, Gg, vol. I, §1. 

3° Frege, ‘Logic in Mathematics’, in PW, pp. 203-50, at pp. 239-40. 
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They merely indicate empty places within the function-name. The 
empty places are filled when the function-name occurs in a larger 
context. (Note, too, that Frege’s use of ‘€ = C’ within quotation marks 
to mention an expression with empty places is another case of the 
flexibility of quotation with respect to reference.) So when he says 
that function-names are incomplete or unsaturated he cannot be 
talking in a roundabout, metaphorical way about the role of sche- 
matic letters within them, since they contain no such thing. Instead, 
his function-names are incomplete in the literal sense that they carry 
with them argument-places conceived of as ‘empty places’ or ‘gaps’. 

To sum up Frege’s view, the schema ‘é = C is not a function-name 
occurring in ‘Hesperus = Phosphorus’. It contains too much. The 
plain expression ‘=’, on the other hand, contains too little: it omits 
empty places. A new kind of expression is needed: viz.‘ = ’ with 
its two empty places. Frege thus supplies us with a sixth candidate 
for predicates. 


2.2 Frege according to other commentators 


Dummett’s simple predicates are plain expressions. Although he 
acknowledges that they may be assigned ‘gaps’ or ‘slots’, he takes 
this to be a metaphor for a grammatical rule: ‘the slot consists 
merely in the predicate’s being subject to a certain rule about how 
it can be put together with a term to form a sentence’ (As noted in 
§1.3, a discontinuous predicate may be regarded as a plain expres- 
sion that consists solely of its discontinuous parts, i.e. it has no gaps 
built into it.) Since Frege’s talk of empty places is not metaphorical, 
his predicates cannot be Dummett’s simple ones. 

As for complex predicates, Dummett acknowledges that they 
‘form the prototype for Frege’s general notion of an “incomplete” 
expression’3? He notes that Frege says that they contain gaps, but 
again he wrongly makes such talk metaphorical, and now even more 
so. For he supposes that the incompleteness of an incomplete expres- 
sion means that it is ‘not really an expression —a bit of language —in its 
own right’,3 but is instead to be regarded as a property of expressions. 


3* Dummett, Frege: Philosophy of Language, pp. 32-3. 
32 [bid., p. 31. 
33. Ibid. 
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The same objection applies to Brandom’s account,34 since he identi- 
fies Frege’s predicates with Dummett’s complex ones. 

A clue that something is wrong is that Dummett places all his 
emphasis on predicates with related argument-places. He believes 
that considering them makes Frege’s notion of incompleteness 
‘immediately clear’35 Yet Frege himself does not single them out for 
special attention. On the contrary, he explains the idea of an incom- 
plete expression by using predicates without related places (i.e. with 
either a single argument-place or several unrelated ones). For him, 
the incompleteness of an expression consists in its having at least 
one empty place. Incompleteness makes it a special kind of expres- 
sion; it does not prevent it from being an expression. This holds even 
of predicates with related places. Frege needs only to indicate that 
their empty places are related, e.g. by using repeated occurrences of 
the same Greek letter as in ‘€ = €’ (contra Russell, who claims that 
Frege cannot indicate related places). 

When Geach himself started to regard function-names as lin- 
guistic functions, he was hesitant about attributing the same idea 
to Frege: 


So far as I know, Frege never explicitly adopts the view that linguistic func- 
tions are what symbolize numerical (or other) functions; but it seems likely 
that he would have adopted it if it had been put to him.37 


Fifteen years later, however, he threw off any pretence to exegetical 
caution, and applauded Frege’s ‘fundamental insight that a concept 
is represented not by an expression within a sentence but by a func- 
tion from e.g. proper names to sentences’3* Others who have claimed 
that Frege’s function-names are linguistic functions include Hugly, 
Noonan, Rumfitt and Sullivan. Stenius swithers between linguistic 


34 Robert B. Brandom, Articulating Reasons: An Introduction to Inferentialism 
(Cambridge, Mass.: Harvard University Press, 2000), pp. 131-2. 

35 Dummett, Frege: Philosophy of Language, p. 31. 

36 Bertrand Russell, The Principles of Mathematics (Cambridge: Cambridge University 
Press, 1903), Appendix A, §482. 

37 Peter Geach, ‘Frege’, in Elizabeth Anscombe and Peter Geach, Three Philosophers 
(Oxford: Blackwell, 1961), pp. 127-62, at p. 144. 

38 Peter Geach, ‘Critical notice of Michael Dummett, Frege: Philosophy of Language’, 
Mind, 85 (1976), pp. 436-49, at p. 440. 

39 Philip Hugly, ‘Ineffability in Frege’s Logic’, Philosophical Studies, 24 (1973), 
pp. 227-44; Noonan, Frege, chs. 2 and 4; lan Rumfitt, ‘Frege’s theory of predication: 
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functions and properties of sentences.‘° The same is true of the 
later Dummett. In The Interpretation of Frege’s Philosophy he has 
Frege positing ‘a congruence in logical type between the referents of 
expressions and the expressions themselves’. Proper names stand 
for objects and are objects. In contrast, ‘what stands for something 
incomplete, a function, is itself incomplete’, e.g. a predicate ‘may be 
viewed as a common property of certain sentences, or as a function 
whose values are those sentences’.4? Here Dummett introduces lin- 
guistic functions as an alternative candidate for predicates, though 
he signally fails to decide between them and his earlier favourites, 
properties of sentences. 

Identifying Frege’s function-names with linguistic functions 
again wrongly imputes a metaphorical understanding of ‘incom- 
plete expression’ and ‘empty place’. It also strains credulity to sup- 
pose that he regarded function-names as functions, but felt no need 
to make his view explicit or to warn against possible confusion. He 
is insistent about the need to distinguish a function-name from the 
function named. If he regarded function-names as themselves func- 
tions, he would surely have told the reader that they are linguistic 
functions, not to be confused with the functions they name. He did 
nothing of the sort. 

Frege’s division of things into objects and functions is exhaustive 
as well as exclusive. Since function-names are not themselves func- 
tions, they must be objects. On his view of a function-name as a kind 
of expression, this is just what one would expect. Indeed, we shall 
see in §2.3 that he explicitly relies upon the objecthood of function- 
names in order to circumvent his difficulty in talking about func- 
tions in the material mode (the paradox of the concept horse). 

Pace Dummett, then, Frege did not posit a congruence in logical 
type between the referents of function-names and the function- 
names themselves. Function-names stand for functions but are 


An elaboration and defense, with some new applications’, Philosophical Review, 
103 (1994), pp. 599-637; and Peter M. Sullivan, ‘The functional model of sentential 
complexity’, Journal of Philosophical Logic, 21 (1992), pp. 91-108. 
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objects. One must not be misled by his characterization of function- 
names and functions as both incomplete. ‘Incomplete’ means differ- 
ent things when it qualifies different things. At the linguistic level, 
function-names are incomplete in the sense that they have empty 
places, as opposed to complete proper names. But when Frege moves 
from linguistic items to their worldly referents, he contrasts incom- 
plete functions with complete objects. According to this second, 
worldly sense of ‘incomplete’, function-names are as complete as 
proper names, since they are both objects. Or, to come at the matter 
from the other direction, functions cannot be said to be incomplete 
in the linguistic sense, since they are not expressions. 

It is true that Frege once contrived to see an analogy between the 
incompleteness of function-names and the incompleteness of func- 
tions, by modelling the second on the first (not vice versa). He called 
‘the reference of a word part of the reference of the sentence, if the 
word itself is a part of the sentence’,#? and thus characterized func- 
tions, like function-names, as incomplete parts of a complete whole. 
For example, the function-name ‘€ conquered Gaul’ is an incom- 
plete part of the sentence ‘Caesar conquered Gaul’. It is completed 
when the proper name ‘Caesar’ fills its empty place. By analogy, 
the function & conquered Gaul is an incomplete part of each of its 
values; it is completed when it is applied to one of its arguments 
(‘the argument ... goes together with the function to make up a com- 
plete whole’).44 

This attempt to endow functions themselves with something like 
empty places is misconceived. It is utterly obscure how the values 
of the function € conquered Gaul, namely truth and falsehood, can 
have any kind of part, let alone the function itself as a part. Frege 
himself knew that he was on shaky ground in transferring the rela- 
tion between the parts and the whole of a sentence to their corre- 
sponding referents.4 But it was only late in his life that he presented 
a decisive objection. If a function goes together with an argument to 
form a whole - its value for the given argument — then the argument 
as well as the function must be a part of the value. Yet ‘we cannot 
say that Sweden is a part of the capital of Sweden’.*° 


43 Frege, ‘On sense and reference’, p. 165. 

44 Frege, ‘Function and concept’, p. 140 

4 Frege, ‘On sense and reference’, p. 165. 

46 Frege, ‘[Notes for Ludwig Darmstaedter]’, in PW, pp. 253-7, at p. 255. 
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At this point it is necessary to counter Geach’s story about how 
Frege came to the idea that predicates stand for functions. He tells 
us that 


Frege’s first notion of a function was one that fitted only linguistic func- 
tions; but he later came to think that this view was insufficient — that 
functions belong to the subject-matter, not just the notation, of math- 
ematics; his mind passed from linguistic functions, whose values and argu- 
ments are numerical expressions, to numerical functions, whose values 
and arguments are numbers; so also it was natural that he should pass 
from the recognition of the linguistic functions that occur in predication 
to the view that there are functions in reality which these predicational 
functions represent.‘ 


This is fiction from start to finish. In support of its opening asser- 
tion, Geach cites the following definition from Begriffsschrift: 


Suppose that a simple or complex symbol occurs in one or more places in 
an expression ... . If we imagine this symbol as replaceable by another (the 
same one each time} at one or more of its occurrences, then the part of the 
expression that shows itself invariant under such replacement is called the 
function, and the replaceable part, the argument of the function.*8 


But this definition actually contradicts his assertion that ‘Frege’s 
first notion of a function was one that fitted only linguistic func- 
tions’. It clearly applies ‘function’ to expressions, and, as Geach him- 
self insists, a linguistic function is not an expression, even when its 
arguments and values are. Thus the ‘functions’ of this definition are 
not linguistic functions. 

The story ends by supposing that Frege actually regarded predi- 
cates as linguistic functions. This is hard to reconcile with Geach’s 
admission a few pages earlier that Frege ‘never explicitly adopts the 
view’.*? Worse, Frege explicitly contradicts it when he talks literally 
of expressions with empty places. 

In conceiving of functions as expressions, the youthful Frege was 
following the mathematical custom of his day. By 1891, however, he 
had clarified his ideas, carefully distinguishing an expression for a 


47 Geach, ‘Frege’, p. I5I. 
48 Bs, §9; Geach, ‘Frege’, p. 143. 
49 Geach, ‘Frege’, p. 144. 
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function (later ‘function-name’) from the function itself, and con- 
victing others of confusing the two: ‘a mistake, admittedly, that is 
very often met with in mathematical works, even those of celebrated 
authors’5° He never again applies ‘function’ to function-names. 


2.3 ‘On concept and object’, footnote 8 


One other text has been cited in favour of construing Frege’s predi- 
cates (or, more generally, function-names) as linguistic functions, viz. 
footnote 8 to ‘On concept and object’! In this paper, Frege engages 
for the first time with the paradox of the concept horse. He takes it 
for granted that the expression ‘the concept Horse’ is (i) a proper name 
in good standing, i.e. it (ii) expresses a full sense and (iii) refers. Since 
(iv) a proper name refers to a single object, if anything, and (v) noth- 
ing is both an object and a concept, it follows that ‘the concept horse’ 
refers to an object, not to a concept. He now faces ‘a quite peculiar 
obstacle ... a certain inappropriateness of linguistic expression’;? 
Despite his best intention to mention a concept when using ‘the con- 
cept horse’, the expression itself refers to a proxy object that repre- 
sents the concept. (Kerry, the critic to whom he is responding, had 
taken it to refer to something that is simultaneously an object and a 
concept, contrary to (v).) He also grants that ‘€ is not a concept’ is (vi) 
a predicate, which is again in good standing, i.e. it (vii) expresses a 
full sense and (viii) refers. In particular, (ix) it refers to a concept that 
maps any object to truth, and therefore the sentence ‘the concept 
horse is not a concept’ is true. This is paradoxical because, prior to 
meeting Frege’s semantic machinery, one would have intended the 
sentence to be false, and expected it to be so, by analogy with e.g. ‘the 
volcano Vesuvius is not a volcano’. At this initial stage, Frege claims 
that (x) the paradox cannot be avoided: ‘the obstacle is essential, and 
founded on the nature of our language’,®} i.e. there is no other way of 
mentioning or saying what we intend. 


so Frege, ‘Function and concept’, p. 138. He was not given to self-criticism, but see 
the first note to Gg, vol. I, §1, and also footnote 40 to Philip E. B. Jourdain, ‘Gottob 
Frege’, a chapter from his ‘The development of the theories of mathematical logic 
and the principles of mathematics’ (1912), reprinted as the Appendix to PMC, pp. 
179-206, which Frege commented on in manuscript. 

st Frege, ‘On concept and object’, in CP, pp. 182-94, at p. 186. 

» Ibid., pp. 193-4. 

83 [bid., p. 194. 
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Each of (i)-(x) has been rejected by some critic or other (not least 
Frege’s later self) as a way out of the paradox. Solving it is not my 
present concern, however, since I only need to set enough of the 
scene in order to understand the relevant footnote. It reads: 


A similar thing happens when we say as regards the sentence ‘this rose is 
red’: The grammatical predicate ‘is red’ belongs to the subject ‘this rose’. 
Here the words ‘The grammatical predicate “is red’” are not a grammatical 
predicate but a subject. By the very act of explicitly calling it a predicate, 
we deprive it of this property.4 


According to Hugly’s reading of the footnote,’ Frege derives an 
analogous paradox concerning predicates from his view of them as 
functions. The proper name ‘the grammatical predicate “is red”’ 
fails to refer to a predicate, since a proper name cannot refer to a 
function, and so the sentence ‘the grammatical predicate “is red” 
is not a predicate’ is true. Geach hints at the same reading. He too 
thinks that Frege foresaw that his difficulty with the concept horse 
arises ‘on the linguistic level too ... we see the futility of trying 
to escape Frege’s difficulties by semantic ascent, by talking about 
words instead of the objects and concepts signified’ 

But this reading of the footnote cannot be right. As noted in §2.2, 
all the evidence is against construing Frege’s predicates as functions. 
And as we shall see, he explicitly argues that his difficulties can 
be circumvented by moving to the linguistic level. Worse, to read 
the footnote as presupposing that predicates are functions makes a 
nonsense of the main text of ‘On concept and object’, in which he 
explicitly construes them as expressions (the same goes for the con- 
temporaneous ‘Function and concept’, to which he points the reader 
in his concluding paragraph). He speaks of ‘concept-words’ inter- 
changeably with ‘predicates’, and says e.g. that the words ‘no other 
than Venus’ stand for a concept. Or again, consider his account of 
why ‘the concept horse’ stands for an object, not a concept. If he had 
believed that it is linguistic functions which stand for concepts, he 
would have ruled out ‘the concept horse’ as standing for a concept 
simply on the ground that it is an expression, not a function. But he 
doesn’t reason in this way. He denies that ‘the concept horse’ stands 


54 [bid., p. 186. 
5s Hugly, ‘Ineffability in Frege’s logic’, SIXA. 
6 Geach, ‘Names and identity’, p. 149. 
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for a concept on the different ground that it is an expression of the 
wrong kind: ‘this is in full accord with the criterion I gave — that the 
singular definite article always indicates an object’.s7 

Frege was soon to offer a solution to his difficulty in talking about 
concepts. He points out that ‘the reference of the concept-word A’ 
is as problematic as ‘the concept ®’, since ‘the definite article before 
“reference” points to an object’s* But he now thinks that the diffi- 
culty is avoidable, even in natural language: 


It would be better to confine ourselves to saying ‘what the concept-word A 
stands for’, for this at any rate is to be used predicatively: ‘Jesus is what the 
concept-word “man” stands for’ in the sense of ‘Jesus is a man’? 


What is important here is what Frege does not say. He does not object 
to the definite article before ‘concept-word’, either in the illegitim- 
ate ‘the reference of the concept-word A’ or in its bona fide replace- 
ment ‘what the concept-word A stands for’. But the definite article 
is only in order if concept-words are themselves objects, and not 
functions as Hugly and Geach contend. 

Dummett’s reading of the footnote is completely different 
from Hugly’s and Geach’s. For him, it contains an error, not an 
insight: ‘Frege was quite wrong in pretending that the same ills 
affect the formal mode of speech’.°° He supposes that the footnote is 
ambiguous. Frege may have intended assimilating his paradoxical 
‘the concept horse is not a concept’ either to ‘the predicate “is red” 
is not a predicate’ (the more appropriate analogue) or to ‘the predi- 
cate ‘is red’” is not a predicate’ (the sentence suggested by his actual 
words). But Dummett finds neither of them paradoxical: the first is 
straightforwardly false, the second straightforwardly true. However 
the ambiguity is resolved, then, the comparison between material 
and formal modes is void. 

Dummett is right about the truth-values of the two sentences 
in the formal mode, but wrong to ascribe error and the offensive 
‘pretending’. Frege was surely not deluded. The unparadoxical truth- 
values follow immediately from his own view of the matter. And it 
goes against all we know of his writing — its strident and compelling 
honesty — to suppose that he was out to delude his readers. 


37 Frege, ‘On concept and object’, p. 184. 

8 Frege, ‘Comments on sense and reference’, p. 122. 

59 [bid., p. 122. 

6° Michael Dummett, ‘Frege on functions’ (1955), reprinted in his Truth and Other 
Enigmas (London: Duckworth, 1978}, pp. 74-86, at p. 75. 
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These commentators have all missed the point of comparison 
intended in the footnote. They read Frege as meaning to assimilate 
sentences in material and formal modes, whereas he is actually 
assimilating the proper names ‘the concept horse’ and ‘the gram- 
matical predicate “is red’, while at the same time contrasting 
them both with ‘the city of Berlin’ and ‘the volcano Vesuvius’, a 
contrast that he mentions in the relevant passage of the main text. 
The assimilation and contrast do not turn on the failure or success 
of intended and expected reference. For while each of the second 
pair hits the target, it is not the case that each of the first pair 
misses. Unlike ‘the concept horse’, ‘the grammatical predicate “is 
red’” does refer to what one intends and expects, namely a predi- 
cate. Hence Frege must be pointing to a different contrast, as fol- 
lows. Whereas there is nothing peculiar about the make-up of ‘the 
city of Berlin’ and ‘the volcano Vesuvius’, it is quite different with 
‘the concept horse’: 


The peculiarity of our case is indicated by Kerry himself, by means of the 
quotation-marks around ‘horse’; I use italics to the same end. There was no 
reason to mark out the words ‘Berlin’ and ‘Vesuvius’ in a similar way.* 


In fact, Kerry takes over Frege’s own use of quotation marks in 
Grundlagen (‘the concept “horse that draws the King’s carriage”’),* 
while in the German original of ‘On concept and object’ Frege used 
expanded spacing between characters, as in ‘the concept h ors e’. 
Some such device is useful, since in the plain ‘the concept horse’, the 
doubling up of common nouns is hard to fathom, while ‘the concept 
is a horse’ is worse, since it is naturally read as a sentential clause. 
According to Frege’s account, however, such a device is not just an 
aid to intelligibility; it also helps to create a context that shifts syn- 
tactic and semantic categories. He says that ‘horse’ is a predicate 
standing for a concept (in his informal writings, Frege commonly 
omits the copula and article, and sometimes fails to indicate empty 
places). But when the expression is italicized and given an appos- 
itional prefix as in ‘the concept horse’, the result is a proper name 
standing for an object. No such shift occurs between ‘Berlin’ and 
‘the city of Berlin’, or between ‘Vesuvius’ and ‘the volcano Vesuvius’. 
This is the contrast that Frege intends. 


% Frege, ‘On concept and object’, p. 186. 
6 GI, §46. 
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The function of Frege’s footnote is now clear. Although he was 
concerned to emphasize the peculiarity of ‘the concept horse’, 
naturally he searched for more commonplace phrases of similar 
construction in order to rebut the charge of special pleading. The 
reference-shifting contexts of ‘On sense and reference’ were at the 
front of this mind. One of them — direct quotation of expressions — 
gave him the comparison that he desired. Just as italics help turn 
the predicate ‘horse’ into the proper name ‘the concept horse’, so 
quotation marks help turn the predicate ‘is red’ into the proper 
name ‘the grammatical predicate “is red’”. The final sentence of 
the footnote — ‘by the very act of calling it a predicate, we deprive 
it of this property’ — is not intended to make the paradoxical claim 
that the predicate ‘is red’ is not a predicate. That would be to place 
the ‘it’ at the level of things mentioned, whereas Frege means to 
be describing the expression used. In other words, the ‘it’ is the 
expression ‘is red’, which normally functions as a predicate, but 
does not do so when it occurs within the context ‘the grammatical 
predicate “is red’”. 

In the footnote Frege is not at his lucid best. He does not take 
care to signal explicitly the comparison that he has in mind. Nor 
does he help by concluding it with an ambiguous sentence. But to 
read it as untypically sloppy is better than wrongly imputing error 
(Dummett), and better than ascribing a view of predicates as lin- 
guistic functions (Hugly and Geach) which goes against everything 
else Frege said, even in the very same paper. 

This reading of the footnote is also consonant with Frege’s later 
remarks in a letter to Russell. He once more faces the paradox of 
the concept horse, now in the more general form of the difficulty in 
saying of functions that they are functions: ‘the nature of language 
forces us to make use of imprecise expressions ... “A is a function” 
is such an expression: it is always imprecise; for “A” stands for a 
proper name’. He points out that there is no such difficulty at the 
linguistic level: 


Instead of using the imprecise expression ‘E is a function’, we can say: 
“()3 44” is a function-name’.+ 


% Frege, letter to Russell, 29 June 1902, in PMC, pp. 135-7, at p. 136. 
64 [bid. 
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But if ‘A is a function-name’ is precise, function-names can be named 
by proper names that take the place of ‘A’. And this is exactly what 
he says of his example: 


mt 


“( \3 4+ 4’ is a proper name, and its reference is the function name 


(Ja + 418 


If follows that Frege regards function-names as objects, since only 
objects can be named by proper names. 


2.4 Last thoughts 


In his last published work, ‘Compound thoughts’, Frege appears on 
a cursory inspection to deny that function-names are really unsat- 
urated, and to deprive them of empty places. Was this an abrupt 
about-turn? It needs investigation. First, the context. His atten- 
tion had turned to the intermediate realm of sense, in particular to 
thoughts, the senses of sentences. Although he had given up think- 
ing of arguments and functions as parts of the corresponding values 
at the level of reference, he continued to transfer the relation of part 
to whole from sentences to the thoughts they express, and applied 
the idea that ‘combination into a whole always comes about by the 
saturation of something unsaturated’ to these whole thoughts. In 
the paper in question, he investigates ‘connectives’, by which he 
means the kind of sense that joins several thoughts into one com- 
pound thought. Since the thoughts that are compounded are already 
saturated wholes, connectives must themselves be unsaturated in 
order to produce a saturated compound thought. He begins with the 
function-name ‘and’, which 


seems doubly unsaturated: to saturate it we require both a sentence pre- 
ceding and another following. And what corresponds to ‘and’ in the realm 
of sense must also be doubly unsaturated: inasmuch as it is saturated by 
thoughts, it combines them together. As a mere thing, of course, the group 
of letters ‘and’ is not more unsaturated than any other thing. It may be called 
unsaturated in respect of its employment as a symbol meant to express a 
sense, for here it can have the intended sense only when situated between 


6 [bid. 
6° Frege ‘Compound thoughts’, in CP, pp. 390-406, at p. 390. 
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two sentences: its purpose as a symbol requires completion by a preceding 
and a succeeding sentence. It is really in the realm of sense that unsatur- 
atedness is found, and it is transferred from there to the symbol.” 


Appearances to the contrary, Frege is not in fact denying that the 
expression ‘and’ is unsaturated. He is only insisting that when it is 
so described it must be coupled with a sense. For if it is considered 
‘as a mere thing’ it is divorced from any sense, and consequently 
there is nothing that could determine that it is subject to a gram- 
matical rule of combination. But when it is understood as expressing 
a sense, the sense dictates that it ‘requires completion by a preced- 
ing and a succeeding sentence’. (The distinction between thing and 
symbol also features in his celebrated discussion of identity; the 
notion of an expression ‘as a mere thing’ is Dummett’s attenuated 
notion of expression discussed in §1.3). 

But what of empty places? Frege does not mention them in this 
passage. It might therefore be thought that unsaturatedness as it 
pertains to function-names no longer has to do with empty places, 
but is now merely a way of describing the grammatical rules that 
govern expressions. Turn the page, however, and empty places or 
‘gaps’ appear repeatedly. For example, in the discussion of his fourth 
kind of compound thought, Frege says: 


The connective is the sense of whatever occurs in ‘A or B’ apart from ‘A’ and 
B’, that is, the sense of 

“( or ) 
where the gaps on both sides of ‘or’ indicates the twofold unsaturatedness 
in the connective.*? 


Frege continued equipping function-names with empty places to 
the end of his working life.7° 


2.5 Must predicates have empty places? 


Frege’s expressions with empty places are legitimate candidates 
for predicates. They are clearly distinct from the other five that 


% Ibid., p. 393. 

68 Frege, ‘On sense and reference’, pp. 157-8. 

69 Frege, ‘Compound thoughts’, p. 396. 

7° See Frege’s unpublished ‘Sources of knowledge of mathematics and the math- 
ematical natural sciences’, in PW, pp. 267-74, at p. 272, and the related letter to 
Honigswald, 26 April 1925, in PMC, pp. 54-6, at p. 55. 
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I have discussed, viz. plain expressions, schemata, linguistic 
functions, properties of sentences, and properties of (or relations 
between) terms. But he does not claim that his candidate is merely 
one among many. On the contrary, he repeatedly implies that 
his way of regarding them is mandatory. Since he simply takes it 
for granted that function-names are expressions of some kind or 
other, he fails to argue against candidates that fail to be any kind 
of expression. He does argue, however, against regarding function- 
names as expressions of a kind different from his own. Against 
schemata, he says: 


when we say ‘the function 1 + € — &’, the letter ‘&’ is not part of the 
function-sign, for the proper name ‘1 + 3 — 3’ is composed of the function- 
name and the proper name ‘3’, and the letter ‘€’ does not occur in it at 


all 


He is assuming that a function-name occurs in a more complex 
expression through being a part of it. Thus the function-name can- 
not contain a Greek letter, since the letter itself does not figure in 
the more complex expression in which the function-name occurs. 
Here he makes the same mistake as Geach (see §1.2a). He fails 
to allow for the different sense of ‘occur’, according to which the 
schema ‘1 + & - &’ can quite properly be said to occur in ‘I + 3 — 3/ 
even if it is not a part of it. 

In a single note Frege takes his style of argument one step fur- 
ther, distinguishing a function-name as it occurs on its own from 
a function-name as it occurs in combination. He says that ‘sin { }’ 
(with empty brackets merely indicating the empty place) is ‘meant 
only for the exceptional case where we want to symbolize a func- 
tion is isolation. In ‘sin 2’, ‘sin’ by itself already symbolizes the 
function’7? In other words, a function-name in isolation is an 
expression with an empty place, but in combination it reduces to 
a plain expression. Evidently, he reasons that the function-name 
‘sin ( )’ is not a part of ‘sin 2’ on the ground that the latter does 
not feature an empty place. He duplicates function-names, then, 
by using a narrow notion of part as it relates to complex expres- 
sions. Yet the notion is in fact quite elastic. There is a perfectly 


7 Frege, ‘Logic in mathematics’, pp. 203-50, at p. 239. 
7 Frege, ‘What is a function?’, in CP, pp. 285-92, at p. 291, fn. 3. 
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good sense of ‘part’ in which an expression with an empty place 
is a part of a more complex expression even though its place is 
then filled (think of the parts of a completed jigsaw puzzle}. Indeed, 
Frege himself relied on this notion of part in his other explanations 
of the make-up of complex expressions. As to construction, he 
says ‘If we call the parts of the sentence that show gaps unsaturated 
and the other parts complete, then we can think of a sentence as 
arising from saturating an unsaturated part with a complete part’”3 
As to decomposition, he says that a sentence ‘can be imagined to 
be split up into two parts; one complete in itself, and the other in 
need of supplementation, or “unsaturated” ... it contains an empty 
place’.”4 

In fact, for the purposes of describing the construction and 
decomposition of sentences, it is quite unnecessary to character- 
ize function-names as parts of those sentences at all. Rather than 
describing ‘Fa’ as formed by filling the empty place in ‘F’, we can 
say instead that it is formed by replacing ‘&’ in the schema ‘F&’, even 
though the schema is not part of the result. Likewise for decompos- 
ition, but in reverse. On this score, then, there is nothing to choose 
between schemata and Frege’s own expressions with empty places 
as candidates for function-names. The same goes for plain expres- 
sions. The sentence ‘Fa’ can equally well be described as formed by 
attaching the plain ‘F’ to the term ‘a’, while ‘F’ itself is the result of 
the converse operation. In each of these three accounts, the func- 
tion-name itself is a raw material for the construction, and a prod- 
uct of the decomposition. If function-names are regarded as things 
other than expressions, any of these accounts may still be given, but 
one will now use ‘auxiliary expressions’ (Noonan’s phrase from §1.3) 
as the raw materials and products, rather than the function-names 
themselves. 

Did Frege have any other reason for equipping function-names 
with empty places, rather than regarding them as plain expres- 
sions? He claims that without an empty place ‘the function-name 
becomes a meaningless proper name’’s But building in an empty 
place is not necessary to make an expression a function-name and 


73 Frege, ‘A brief survey of my logical doctrines’, in PW, pp. 197-202, at p. 201. 
7 Frege, ‘Function and concept’, p. 146. 
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to prevent it from becoming a proper name. He is wrong to think 
that a proper name and function-name must ‘differ essentially’,’* if 
by this he means that they are intrinsically different types of thing. 
Both can be regarded in the same way as plain expressions, since 
it is enough that they differ in their relational properties. Their 
grammatical behaviour is different, they express different types of 
sense, and they stand for different types of referent. In passing, it is 
worth noting that Frege’s empty places are not sufficient by them- 
selves to mark out an expression as a function-name. At the end 
of §2.3, we saw that the function-name “{ }.3 + 4’ is named by the 
proper name “| }.3 + 4”. His brief remarks on quotation’’ suggest 
that enclosure by quotation marks creates a context in which the 
enclosed expression shifts reference. It follows that the expression 
with an empty place 


wy 


().3+4 


does double duty. Outside of quotation marks, it serves as a func- 
tion-name. But when placed between them, it serves as a proper 
name, in which case its empty place alone cannot mark it out as a 
function-name. His thesis that nothing can be both a proper name 
and a function-name must therefore be qualified by excluding such 
shifts in context. 

Frege’s talk of completion or saturation of incomplete expres- 
sions by complete ones indicates that empty places are supposed to 
play another role, namely in explaining how a sentence differs from 
a mere list. For example, a string of proper names is not a sentence. 
The proper names ‘hold aloof from one another ... however we put 
them together, we get no sentence’,”* whereas 


Concept words and proper names are exactly fitted for one another. 
Because of its need for completion (unsaturatedness, predicative nature], 
a concept word is unsaturated, i.e. it contains a gap which is intended to 
receive a proper name. Through such saturation or completion there arises 
a sentence.” 


76 Tbid. 

77 Frege, ‘On sense and reference’, pp. 159, 165. 

78 Frege, ‘On concept and object’, p. 193. 
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There are two contrasts in this area that may be thought to 
demand explanation. The first is the contrast between the one sen- 
tence and the many items in a string of proper names. The sentence 
is made of many items, but what makes them into one thing, while 
the string remains merely many? One answer is saturation. 

It is disputable whether a string of proper names is its many items, 
for it may well be regarded instead as a single expression made from 
its many items. After all, it is a string. If so, saturation is not neces- 
sary to explain how one thing is made from many, since the string 
is such a thing, but does not feature saturation. Concatenation is 
enough. 

If one resists treating such a string as a single expression, con- 
sider instead a word. It is one thing made from many letters, but 
even Frege did not suppose that some letters are saturated by 
others (which ones?). Or again, think of a single, semantically sim- 
ple proper name consisting of several words, such as ‘New York’ or 
‘The Big Apple’. 

The second contrast is independent of the first. Even if we regard a 
string of proper names as a single expression, it still does not count as 
a sentence. So what makes one expression a sentence and another not? 
Frege invokes saturation to explain the difference (it has to be satur- 
ation of a particular kind, since saturation of other kinds features in 
expressions other than sentences, e.g. ‘2 + 3’). But saturation is again 
not necessary for the job. If an account is demanded why a particular 
expression is or is not a sentence, general rules of grammatical com- 
bination may be given from which an answer can be deduced (at least 
in the case of a formal language). Contra Frege, there is no need to 
think that the different rules governing function-names and proper 
names have to be reflected in different intrinsic properties, the one 
kind having empty places, the other not. Nor can this kind of intrin- 
sic difference be made to take over the work of grammatical rules, 
since ungrammatical combinations can easily be written down, e.g. 
‘P| ) = X( )’ violates the rule that only proper names may flank ‘=’ 
(pace Stenius, who thinks that Frege’s account of function-names 
shows the “superfluousness” of a theory of types’, i.e. he supposes 
that grammatically impermissible combinations are impossible).*° 


8° Stenius, ‘The sentence ...’, p. 79. 
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Frege’s apparatus of empty places does indeed make the failure of 
grammaticality visually apparent: the empty places are plainly not 
filled. This is hardly an advantage of his notation, however, since in 
e.g. standard presentations of the predicate calculus one can effect- 
ively decide whether a particular predicate occurs in a well-formed 
combination on the basis of its font, case or other typographical fea- 
tures, together with similar features of the other expressions with 
which it is combined, and general rules specifying permissible com- 
binations. It is not just an effectively decidable matter, it is easy 
to determine. No empty places are needed; we have managed well 
without them. 

A final argument moves from the distinctive nature of functions 
to the need for empty places in the corresponding function-names: 


what is distinctive of a function, as compared with an object, is precisely 
its ‘unsaturatedness’, its needing to be completed by an argument; and this 
feature must also come out in the symbolism.* 


I can accept that functions need to be completed by arguments if 
this means that it is in the nature of functions to be applied to argu- 
ments (though not in any sense having to do with parts and wholes). 
As for the corresponding function-names, one can say that they 
need to be completed by argument-terms, in the sense that their 
grammar dictates that function-names can only properly occur in 
larger contexts when so combined. They are governed by this kind 
of grammatical rule, since they are meant to stand for functions 
that need completion. In this sense, the nature of functions does 
come out in the symbolism. But it does not follow that function- 
names need to be equipped with empty places. It is enough that 
they have the grammar they do; they can look like anything you 
please. Again, the conclusion is the same: there is nothing to choose 
between plain expressions and expressions with empty places. 
Although I have concentrated in the previous few paragraphs on the 
alleged competition between these two rival candidates, what I have 
said can easily be adapted to show that any of the other candidates 
for function-names can do as well as Frege’s own (as before, for some 


8« Gg, vol. II, selections in Translations from the Philosophical Writings of Gottlob 
Frege, 3rd edn, ed. Peter Geach and Max Black (Oxford: Blackwell, 1980), pp. 139- 
224, §147, note. 
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purposes one will need to invoke auxiliary expressions rather than 
the chosen candidates for function-names themselves]. 

Frege was the original arch-prescriptivist about logic. He claimed 
that natural language is replete with faults that are to be corrected 
in his ideal, symbolic language. For example, proper names should 
stand for one thing and one thing only (i.e. they should neither be 
empty nor plural); function-names should be neither vague nor 
incompletely defined; sentences should be neither devoid of truth- 
value nor be anything other than true or false. He voiced these 
prescriptions in the strongest terms, and held onto them with 
remarkable obstinacy. It went entirely against his grain to coun- 
tenance alternatives. Although his arguments for his prescriptions 
are quite feeble, it has taken time for us to see his logical system 
for what it is: a brilliant development of one alternative among 
many. The paradigmatic status of the predicate calculus and its 
second-order extension shows that some of his prescriptions still 
retain their grip. 

His view of the nature of function-names has some of the same 
characteristics: the strength of expression, the obstinate persistence, 
the criticism of natural language (now as ‘covering up’ the distinc- 
tion between proper names and function-names), feeble support- 
ing arguments. There is a striking difference, however. Unlike his 
prescriptions for logic, his candidate for function-names was never 
widely adopted. Indeed, as I have shown, his conception of them has 
been widely misunderstood. Different exegetes pin different, alien 
conceptions on him. Like him, they often argue that their chosen 
candidate for function-names is the right one, but in reality any will 


do. There is no competition and no uniquely right answer. 
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6 Concepts, objects and the 
Context Principle 


In 1906, after giving up hope of vindicating logicism, Frege lists the 
results of his life’s work that survive Russell’s paradox. He begins: 


Almost everything is connected with the Begriffsschrift. Concepts 
conceived as functions. Relations as functions with two arguments. 
Concept-extensions or classes are not primary for me. Unsaturatedness 
of both concepts and functions. The essence of concepts and functions 
recognized.! 


Twenty-two years earlier, in happier times, Frege took for his third 
guiding principle in Die Grundlagen der Arithmetik the admonition, 
‘never to lose sight of the distinction between concept and object’. 
We cannot understand Frege’s view of his epochal achievements in 
logic — let alone mark the distance that separates his understand- 
ing of quantificational logic from contemporary views — without an 
appreciation of the concept-—object distinction, the centrality Frege 
assigns to it and its connections to his other views. The distinc- 
tion embodies the quantificational understanding of generality that 
Frege sets against older conceptions of logic. This quantificational 
understanding of generality gives Frege the principle for determining 
the logical segmentation of sentences and the contents or thoughts 
expressed by sentences. I hold that Frege’s Context Principle sets 


« ‘Was kann ich als Ergebnis meiner Arbeit ansehen?’ in NS, p. 200 (PW, p. 184). 
(Parenthetical references following page references to Frege’s Nachgelassene 
Schriften are to the English translation in Posthumous Writings. The transla- 
tions of passages from Frege’s writings are my own, made consulting the common 
English editions.) 

2 GI, Introduction, p. x. 
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forth this connection between logical segmentation and quantifica- 
tional generality. 

Sections 1-3 lay out Frege’s concept-object distinction and 
its place in his philosophy of logic. Section 4 describes Frege’s 
introduction of higher-level concepts and his assimilation of sen- 
tences to proper names. Sections 5 and 6 explore the charge that 
the concept-object distinction incoherently undermines itself in 
the so-called Kerry paradox. Sections 7 and 8 discuss the bear- 
ing of the Context Principle and the concept—object distinction on 
Frege’s logicism. 


I 


Frege takes as a given our capacity for objective knowledge, our 
capacity to recognize objective truths. There are two intertwined 
aspects to Frege’s conception of objectivity. First, the truth or fal- 
sity of the contents we judge is independent of anyone’s cognition, 
independent of anyone’s grasping or judging those contents. Second, 
several individuals may judge the same contents true or false3 This 
conception of objectivity is built into Frege’s conception of judge- 
ment: to make a judgement is to recognize the objective truth of 
an intersubjectively available content.t This capacity for knowledge 
includes a capacity for logical inference whose exercise enables us 
to recognize one truth on the basis of others. Frege aims to codify 
principles for logical inference in such a way that their application 
in any stated proof will force the explicit statement in the proof of 
any premise on which any conclusion or subconclusion depends. 
This enterprise is premised on the conviction that the inferential 


3 However, at the end of his career, in ‘Thoughts’, Frege qualifies intersubjectivity, 
positing in connection with the first-person pronoun thoughts that only a single 
individual can grasp. 

4 Frege thus urges in ‘Logik’ (1897), NS, p. 144 (132), that it is, as we might put it, 
pragmatically incoherent to deny the objectivity of what we know, on the grounds 
that this very denial would itself put forward as objectively true an intersubject- 
ively available content. I see Frege voicing a similar attitude toward objectivity in 
‘Thoughts’, p. 74. (Page references to Frege’s published papers are to the pages of 
the original publication. These are marginally indicated in the leading German 
and English editions of Frege’s papers.) 
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leaps in colloquial science and mathematics can be analyzed into a 
series of simple inferential steps. 

These simple modes of inference must be applicable in proofs 
across the sciences. They must then abstract from the content that 
distinguishes the various sciences. Frege conceives this abstraction 
substantively. Logical laws are maximally general truths — generali- 
zations whose statement requires only that topic-universal vocabu- 
lary required to express the results of any science, e.g. an expression 
for negation. Logical laws are then on the same level as the laws of 
the various special sciences.’ The relation of logic to other sciences 
is that of a more abstract, less detailed science to a more detailed 
one. As Euclidean geometry is a body of knowledge that classical 
physics assumes and draws on, so logic is a maximally general sci- 
ence that every science implicitly assumes and draws on. On Frege’s 
approach, then, fundamental laws of the maximally general science 
of logic capture topic-universal modes of inference. In this way, the 
capacity for inference proves to be the capacity to recognize one 
truth on the basis of another in accordance with logical laws, as 
Frege puts it.° 

On Frege’s approach to logic, the strategically central mode of infer- 
ence is the inference from general to specific, from a generalization 


5 Frege’s logical laws are not about a logical consequence relation. Nor is there 
any indication that he is guided by an intuitive semantic conception of conse- 
quence in framing them. I disagree, then, with Dummett’s claim that Frege’s for- 
mulation of logic rests on a semantic characterization of a logical consequence 
relation extracted from a semantic analysis of language. See Michael Dummett, 
Frege: Philosophy of Language (London: Duckworth, 1973), pp. 81-2. For further 
discussion, see Warren Goldfarb, chapter 3, this volume. I discuss how Frege con- 
ceives the task of codifying principles for logical inference in ‘Frege’s 1906 foray 
into metalogic’, Philosophical Topics, 25 (1997), pp. 169-88, at §§1-2. 

6 For Frege’s characterizations of inference, see ‘On the foundations of geom- 
etry’ (1906), part 2, p. 387, and his letter to Dingler, 31 January 1917, in PMC, 
pp. 16-17. Compare Frege’s talk of inference modes (Schlufsweisen) in Gl, §90. 
To be more accurate here, logical inference modes are captured in Frege’s formu- 
lation of logic jointly by his logical axioms and inference rules. Although in his 
1893 Grundgesetze formulation of logic Frege erects redundant inference rules 
to shorten derivations, he prefers to capture inference modes by logical axioms, 
restricting inference rules to the quantifier rules like Relettering that cannot be 
formulated by any single higher-order generalization. See Gg, p. vi, and ‘Booles 
rechnende Logik’, NS, pp. 43-4 (38-9). He does recognize the need in his formal- 
ism for, as we would put it, a truth-functional inference rule; he uses versions of 
modus ponens to this end in his formulations of logic. 
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to its instances.’ Frege for the most part formulates his principles 
of inference as generalizations. These then get applied in proofs via 
a Substitution rule. The codification of laws of logical inference 
encounters immediate problems, however. Colloquial language 
is variously ambiguous, irregular, redundant and limited in its 
expression of logically relevant relationships.’ Frege thus devises 
his Begriffsschrift to give unambiguous, perspicuous and more uni- 
form expression to logically relevant relationships. His first task in 
devising a Begriffsschrift is to construct a notation that gives unam- 
biguous, perspicuous expression to generality in order to make the 
relation of generalization to instance notationally recognizable. 

By reflecting on arithmetical notation, Frege hits on the basic 
pattern for his Begriffsschrift. The central feature of mathematical 
notation that Frege latches on to is its use of letters to express gen- 
erality, its use of letters as variables.° This use of letters as variables 
presupposes within the equations of arithmetic the isolation of 
numerical terms — numerals and the complex arithmetical expres- 
sions formed from them by iterated use of signs for the arithmetical 
operations — that are replaceable by variables to form generalizations 
of which the original equations are instances. Thus, we generalize 


[2x(4+ t)]+(4+1)=3 x(4+1) 
to obtain 

The sum of a number with its double is its triple, 
or 


Two times a number plus that number=three times that 
number, 


~N 


Frege emphasizes the centrality of the inference from generalization to instance 
in ‘Logical Generality,’ NS, p. 278 (258). 

Frege underscores the unsuitability of colloquial language as a medium for the 
codification of logical principles for the purposes of non-enthymematic proof in 
Bs, foreword, pp. iv—v, and Gl, §91. 

Indeed, the 1879 monograph is subtitled ‘A formula language [Formelsprache] for 
pure thought modelled on the formula language of arithmetic’. On p. iv of the fore- 
word to Bs, Frege identifies the use of letters as variables as the most direct way 
in which his notation is modelled on arithmetical notation; the first section of Bs 
presents the distinction between names and variables as a fundamental feature 
(Grundgedanke) of his approach. 


oo 
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or 
ay +y=3y. 


We may then substitute any numerical term, simple or complex, for 
‘y’ to obtain further instances of this generalization. Via his notion 
of a proper name, Frege discerns the structure so conspicuous in 
arithmetical notation throughout language. 

Frege’s entire approach here makes a sharp break with traditional 
logic that is of the highest importance.’° Traditional logic (syllogis- 
tic logic, the logic of categorical judgements) does not recognize as 
a distinctive mode of inference the inference from generalization to 
instance. Indeed, traditional logic lacks a quantificational concep- 
tion of generality. The sentences 


(A) Every human is mortal 


and 


(B) Socrates is mortal 


are grammatically parallel. Both consist of the predicate ‘mortal’ 
joined by the copula to a subject. Traditional logic classifies the 
judgements expressed by these sentences together as universal 
affirmative categoricals. The inference to (B} from (A) and 


Socrates is human 


is thus just the syllogistic figure BARBARA. 

Frege blames the limitations of traditional logic on the promin- 
ence in colloquial language of the grammatical distinction between 
subject and predicate. Traditional logic, blinded by the subject-— 
predicate distinction, assigns a privileged position to categorical 
judgements, and consequently misrepresents the inference from 
general to specific as a matter of concept-inclusion. It is this mis- 
representation that Frege laments, when he repeatedly chides his 
contemporaries for running together the distinction between an 


10 When I speak in this paper of ‘traditional logic’, I mean traditional logic as Frege 
viewed it. I believe that Frege pretty much identified traditional logic with syllo- 
gistic logic viewed through a Boolean lens. My concern is to understand Frege’s 
viewpoint, and the rhetoric emanating from that viewpoint. Michael Potter also 
links the break Frege makes with traditional logic with his use of variables. See 
M. Potter, Reason’s Nearest Kin: Philosophies of Arithmetic from Kant to Carnap 
(Oxford: Oxford University Press, 2000], p. 64 and pp. 33-4. 
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object’s falling under a concept (expressed by B) and one concept’s 
being subordinate to another (expressed by A)."* 

Moreover, in Frege’s eyes, the salience of the subject—predicate 
distinction and the traditional logic erected on it also foster an inad- 
equate view of judgement and inference. Frege sketches this view in 
‘Booles rechnende Logik’: 


I have distanced myself further from Aristotelian logic than Boole has. 
For Aristotle namely, as for Boole, the logically basic activity [logische 
Urtdatigkeit] is the formation of concepts by abstraction, and judgement and 
inference proceed by means of the unmediated or mediated comparison of 
concepts according to their extensions.” 


On this view, the terms joined by copulae into expressions of categor- 
ical judgements are associated with mental representations, concepts 
in the subjective sense as Frege would say. The formation of these 
mental representations is grounded in abstraction from experience 
so that the concepts represent the objects of experience. The diffe- 
rence between the mental representation associated with ‘Socrates’ 
and that associated with ‘human’ is that the former represents a sin- 
gle thing, but the latter represents a large number of things. Proper 
names and predicates are then both names of things: proper names 
designate just one thing; predicates typically designate several 
things. The items represented by a concept comprise that concept’s 
extension. Judgement and inference centrally concern inclusions 
and overlaps among the extensions of concepts."4 

Frege’s approach to logic is very different from the approach he 
finds in traditional logic. In summarizing his life’s work at the end 
of his career, Frege says: 


™ See ‘Booles rechnende Logik, NS, p. 20 (18), where Frege notes that the subject— 
predicate structure of colloquial language obscures this distinction. See also Frege 
to Marty, 29 August 1882, WB, p. 165; Frege to Peano (undated), WB, p. 177; ‘On 
concept and object’, p. 2orff., ‘A critical elucidation of some points in E. Schréder, 
Lectures on the Algebra of Logic’, pp. 441-2; ‘Logik in der Mathematik’, NS, 
pp. 230-1 (213). I think that Frege views Boole and Schréder (but not Peano) as 
attempting to generalize the theory of concept-extensions contained in syllogis- 
tic logic. As they both lack a quantificational conception of generality, their work 
inherits what for Frege is the fundamental limitation of traditional logic. 
‘Booles rechnende Logik’, NS, p. 16 (r5). 

See Gl, §27, p. 37. 

Frege recognizes that some of his contemporaries, like Boole, add to categorical 
logic a propositional logic to treat the combination of categoricals into compound 
statements. 
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What is distinctive about my conception of logic comes out first in that 
I give top priority to the content of the word ‘true’ and then that I imme- 
diately introduce thoughts as that concerning which the question of truth 
arises. Itherefore do not begin with concepts that I put together into thoughts 
or judgements. Rather, I obtain thought-components [Gedankenteile] by 
analysing [Zerfallung] thoughts.’ 


It is generality that compels the analysis of a thought into parts none 
of which is a thought, and sentences expressing thoughts into parts 
none of which is a sentence expressing a thought."* The simplest 
example of such analysis is the division of the thought expressed by 
sentences like 


Socrates is mortal 


into a proper name, ‘Socrates’, and the part that remains when this 
proper name is removed, 


__is mortal. 


The proper name in the sentence corresponds to a saturated, whole, 
complete part of the thought the sentence expresses; the leftover 
part to an unsaturated part that requires completion. 

Thus analysed, our sentence says (expresses the thought) that a 
particular individual, Socrates, is mortal. By replacing ‘Socrates’ 
with other proper names, we can get sentences that say that various 
other things are mortal. In contrast to the contents expressed by 
these sentences, the content expressed by 


Everything is mortal 
or equivalently 


xis mortal 


' ‘Aufzeichnungen fiir Ludwig Darmstaedter’, NS, p. 273 (253). Compare ‘Booles 
rechnende Logik’, NS, p. 17 (16), where Frege says, ‘In opposition to Boole, I begin 
with judgements and their contents instead of concepts ... For me the forma- 
tion of concepts arises only from judgements.’ See also ‘On the purpose of the 
Begriffsschrift’, p. aff. 

See ‘Aufzeichnungen fiir Ludwig Darmstaedter’, NS, p. 274 (254); ‘Einleitung in 
die Logik’, NS, p. 203 (187); ‘Kurze Ubersicht meiner logischen Lehren’, NS, p. 217 
(201); and ‘17 Kernsatze zur Logik’, NS, p. 189 (174). 
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does not say that any individual is mortal. This sentence is not 
about any particular thing: the content it expresses is general, and 
general where the contents expressed by our other sentences are 
specific. By replacing a proper name in a sentence with a variable, 
we confer generality of content on the original sentence.'? While 
each of the proper names in our original family of sentences means 
a determinate individual thing, the variable indefinitely indicates 
individual things.*® 

Frege’s understanding of the role of proper names to signify objects 
in this way is part and parcel of his quantificational understand- 
ing of generality. He does not take the notion of an object and of a 
name’s signifying an object to be an independently available basis 
for introducing quantificational generality. In particular, the notion 
of a name’s signifying an object in a sentence is not prior to that of 
a variable’s indefinitely indicating an object. Frege takes as basic 
the inference from generalization to instance, the inferential rela- 
tionship between a generalization and its instances. This is evident 
from the procedure Frege describes: he begins with thoughts, and it 
is generality — the inference from generalization to instance’ — that 
prompts the recognition of parts of thoughts that are not themselves 
thoughts. In speaking of proper names as designations of objects and 
of sentences containing the names, in contrast to the correspond- 
ing generalizations, being about the named objects, Frege seeks to 
awaken an explicit awareness of this distinctive inference-mode: to 
analyse ‘Socrates is mortal’ as the completion of ‘__is mortal’ by the 
proper name ‘Socrates’ is to grasp the content expressed by this sen- 
tence as an instance of the corresponding generalization expressed 
by ‘x is mortal’.° 


XQ 


‘Einleitung in die Logik’, NS, p. 204 (188) and p. 206ff. (190); ‘Kurze Ubersicht 
meiner logischen Lehren’, NS, p. 215 (199); and ‘Foundations of Geometry’ (1906), 
p. 307. See also ‘Begrtindung meiner strengeren Grundsatze des Definierens’, NS, 
p. 166ff. (154). 

8 In addition to the references in note 14, see Bs, §1,; Gg, §17, p. 31ff.; ‘What is a 
function?’, p. 65off. 

9? In ‘Logical generality’, NS, p. 278 (258), Frege says, ‘The person who knows how 
this inference goes [the inference from general to specific] has also grasped what 
generality is (in the sense of the word here intended).’ 

2° See Frege’s remarks on the advantages of using variables to express generality in 

‘Logical Generality’, NS, p. 280 (260). 
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Quantificational generality and identity are intertwined for 
Frege. Quantificational generality is generality over a multiplicity 
of discrete, determinate objects, determinate quanta so to speak. 
Discreteness is thus built into Frege’s conception of an object: no 
entity without identity.” Frege, in his post-1891 elucidations of iden- 
tity, says that the identity of objects a and b is the complete coinci- 
dence (zusammenfallen) of a and b.? If a and b completely coincide, 
then there is no difference between them so that whatever holds 
of aalso holds of b, and vice versa. Here is the justification for the 
linguistic substitutions that encode the Leibniz inference: in a true 
sentence, replacement of a proper name by a proper name signifying 
the same object yields a truth. A grasp of the inference from general- 
ization to instance in connection with proper names thus includes a 
grasp of objects as discrete, and so a grasp of identity and the Leibniz 
inference. These two inference-modes come together. It is not the 
inference from generalization to instance alone, but the interlock of 
this inference and the Leibniz inference that isolates proper names 
in sentences.?3 

I noted how Frege holds that traditional approaches to logic 
assimilate proper names and predicates. As a part of this assimi- 
lation, traditional logic also does not distinguish the copula from 
the expression of identity, symbolized in arithmetic by the identity- 
sign ‘=’, and so misrepresents the Leibniz inference that equations 


2 W. V. Quine states this precept in ‘Speaking of objects’, in Ontological Relativity 
and Other Essays (New York: Columbia University Press, 1966), p. 23. See also 
the discussion on p. 19 and in ‘On what there is’, in From a Logical Point of View 
(Cambridge, Mass.: Harvard University Press, 1953), p. 4. In §3, in considering 
Frege’s view of concepts, we shall see that Frege’s understanding of this precept 
diverges from Quine’s. 

22 See ‘On sense and reference’, p. 26, fn. 1, ‘On concept and object’, p. 194, fn. 2, and 

especially, ‘Husserl review’, p. 320. 

Given the irregularity of everyday language, the multiple expressions it offers 

for the same thoughts and especially the possibilities of forming grammatical 

subjects for grammatically singular sentences by nominalizations of adjectives, 
verbs and sentences, there may be uncertainty in some cases concerning the rec- 
ognition of proper names. Nevertheless, as Frege views matters, our capacity for 
logical inference enables us confidently to distinguish proper names over a wide 
variety of sentences on many topics in colloquial language. This is all that is 
necessary in order to arrive at a pattern for the uniform, perspicuous expression 
of generality in a Begriffsschrift. I return to this position in connection with 
Frege’s views on the application of logic in §8. 
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support.*4 Frege insists on a distinction here. The disambiguation of 
uses of ‘is’ in colloquial language as a copula and to express identity 
is the fulcrum that leverages Frege’s rejection in logic of the subject— 
predicate distinction. In making this distinction, Frege calls atten- 
tion both to object-signifying proper names — these are the terms of 
equations® — and with them to the relationship of generalization to 
instance. He then can extend mathematicians’ use of variables to 
express generalizations across the board, and in this way notation- 
ally capture the inference from generalization to instance. 


2 


Frege’s first published exposition of the concept—object distinction 
comes in Grundlagen, §51, and is explicitly directed against the 
view that predicates are common names, names common to many 
things.** Frege maintains that predicates signify concepts, not the 
things falling under concepts. These things are signified by proper 
names. Frege elaborates this contrast in the opening pages of ‘On 
Concept and object’, where he introduces the concept-object dis- 
tinction by arguing that proper names cannot be used as predicates. 
To think they can, Frege maintains, is to confuse the use of ‘is’ to 
express identity in 


(A) The Morning Star is Venus 


24 Insofar as the Leibniz inference is representable in syllogistic logic, it too is 
assimilated to BARBARA. 

By ‘equation’, I always mean singular equation. This mark of proper names fits 
with, indeed unifies, the other typical grammatical characteristics of proper 
names that Frege mentions: occurrence as the grammatical subject of expres- 
sions of singular judgements (GI, §66, p. 77, fn **, and ‘On concept and object’, 
p. 198); and the use of the definite article and demonstratives with singular gen- 
eral terms in definite descriptions (G1, §51, p. 63 and ‘On concept and object’, pp. 
195-6). I do not suppose that presenting proper names as the terms of equations 
is a syntactic explanation of them, as opposed to presenting them as designations 
of objects. On Frege’s approach, the identification of equations depends on a grasp 
of their sense. Neither elucidation of proper names is prior; each illuminates the 
other. 

For a slightly earlier, parallel discussion of the distinction, see Frege to Marty, 29 
August 1882, WB, p. 164. Frege touches on the distinction in ‘On the scientific 
justification for a Begriffsschrift’, p. 50. For further expression of Frege’s oppos- 
ition to the view of predicates as common names, see Frege to Husserl, 24 May 
1891, WB, p. 96, and ‘Schréder elucidations’, p. 454. 
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with its use as a copula in 
(B) The Morning Star is a planet. 


Frege works to elicit from his audience a recognition of the diffe- 
rence between these two uses. The two proper names in (A) may 
be interchanged to yield ‘Venus is the Morning Star’, an equivalent 
equation whose grammatical subject is ‘Venus’. In this way, then, 
the proper names that are the terms of an equation behave symmet- 
rically. In contrast, there simply is no such thing as interchanging 
‘The Morning Star’ and ‘a planet’ in ‘The Morning Star is a planet’, 
to obtain a sentence parallel to it, as our two equations are parallel — 
a sentence in which ‘a planet’ is the grammatical subject. 

Recognizing the difference in the use of ‘is’ in (A) and (B), we are 
to see that nothing counts as using a proper name as a predicate. 
There is no sentence consisting of two proper names joined by the 
copula to express a thought parallel to the one that (B) expresses.”’ 
Frege has been speaking in the formal mode, about language. He 
casually shifts into the material mode to state his final conclusion 
that extends the dichotomy of proper names and predicates to what 
they signify, objects and concepts: 


We have here a word ‘Venus’ that can never be a genuine predicate, although 
it can form a part of a predicate. The reference of this word can therefore 
never appear as concept but only as object.?8 


Proper names signify objects. Similarly, predicates signify concepts. 
By observing that there is no such thing as a sentence in which a 
proper name is used as a predicate, Frege attempts to instill in his 
audience an appreciation that these roles are distinct and mutually 
exclusive. 

We shall return to this point shortly. First, however, we need 
to consider Frege’s view of predicates as designations or names of 
concepts. 

For Frege, a predicate is the result of removing one or more 
occurrences of a proper name from a sentence. The predicate itself 
contains a blank, an argument position, where the proper name 
is removed. When the proper name removed to obtain a predicate 


27 [ discuss to this point further below. 
28 ‘On concept and object’, pp. 194ff. 
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is the grammatical subject of a simple sentence, the predicate 
approximates a grammatical predicate, which Frege without spe- 
cial comment assimilates to his predicates.” However, the proper 
name removed to obtain a predicate from a simple sentence need 
not be the grammatical subject; and several occurrences of a 
proper name may be removed from a compound sentence to form 
a predicate. Finally, a predicate isolated by the removal of a proper 
name from a sentence may appear in other, longer sentences that 
are not analysable as completions of it. For example, the predicate 
‘is human’ occurs in the conditional ‘If Plato is human, then 
Plato is mortal’. 

To understand Frege’s view of predicates as names, let us con- 
sider his analysis of universal affirmative categoricals. The content 
expressed by 


Every human is mortal 


is false, if there is a counterexample to it, if there is something that 
is human while failing to be mortal. If, for example, 


Plato is human and Plato is not mortal 


were true, our categorical would be false. The categorical can then 
be analysed as the generalization of the negation of this sentence. So 
Frege introduces his material conditional 


If p then q 


as the denial that p and not qg3° Our universal categorical is thus the 
generalization of 


If Plato is human, then Plato is mortal 


29 So although Frege frequently presents general terms and adjectives as examples 
of predicates, his own view is that the copula is a part of the predicate, provided 
that we don’t take the finite conjugation of the copula to express asserting force. 
See ‘Uber Schoenflies’, NS, p. 192 (178). See also ‘Foundations of geometry’ (1903), 
p. 371; and ‘Logik in der Mathematik’, NS, p. 247 (229). 

3° Throughout his career, Frege points to the use of his material conditional to 
express universal categoricals to justify his reading it as ‘if ... then’. See Bs, §12, 
p. 23; ‘On the purpose of the Begriffsschrift’, p. 6; ‘Booles rechnende Logik’, NS, 
p. 12 (11); Gg, vol. I, §13, p. 23ff.; ‘Einleitung in die Logik,’ NS, pp. 203-7 (187-91); 
‘Kurze Ubersicht meiner logischen Lehren’, NS, pp. 214-18 (199-202). 
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i.e. 

If something is human, then it is mortal 
or 

If x is human, then x is mortal. 


This sentence, we have seen, is not about any individual thing. It 
expresses rather a generalization over things. As Frege views mat- 
ters, when we recognize in this generalization the predicates ‘__ is 
human’ and ‘__is mortal’, we analyse the sentence to say something 
about the concepts signified by these two predicates: it says that the 
concept human is subordinate to the concept mortal, that every- 
thing that falls under the first concept falls under the second.! 

For predicates to be names of concepts is for them to be replace- 
able by variables to express generalizations over concepts. Indeed, 
in the one place where Frege asks whether predicates are names, 
he answers the question in the affirmative by observing that sen- 
tences containing incomplete expressions are thereby instances 
of generalizations? He accordingly introduces variables in the 
positions determined by incomplete expressions to express these 
generalizations. 

Consider a colloquial expression of such a generalization: 


Plato is everything that Socrates is. 
As Frege would analyse it, this generalization has such instances as 


If Socrates is mortal then Plato is mortal 
If Alcibiades loves Socrates then Alcibiades loves Plato. 


3t See ‘On the purpose of the Begriffsschrift’, p. 8ff.; Foundations, §47; ‘Booles rech- 
nende Logik’, NS, p. roff. (18); ‘Einleitung in die Logik’, NS, p. 210 (193); ‘Logik in 
der Mathematik’, NS, p. 230ff. (213); ‘Aufzeichnungen fir Ludwig Darmstaedter’, 
NS, p. 274 (254). 

32 ‘Introduction to Logic,’ NS, pp. 209-10 (192-3). Here Frege raises the question 
as to whether incomplete expressions have a reference in addition to a sense. 
He says: ‘When we say “Jupiter is larger than Mars”, what do we speak of? Of 
the heavenly bodies themselves, of the references of “Jupiter” and “Mars”. We 
say that they stand in a certain relation to each other, and we do this with the 
words “is larger than”.’ He thus presents the thought the sentence expresses as 
an instance of an existential generalization over relations, and concludes that as 
‘Mars’ and ‘Jupiter’ mean planets, ‘is larger than’ means a relation. 
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These sentences respectively contain two occurrences of the predi- 
cates ‘__is mortal’ and ‘Alcibiades loves __’. Our generalization can 


be expressed by replacing the two occurrences with a variable: 
If F(Socrates) then F(Plato). 


The variable in a predicate position is accompanied by parentheses, 
and in the parentheses will be whatever fills the argument pos- 
ition in the occurrences of the predicate that replace the variable in 
instances of the generalization. 

We are now ready to return to Frege’s understanding of the dif- 
ference between the role of proper names to signify objects and the 
role of predicates to signify concepts. 

Proper names and predicates are alike names, each with their 
associated variables. To grasp the use of letters to confer general- 
ity of content on a sentence is at its core to know what names may 
be substituted for it to form instances of the generalization. As a 
result of the incompleteness of predicates, variables in proper-name 
positions may not be replaced by predicates to obtain expressions 
of instances of the generalization. If we attempt to place a predi- 
cate into a proper-name position, we do not get a sentence, let alone 
an instance of the generalization; for nothing fills the empty place 
in the predicate. Similarly, proper names do not fit into predicate 
positions. As noted, the variable in a predicate position is accom- 
panied by parentheses that contain the expression that fills the 
empty place in predicates in instances of the generalization. If we 
attempt to substitute a proper name for a predicate-variable, there 
will be no place for the expression in the parentheses accompany- 
ing the variable. In this way, proper names and predicates signify 
differently: whereas proper names refer to objects, predicates refer 
to concepts. Frege thus recognizes two types, two levels of gener- 
ality — the generality expressed by variables in proper-name posi- 
tions over what proper names refer to (objects), and the generality 
expressed by variables in predicate positions over what predicates 
refer to (concepts). 

Frege’s first fundamental principle in Grundlagen counsels his 
readers sharply to separate the psychological from the logical, the 
subjective from the objective. It encapsulates Frege’s view of object- 
ive knowledge. His third fundamental principle sets forth the 
concept-—object distinction. These two are linked by the enigmatic 
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Context Principle, which says that we ‘must inquire after the mean- 
ing of a word in the context of a sentence, not in isolation’ 

I urged in §1 that Frege takes as basic the inference from gen- 
eralization to instance so that his view of logical segmentation 
is founded on his quantificational conception of generality. The 
Context Principle encapsulates the connection between names and 
quantificational generality: an expression is a meaningful (desig- 
nating) name by occurring in true or false sentences that express 
instances of generalizations expressible by replacing the name with a 
variable. The inference from generalization to instance together with 
the Leibniz inference isolates proper names in sentences, segment- 
ing sentences into a proper name and the leftover part, the predicate 
with its blank. These predicates are also names that may recur with 
the same significance in other sentences and may be replaced by 
variables to express corresponding generalizations. Thus, the recog- 
nition of proper names and generality over objects brings with it the 
recognition of predicates and generality over concepts. In this way, 
the view of names and quantificational generality epitomized in the 
Context Principle leads to the recognition of two levels of generality, 
and to the distinction between objects and concepts. 


3 


My description of Frege’s multi-levelled conception of quantifi- 
cational generality assigns a certain priority to proper names and 
objects vis-a-vis predicates and concepts. This priority stands at the 
heart of Frege’s understanding of the concept—object distinction. We 
need to consider it more closely. 

To begin, we should bear in mind that Frege’s concepts are not 
mental representations based ultimately on abstraction from experi- 
ence. Frege’s concepts are no more mind-dependent than his objects; 
he explicitly places concepts and objects on a par as regards their 
objectivity24 Moreover, as Frege recognizes concepts under which 


33 GI, p. x. 

34 See Frege to Husserl, 24 May 1891, WB, p. 96, where Frege says ‘objects and con- 
cepts have the same objectivity’. See also Gl, §27, p. 37, fn. 1. Frege emphasizes the 
objectivity of concepts in GI: see §26, especially the final paragraph, and §4.7. 
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nothing falls, he does not believe concepts to be dependent for their 
existence on the objects falling under them.35 
However, in ‘Foundations of geometry’ (1903), Frege says: 


It is clear that we cannot put a concept forward [hinstellen] as self-subsistent, 
like an object. Rather a concept can only occur in a combination. It can be 
said that the concept can be distinguished in the combination, but cannot be 
separated out of the combination. 


This remark and others like it are obscure. What does Frege mean, 
when he says that concepts can only occur in a combination? After 
the sense-reference distinction, there are in Frege’s ontology no 
complexes that contain concepts analogous to the way that sen- 
tences contain predicates. Moreover, the Context Principle applies 
to proper names and predicates alike; and Frege is explicit in 
Grundlagen that the self-subsistence he assigns to objects should 
not be taken to contradict it.” 

Frege’s 1903 remark alludes to the incompleteness of predicates. 
Fregean predicates are characterized in terms of proper names and 
sentences, for a predicate is the result of removing occurrences 
of a proper name from a sentence. Consequently, while proper 
names and sentences are morphophonemic units, identifiable as 
series of marks including the mark space,}* predicates with their 
empty places are not. There is no way to write down a blank. In 
contrast to proper names, the only way to write down a predicate 
is to write down a sentence in which the predicate occurs with its 
empty places filled. In this sense, predicates are unsaturated, in 
need of completion.® Proper names, having no empty places, are 


3 


See Frege to Husserl, 24 May 1891, WB, p. 96. See also GI, §74, p. 87, ‘The Law of 

inertia’, p. 158, and ‘Schréder elucidations’, pp. 453-4. 

36 ‘Foundations of geometry’ (1903), p. 372, fn. 5. Frege is responding in this footnote 
to Russell’s view in chapter 4 of Principles of Mathematics that concepts can 
occur predicatively or non-predicatively (as subjects) in Russell’s (non-linguis- 
tic, non-mental) propositions. Frege makes a similar remark in his 1882 letter to 
Marty, WB, p. 164. See also ‘Booles rechnende Logik,’ NS, p. 19 (17), where a con- 
nection with the incompleteness of concept-names is explicit. 

37 GI, §60, p. 72. 

38 Ina language like German with case endings, different series of letters may count 
as the same proper name. 

39 This view of predicates creates a problem in interpreting Frege’s discussions of 

them. Frege introduces quotation names of proper names in the usual way: by 
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saturated, are integral wholes (abgeschlossen). Frege extends these 
characterizations to concepts and objects themselves. 

This extension highlights that the application of these logical syn- 
tactic categories to sentences is an analysis of the thought expressed 
by the sentence ‘Two is a prime number’ as the completion of the 
predicate ‘_is a prime number’ by the proper name ‘two’. This is to 
analyse the sentence to say that the number 2, the object signified 
by the proper name, falls under the concept prime number, the con- 
cept signified by the predicate. Frege explains thoughts as that con- 
cerning which the question of truth arises. In the present case, as 
analysed, this question of truth becomes the question whether the 
designated object falls under the designated concept. Frege’s talk 
of objects as saturated and concepts as unsaturated highlights the 
asymmetry of subsumption, an asymmetry constitutive of Frege’s 
conception of objects and concepts.*° In this way, as Frege says in 
an unpublished manuscript, ‘Concept and object are fundamentally 
[ursprtinglich] dependent on each other, and in subsumption we 
have their fundamental [ursprtinglich] connection.** However, we 
must take care how we understand this talk of subsumption. Frege’s 
analysis of ‘Two is a prime number’ into proper name and predicate 
finds no separate symbolization of the relation of subsumption of 
object to concept. What is intended by the words ‘falls under’ in 
Frege’s paraphrase of the original sentence is already meant in the 
original predicate. Concepts are unsaturated, predicative: subsump- 
tion is, so to speak, built into them. 


enclosing the word-forms (Wortbilder) in quotation marks, we form names of 
the words, signs for signs. See ‘On sense and reference’, p. 28. Frege thus appears 
to use quotation marks to form names of proper names and sentences in accord 
with the contemporary convention for quotation names. However, without spe- 
cial comment, Frege uses quotation-marks to form names of predicates like: 


, 


‘Socrates taught 


If my remarks about the incompleteness of predicates are correct, this is a distinct 
use of quotation-names, one that cannot be assimilated to the contemporary con- 
vention. There is, however, no obstacle to taking these expressions formed using 
quotation marks to be proper names of predicates. 
4° See GI, §51, p. 64, where Frege says: ‘With a concept the question is always whether 
anything falls under it, and if so what. With a proper name, such questions make 
no sense.’ 
‘Uber Schoenflies’, NS, p. 193. Frege sounds similar themes much earlier in his 29 
August 1882 letter to Marty, WB, p. 164. 


4 
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So far, we have a complementary difference between objects and 
concepts, but no priority attaching to objects. Frege maintains some 
such priority, especially when he says that objects, but not concepts, 
are self-subsistent (selbstdndig). In Grundlagen, Frege links the self- 
subsistence of objects to identity: 


In the sentence ‘the number o belongs to the concept F’, 0 is only an 
element in the predicate (taking the concept F to be the real subject) ... 
Precisely because it forms only an element in what is asserted, the indi- 
vidual number shows itself for what it is, a self-subsistent object. I have 
already drawn attention above to the fact that we speak of ‘the number 1’, 
and by means of the definite article put 1 forward as an object. In arith- 
metic this self-subsistence comes out at every turn, as for example in the 
equation I+1=2.” 


The self-subsistence Frege assigns to objects is the applicability to 
them of the relation identity. In contrast, the relation identity is 
not applicable to concepts. For concepts are what predicates mean, 
and predicates, on account of their incompleteness, cannot be the 
terms of equations. This point, however, does not carry us beyond 
the previously noted complementary difference between objects 
and concepts. 

To understand the priority of objects to concepts, we need to con- 
sider a difficulty with Frege’s conception of predicates as names that 
Ihave postponed. As names of concepts, predicates carry with them 
the possibility for introducing variables to generalize over the con- 
cepts. However, quantificational generality over concepts, parallel 
to that over objects, assumes that concepts comprise a multiplicity 
of discrete, determinate items. In the case of objects, the identity- 
predicate gives expression to this determinate discreteness. What 
does the ‘determinate discreteness’ of concepts come to? 

The Leibniz inference sets the standard for the univocal use 
of proper names across sentences to designate the same objects. 
Suppose the thoughts expressed by ‘(a)’ and by the equation ‘a=b’ 
have been recognized to be true, but the thought expressed by ‘@(b)’ 
has been rejected as false. This result would show that either ‘a’ is 
being used in the two premises to designate different objects, or that 
‘b’ is being used in the second premise and conclusion to designate 


#” GI, §57, p. 68. See also §56, p. 67 and §62, p. 73. 
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different objects.#3 Let us then ask what substitution principle for 
predicates sets a parallel standard for their univocal use as names. 

Consider first a sentence analysable as the completion of a proper 
name by a predicate. In principle, every predicate is obtainable from 
such a sentence. Such a sentence says that the object signified by 
the proper name falls under the concept signified by the predicate. 
So, regardless of what object the proper name designates, the truth- 
value of the sentence will be preserved, if we replace the predicate 
by a predicate that signifies a concept under which fall the same 
objects as fall under the concept signified by the original predicate. 
In sentences analysable as proper name and predicate, we may then 
substitute salve veritate for the predicate any predicate signifying a 
coextensive concept 

Frege generalizes this principle to all occurrences of predicates 
in sentences, taking coextensiveness of concepts to set the standard 
for a univocal use of predicates generally. In this way, subsump- 
tion is the logically fundamental relation. Frege makes this point in 
his manuscript ‘Ausftithrungen tiber Sinn und Bedeutung’, where he 
explains that predicates signifying coextensive concepts are inter- 
substitutable salve veritate. 


The logically basic relation [Jogische Grundbeziehung]| is that of an object’s 
falling under a concept. All relations between concepts are reducible to it. 
Insofar as an object falls under a concept, it falls under every concept with 
the same extension, from which what has been said follows. As proper 
names of the same object can substitute for each other [einander vertreten| 
and preserve truth, so the same holds also of concept-words, if the concept- 
extension is the same.*4 


The contents expressed by sentences are what are recognized to be 
true or false. When the sentence is analysable as the completion of 


43 Still another possibility is that either ‘a’ in the first premise or ‘b’ in the conclu- 
sion is not being used as a proper name. As Frege’s discussions in ‘On sense and 
reference’ show, there are in this connection a number of possibilities. 
‘Ausftthrungen tiber Sinn und Bedeutung’. NS, p. 128 (118). See also pp. 131 
(120) and 132 (121); see also ‘Husserl review’, p. 320. In saying that every rela- 
tion between concepts is reducible to subsumption, Frege does not, of course 
mean ‘definable just in terms of subsumption’. It takes more than subsumption 
to define, for example, the relation of equinumerosity of Gl, §72. Rather, Frege 
means that the holding of any relation over concepts is fixed by the objects falling 
under those concepts. I.e., if concepts F and G stand in some relation, then any 
concepts coextensive with F and G stand in that relation. 


4 


as 
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a predicate by a proper name, truth or falsity is a matter of whether 
the designated object falls under the designated concept. The sub- 
stitution principle for an arbitrary predicate that Frege extracts 
by considering sentences that are completions of that predicate 
thus reveals that concepts are, so to speak, individuated by their 
extensions. Coextensiveness is for concepts the analogue of identity 
for objects. 

Concepts F and G are coextensive if all and only those objects 
falling under F fall under G. This analogue for a principle of indi- 
viduation for concepts, in generalizing over objects, presupposes 
the discreteness of objects, the applicability to them of the rela- 
tion of identity. Identity — the discreteness of objects — is for Frege 
a fundamental, irreducible given. The analogue of individuation for 
concepts thus depends on the discreteness of objects, but not con- 
versely. Here we have the ontological counterpart to the syntactic 
identification of predicates in terms of sentences and proper names. 
This is what the priority of objects vis-a-vis concepts comes to. 

We can now better appreciate the significance of Frege’s quantifi- 
cational conception of generality. On a traditional view of logic, the 
generality of a judgement is a matter of the abstractness of the con- 
cepts that enter into the judgement. This generality or abstractness 
is a comparative matter: the concept mammal is more abstract than 
the concept horse, and the concept animal is more abstract than the 
concept mammal. Logic, in order to be applicable to any judgement, 
must prescind from the contents of judgement, from the concepts 
that figure in judgement. Logic achieves this universal applicability 
by treating just the forms of judgements, the ways in which con- 
cepts of whatever degree of generality/abstractness are combined 
into judgements. So we find Kant saying: 


For the advantage that has made it so successful logic has solely its own 
limitation to thank, since it is thereby justified in abstracting — is indeed 
obliged to abstract — from all objects of cognition and all the distinctions 
between them, and in logic, therefore, the understanding has to do with 
nothing further than itself and its own form.‘ 


4 Immanuel Kant, Critique of Pure Reason, trans. and ed. Paul Guyer and Allen W. 
Wood (Cambridge: Cambridge University Press, 1998), p. 107 (B ix). See also D.198 
(A 60=B 85). 
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Frege’s quantificational conception of generality opens the way 
toa very different conception of logic. Logical laws are the laws of a 
general theory of objects and concepts statable using only the topic- 
universal vocabulary needed for any special science. Logical laws get 
applied in the construction of proofs in a special science when we 
infer instances from them, instantiating variables by names drawn 
from the proprietary vocabulary of that special science. Frege’s con- 
ception of a predicate is vital here, for it is generalization into the 
positions of predicate as well as those of proper names that enables 
Frege’s logical laws to prescind from the content that distinguishes 
the statements of the various special sciences.*° 

Furthermore, as observed in §1,47 Frege associates traditional 
logic with a psychological view of concepts as mental representa- 
tions formed by abstraction from experience. Talk of the form as 
opposed to the content of judgement then assumes a psychological 
cast. In Frege’s eyes, as traditionally conceived, logic all too easily 
becomes entangled with general accounts of cognition, with psych- 
ology. In contrast, on Frege’s view, logic, as the maximal general sci- 
ence, does not concern itself directly with cognition and cognizers. 
Logic assumes a place among the sciences at their centre: its topic- 
universality establishes a framework for all of science.4* In turn, the 
study of cognition takes its parochial place as a part of the special 
science of psychology. In this way, Frege’s universalist conception of 
logic brings with it a clean and sharp distinction between the psy- 
chological and the logical.+9 

Frege’s universalist conception of logic also gives him a logical 
conception of objecthood. The notions of proper name and of object 
are correlative; so are the notions of predicate and concept. Objects 
are the sort of item proper names designate: they are what are 
indicated by the letters that supplant proper names in correspond- 
ing generalizations. Similarly for concepts and predicates. Frege’s 


46 For further discussion of Frege’s view of the applicability of logic, see Goldfarb, 
chapter 3, this volume, especially §1. While a quantificational understanding 
or generality makes possible Frege’s universalist conception of logic, it does not 
require it. See Goldfarb’s comparison of a schematic conception of logic with 
Frege’s universalist conception. 

47 See p. 6, especially the quotation from ‘Booles rechnende Logik’. 

48 See Bs, Foreword, p. vi. See also the opening paragraph of ‘On formal theories of 
arithmetic’. 

49 Tam grateful to Michael Friedman for comments here. 
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logical laws spell out the intertwined conceptions of what objects 
are — not objects of this or that sort, but simply objects — and what 
concepts are, much as the axioms of Euclidean geometry spell out 
what points, lines and planes are.° There is no further extralogical 
content to the conception of object — nothing metaphysical, epis- 
temological, or transcendental. Many commentators dwell on Frege’s 
posit of causally inert (unwirklich), non-spatial objects, including 
logical objects. Frege himself emphasizes this point. On the inter- 
pretation I am urging, what is central in Frege is not his recogni- 
tion of logical objects, but the logical conception of objecthood that 
makes the recognition of unwirklich objects look innocent." 


4 


I have been discussing Frege’s contrast between proper names 
with the objects they signify and predicates with their concepts. 
Predicates are not the only incomplete expressions Frege recognizes, 
concepts not the only unsaturated items. By removing occurrences 
of two proper names from a sentence, marking their positions with 
differently styled blanks, we form a dyadic predicate. For example, 
removing ‘Socrates’ and ‘Plato’ from ‘Socrates taught Plato’ yields 


_taught _. 


Or, following Frege and using the Greek consonants ‘€’ and ‘C’ as 
proper-name blanks, we get 


— taught €. 


As monadic predicates signify concepts, so dyadic predicates signify 
relations. As dyadic predicates, like monadic ones, contain blanks, 
so relations, like concepts, are unsaturated. However, a dyadic 


so There is a difference between the two cases. ‘Point and line’ are among the primi- 
tive vocabulary of Euclidean geometry. The predicates ‘object’ and ‘concept’ do 
not appear in Frege’s automatization of logic. His notion of objecthood is, in a 
way, linguistically expressed in Begriffsschrift not so much by a predicate, but 
in the use of letters in proper-name positions to generalize over objects with- 
out restriction. The same holds for Frege’s notion of concepthood. However, it is 
trivial to formulate in Begriffsschrift a one-place first-level predicate true of all 
objects, and a second-level predicate true of all concepts. 

See Gg, p. xix, where Frege says, ‘Wirklich is only one of many predicates and no 
more concerns logic than the predicate algebraic, predicated of a curve.’ 
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predicate can no more be substituted for a predicate in a sentence 
than can a proper name: one of its blanks would remain unfilled. 
Similarly, a monadic predicate cannot be substituted for a dyadic 
predicate. There is then a difference of type between concepts and 
relations like the difference of type between concepts and objects.” 

Besides relations, Frege recognizes higher-level concepts. I noted 
how the isolation of proper names in sentences segments sentences 
into proper names and predicates. These predicates can then be rec- 
ognized as meaningful units, as names, in more complex sentences. 
We may remove occurrences of a predicate from a sentence, mark- 
ing its position with a predicate-blank. Just as expressions formed 
from sentences by removing proper names designate concepts under 
which objects fall, so expressions formed from sentences by remov- 
ing predicates designate second-level concepts under which first-level 
concepts fall. Removing ‘E is mortal’ from ‘Socrates is mortal’ yields 


(Socrates). 


This second-level predicate signifies the second-level concept that 
subsumes every first-level concept under which Socrates falls. So 
it subsumes the concept philosopher but not the concept horse. 
Removing the predicate ‘E is a martian moon’ from the sentence 
‘Something is such that it is a martian moon’ yields 


Something is such that git). 


This second-level predicate designates the second-level concept 
existence under which falls every first-level concept that subsumes 
at least one object. The concept martian moon falls under it; the 
concepts venusian moon and not self-identical do not. Finally, if we 
remove ‘€ is human’ and ’€ is mortal’, from ‘Everything is such that 
if it is human, then it is mortal’, we get 


Everything is such that if git) then »p(it). 


This dyadic second-level predicate signifies the second-level relation 
in which one first-level concept stands to another if the first is sub- 
ordinate to the second. Although Frege does not explicitly discuss 


52> See ‘Function and concept’, p. 29, and Gg, vol. I, §23, pp. 39-41. 
53, As Frege uses ‘’ and ‘C’ to mark argument places for proper names, so he uses ‘q’ 
and “w’ to mark argument-places for first-level predicates. See ibid., §22. 
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the matter, it is clear that he takes higher-level concepts, like first- 
level ones, to be extensionally individuated. 

The recognition of higher-level concepts is important for Frege’s 
development of a notation adequate for multiple generality, for it 
enables him to overcome limitations on the use of (free) variables 
to express generalizations. We have seen how Frege uses variables 
to supplant names in sentences in order to confer generality of con- 
tent on those sentences. However, this notation is not adequate for 
the translation of compound colloquial sentences with a component 
that is a generalization in its own right. The simplest example of its 
inadequacy, the one Frege presents in Grundgesetze §8, is the diffe- 
rence between the generalization of a negation and the negation of a 
generalization. 

Frege accordingly introduces a new notation to express 
generalizations: 


(Va)@p(a). 


Here we have a second-level predicate that yields a sentence when 
a first-level predicate is inserted into the blank for first-level pre- 
dicates. The second occurrence of ‘a’ fills the empty place in the 
predicates inserted into this position. This second-level name forms 
an indivisible unit: in particular, ‘(Va)’ has no significance on its 
own. Our second-level predicate signifies the second-level concept 
that subsumes those first-level concepts under which every object 
falls. Frege thus understands the universal quantifier over objects to 
be a second-level concept. Every object falls under the concept sig- 
nified by ‘if £ is human then € is mortal’. So 


(Va)(if a is human then a is mortal] 


is true. With this notation, we can express both the generalization 
of a negation and the negation of a generalization. To express the 
(false) generalization of the negation of 


2+(3xI/=5xI, 


fill the blank in our second level predicate ‘(Va)q(a)’ with the first 
level predicate ‘Not [2 + (3 xE)=5 x&]’ to get 


(Va) Not [2 +(3xa)=5 xq]. 
In contrast, 


Not (Va)[2 +(3 xa)=5 xa] 
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expresses the (true) negation of the generalization of our sample 
equation. 

We saw above how Frege explains the use of letters in proper 
name positions to confer generality of content on the sentence from 
which the names were removed. After introduction of a second- 
level predicate to express generality, Frege retains this use of letters, 
stipulating in effect that when (free) object-variables occur in sen- 
tences that are used to make assertions, those sentences express the 
same content as the corresponding generalization formed by com- 
pleting in the predicate position in ‘(Va)@(a)’.°* So the sentence ‘If x 
is human then x is mortal’, if used to make an assertion, expresses 
the same thought as ‘(Va)(if a is human then a is mortal]’, and ‘Not 
[2 +(3 xx)=5 xx]’ expresses the generalization of a negation. 

Frege’s treatment of quantifiers over first-level concepts parallels 
his treatment of quantifiers over objects. As the universal quantifier 
over objects is symbolized by a second-level incomplete expression, 
so the universal quantifier over first-level concepts is symbolized 
by a third-level incomplete expression. Removal of the two occur- 
rences of ‘E is mortal’ from 


Socrates is mortal or not (Socrates is mortal] 
yields the second-level incomplete expression 
(Socrates) or not @(Socrates). 
Frege’s universal quantifier over concepts is 


(VF ]uaF|a). 


54 See Gg, vol. I, §17, p. 31, and Bs, §11, p. 21. What I have referred to as free object- 
variables, Frege calls object-letters; he uses assorted Latin letters for this purpose. 
Frege uses gothic vowels in his notation for the universal quantifier to fill the 
argument places of first-level predicates. Frege does not explicitly assert in Gg 
that free variable generalizations prefixed by the judgement stroke express the 
same thoughts as their universal closures, although his rhetoric both in §17 and 
in §32, p. 50 suggests it. In later writings, Frege does speak of free variable gener- 
alizations as expressing the same thoughts as their colloquial counterparts. See 
‘Einleitung in die Logik,’ NS, p. 206 (18o0ff.); ‘Kurze Ubersicht meiner logischen 
Lehren’, NS, p. 217 (201); and ‘Logische Allgemeinheit’, NS, p. 280 (260). Frege’s 
Begriffsschrift then gives us two options for asserting generalizations. As Frege 
explains in Gg, §17, this notational redundancy promotes simplicity and perspi- 
cuity in the formulation of inference rules. 
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Here ‘ua ... a’ is a blank for a second-level incomplete expression. In 
filling this blank with a second-level predicate to obtain a sentence, 
‘F’ is to be placed in the empty position in the second-level predi- 
cate. The second-level predicate is obtained by removal of first-level 
predicates from a sentence. The empty position in occurrences of 
the removed first-level predicates must be filled by something in 
that sentence. This something remains in the second-level predi- 
cate and must fill the parentheses that accompanies the ‘F’. The ‘a’ 
in the blank is a reminder of this feature of second-level incomplete 
expressions. Completion of our third-level predicate by the sample 
second-level predicate then yields the sentence: 


(VF)(F(Socrates) or not F(Socrates)). 


The universal quantifier over concepts signifies the third-level 
concept that subsumes any second-level concept under which 
every first-level concept falls. Our sample second-level incomplete 
expression signifies a second-level concept which subsumes every 
first-level concept under which Socrates either falls or fails to fall. 
Every first-level concept satisfies this condition. Hence the sentence 
is true. 

Frege’s treatment of generality thus leads him to the recognition 
of second-level and third-level concepts. Although second-level con- 
cepts, like first-level ones, are unsaturated, they are unsaturated in 
a different way. First- and second-level concepts are thus fundamen- 
tally different in a way comparable to the fundamental difference 
between objects and concepts.5 

In all this, Frege appears to have taken the first steps in generating 
a hierarchy of higher-level concepts with the structure of the sim- 
ple theory of types. We begin with the recognition of objects (level 
o} and first-level concepts. Recognition of concepts at any level is a 
basis for recognition of quantifiers over those concepts; and quanti- 
fiers over level n entities are level n+2 concepts. However, Frege, 
having introduced a quantifier over first-level concepts, introduces 
free variables over third-level concepts and then stops.° The appli- 
cation of logic he envisions for the development of the arithmetic of 


5s See ‘On concept and object’, p. 201; ‘Function and concept’, p. 31. 
6 These variables are needed to fill the empty place in ‘(VF)pa F(a)’ in the statement 
of Basic Law IIb. 
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the natural and real numbers requires only free-variable generaliza- 
tions over third-level entities.” He never offers any general charac- 
terization of a hierarchy of concepts comparable to Russell’s theory 
of types. 

There is one conspicuous feature of Frege’s view of logical seg- 
mentation that I have left out of account. In connection with his 
introduction of the sense-reference distinction in 1891, Frege iden- 
tifies sentences themselves as proper names of the truth-values, 
the True and the False; the first-level concepts designated by 
Fregean predicates are accordingly reconceived as functions that 
map each object to a truth-value. Higher-level concepts become 
higher-level functions. For example, the universal quantifier over 
objects is that function that maps a first-level function to the True 
if the first-level function maps each object to the True, and other- 
wise maps the first-level function to the False. 

This strange sounding treatment of sentences fits with my 
interpretation of Frege’s view of logical segmentation. I noted in 
§1 how, for Frege, the inference from generalization to instance 
compels the recognition in logic of logically relevant parts of sen- 
tences that are not sentences. There are also a number of elem- 
entary inference-modes that require the recognition of sentences 
as logically relevant parts of compound sentences. Contraposition 
and hypothetical syllogism are examples here.* In his formula- 
tion of logic, Frege seeks to capture such inferences-modes by 
general laws that accordingly use variables in sentential posi- 
tions in compound sentences. So, among Frege’s logical axioms in 
Begriffsschrift we find 


If a then (if b then a) 


and 


37 In the attempted deductive development of arithmetic in Gg, Frege uses Basic 
Law V to avoid higher-level generalizations so far as possible. He alludes to this 
strategy at the end of ‘Function and concept’, p. 31: ‘One might think that this 
[the introduction of ever higher-level concepts] could continue. Probably, this last 
step [the introduction of second-level concepts] is not so rich in consequences as 
the earlier, because in further developments, instead of second-level functions, 
we can consider first-level functions, as will be shown in another place.’ 

8 Frege presents a number of these patterns in ‘Compound thoughts’. Frege does 
appreciate the need in his codification of logic to capture some such inference by 
means of an inference-rule rather than a generalization. 
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If (if b then a) then (if not a then not b).5 


Sentences may be substituted for these variables to form instances of 
these generalizations.®° Frege thus takes the inferences represented 
by in the application of these laws to abstract from the content of 
the special sciences in the same way as other logical inferences: the 
segmentation of sentences within compound sentences that accom- 
panies these inference-modes is the segmentation of names within 
sentences. 

Even granting that sentences are compound names, what motiv- 
ation does Frege have for taking them to be proper names like ‘The 
teacher of Plato’ or ‘3x(4+1)’? On Frege’s quantificational under- 
standing of generality, there is no entity without identity or sur- 
rogate for identity. So to quantify sentence positions requires that 
either the identity-predicate or some surrogate be available to 
voice claims of identity and difference over what sentences mean. 


89 The first law is proposition 1, Bs, §14, p. 26; the second is proposition 28, 
§17, p. 43. Hypothetical syllogism is expressed by proposition 28, a theorem, in 
§15, p. 32. 

6° The letters that occur in these Begriffsschrift formulas should be sharply distin- 
guished from the schematic letters that appear in contemporary presentations 
of truth-functional logic. The schematic letters ‘P’ and ‘Q’ in a formula like ‘If 
P then (if Q then P)’ are placeholders that mark the positions of the component 
sentences of a truth-functionally compound sentence. The formula with these 
placeholders is not a sentence — it does not say anything; it is not true or false. 
Instead, it represents a form of truth-functionally compound sentence, and thus 
gives us a convenient way to specify an infinite class of such sentences, namely 
the sentences that result from uniformly replacing ‘P’ and ‘Q’ in our formula 
by sentences. For further discussion of the significance here of the distinction 
between variables and schematic letters, see Goldfarb, chapter 3, this volume. 
Frege does not present the segmentation of sentences within compound sentences 
as resting on the relationship of generalization to instance. See especially Frege’s 
1906 manuscripts ‘Introduction to Logic’ and ‘A brief survey of my logical doc- 
trines’ and his final published paper ‘Compound thoughts’. I think that Frege’s 
presentation of truth-functional inferences is guided by pedagogical consider- 
ations. He could scarcely initially present truth-functional inferences and the 
segmentation accompanying them via general laws, for in colloquial language 
there is no need for quantification of sentence positions in truth-functionally 
compound sentences. Indeed, it is only the codification of logical inferences that 
calls for such quantification. Only after his audience has come to understand 
quantificational generality by appreciating how it is expressed, to the extent it is, 
in colloquial language, and how it may be expressed by the use of indicating let- 
ters in the place of names, can Frege retrospectively assimilate the segmentation 
of sentences within compound sentences to the segmentation of names within 
sentences. 


6 
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Sentences are complete expressions: together with subsentential 
proper names, they are the basis for the identification of varieties 
of incomplete expressions. The completeness of sentences has two 
consequences. First, Frege’s surrogate for identity for first-level con- 
cepts, namely coextensiveness, is an equivalence relation over first- 
level concepts whose characterization requires generalization over 
objects, the arguments for first-level concepts. In this way, then, the 
surrogate for identity for concepts presupposes generality over the 
multiplicity of discrete objects. In contrast, because sentences are 
complete expressions, there can be no surrogate for identity for what 
they designate parallel to this surrogate for identity for concepts. 
Second, as sentences are complete expressions, the logical segmen- 
tation imposed by generality creates no barrier to sentences’ fill- 
ing the argument places in the identity-predicate. Indeed, for this 
reason, any alleged surrogate for identity for the designata of sen- 
tences can be, and so should be, assimilated to identity.” If nothing 
bars the component sentences in expressions of compound thoughts 
from playing the role of proper names, then the attempt to formu- 
late logical laws, as Frege conceives of such laws, requires that we 
recognize them to play this role.® 

It is natural enough to assume that if sentences are names, then 
they designate the judgeable contents or thoughts Frege associates 


6 Formulation of the basic laws of any science, including logic, is guided by a 
maxim of economy. See ‘Booles rechnende Logik’, NS, p. 40 (36). 

6 Richard Heck has insightfully proposed another motivation for Frege’s identi- 
fication of sentences as proper names: this identification greatly facilitates the 
introduction of double value-ranges that are the objects that in Frege’s system 
go proxy for relations. By making sentences proper names, Frege makes ‘1 < &’ 
and ‘a( < a)’ into designations of functions of the same type so that both may 
fill the argument position in the second-level function name ‘é®(e)’. See Richard 
Heck, ‘The Julius Caesar objection’, in R. Heck (ed.], Language, Thought, and 
Logic: Essays in Honour of Michael Dummett (Oxford: Oxford University Press, 
1997), pp. 281-5. This additional motivation is compatible with the one I have 
urged. Indeed, it may well have been this use of truth-values as objects that 
prompted Frege to take the audacious step of taking sentences to be proper names 
of truth-values. Heck’s motivation is not, however, the entire story here. It does 
not explain why Frege, after abandoning efforts to rehabilitate value-ranges in 
the wake of Russell’s paradox, continues to take sentences to be proper names of 
truth-values and in 1906 lists the assimilation of concepts to functions as among 
his chief logical achievements. See ‘Aufzeichnungen ftir Ludwig Darmstaedter’, 
NS, p. 276 (255) and ‘Was kann ich als Ergebnis meiner Arbeit ansehen?’, NS, 
p. 200 (184). 
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with them. This assumption, however, clashes with the assimila- 
tion of sentences to proper names. If sentences are proper names, 
then there must be equations whose terms are sentences. Let ‘®(a)’ 
be any compound proper name containing proper name ‘a’, let ‘®(b)’ 
be the corresponding proper name, with proper name ‘b’ replacing 
‘a’. The logic of identity that Frege incorporates into his formulation 
of logic commits him to 


If a=b, then ®(a) =®(b). 


In this way, the designation or meaning of any compound proper 
name remains unchanged under replacement within it of compo- 
nent proper names by proper names that designate the same thing. 
In ‘Function and concept,’* Frege observes that the two sentences 


The Morning Star is a planet whose orbital period is less 
than that of the Earth, 


and 


The Evening Star is a planet whose orbital period is less 
than that of the Earth, 


express different thoughts: a person who does not know that the 
Morning Star is the same as the Evening Star might, nonetheless, 
understand both sentences and hold the one true and the other 
false. However, since ‘the Morning Star’ and ‘the Evening Star’ 
both designate Venus, these two sentences must designate the 
same thing.’> Observing nothing other than the truth or falsity of 
a sentence that is guaranteed to be preserved under substitution of 
co-referring proper names, Frege concludes that sentences mean 
truth-values.*° 


6 ‘Function and concept’, p. 14. See ‘On sense and reference’, p. 32. See also Frege 
to Russell, 28 December 1902, WB, p. 235, where Frege explicitly links the point 
with the use of sentences as terms of equations. 

Matters are particularly striking when we reflect that equations themselves are 
compound names. Here we get such instances of Leibniz’s law as 


a 


If 24=4?, then (24=47)=(47=47). 


In this way, any true equation designates the same as an instance of the principle 
of identity, ‘Everything is self-identical’ (‘x=’). 

6 | discuss Frege’s identification of sentences as names of truth-values and of truth- 
values as objects in more detail in ‘Quantification, sentences, and truth-values’, 
Manuscrito: Revista International de Filosofia, 26 (2003), pp. 389-424. 
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We saw how in Grundlagen Frege says that objects are what proper 
names signify and concepts what predicates signify. As the linguis- 
tic categories of proper name and predicate are disjoint, so are the 
corresponding ontological categories of object and concept. Frege’s 
contemporary Benno Kerry objected to Frege’s linguistic elucidation 
of the concept—object distinction, maintaining that concepts may 
be designated by either proper names or predicates.” Consider, for 
example, the sentence, 


The concept horse is a concept easily attained. 


The subject of this sentence, ‘The concept horse’, is a Fregean 
proper name, and it must surely designate a concept. However, 
Frege’s explanation of the distinction commits him to the contrary. 
Indeed, his explanation commits him to affirming the paradoxical 
statement: 


The concept horse is not a concept. 


This statement — the so-called Kerry paradox — appears to be an out- 
right contradiction. 

Frege writes ‘On concept and object’ to give a fuller exposition of 
the concept—object distinction in the face of Kerry’s objection. Early 
in the paper, Frege dismisses the charge that his way of drawing the 
distinction leads to contradiction. He urges that designations like 
‘the concept horse’ resemble quotation-names of linguistic expres- 
sions. Although a quotation name typographically contains the 
expression it names, it is itself unstructured, containing no other 
names as proper parts. Similarly, ‘the concept horse’ is an unstruc- 
tured proper name. As proper names mean objects and no object is a 
concept, the Kerry paradox — however odd it may sound — is true. 


67 My interest lies in what a series of philosophers beginning with Bertrand Russell 
made of Kerry’s objection, and I examine the objection from Frege’s perspective. 
For a treatment that sets the objection in the context of mid-nineteenth-cen- 
tury German views of logic, see Eva Picardi, ‘Kerry und Frege tiber Begriff und 
Gegenstand’, History and Philosophy of Logic, 15 (1994), pp. 9-32. 

68 Here I follow Anthony Kenny, Frege (London: Penguin, 1995), pp. 122-5. On 
p. 125, Kenny insightfully suggests, ‘The expression “the concept ...” is really 
meant to serve the same purpose with regard to concepts which quotation marks 
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Frege recognizes that this manoeuvre to sidestep the Kerry para- 
dox does not resolve all the issues the paradox raises. He says: 


It is indeed unmistakable that we encounter here a linguistic awkward- 
ness, one that I admit to be unavoidable ... Language finds itself here in a 
predicament [Zwangslage] that justifies the departure from what is ordin- 
ary ... In logical investigations, the need not infrequently arises to say 
something about a concept, and to clothe this in the usual form for such 
ascriptions so that the ascription is the content of a grammatical predi- 
cate. Hence one would expect a concept for the meaning of a grammatical 
subject. But a concept, due to its predicative nature, cannot just appear as 
a subject. It must be transformed into an object, or, to be more precise, it 
must be represented [vertreten] by an object which we designate by prefix- 
ing the predicate with the words ‘the concept’, e.g. 
The concept human is not empty.*® 


To understand better this linguistic awkwardness, let us con- 
sider Frege’s analysis of existence sentences, including particular 
categoricals (‘Some F are G’). As we saw in section 4, he analyses 
such sentences as the completion of a second-level predicate by a 
first-level predicate, not the completion of a first-level predicate 
by a proper name. The Fregean logician brings this point out in 
the material mode by reproducing the content of existence sen- 
tences to emphasize that these sentences say something about con- 
cepts, not objects: 


The sentence ‘Human beings exist’ (or ‘There are human beings’) says that 
the concept human being is non-empty. 


Everyday language forces the Fregean logician for this purpose to 
paraphrase the existence sentence by a sentence that is the com- 
pletion of a first-level predicate by a proper name. But the attempt 
misfires, for ‘the concept human being’ is a proper name, not a con- 
cept-name. The Fregean logician thus tries to use a sentence paral- 
lel to ‘Socrates is a human being’ to paraphrase ‘There are human 
beings’ in order to highlight the difference between the thought 


serve in relation to predicates.’ That is, the phrase ‘the concept ...’ is used with 
conventional predicates as quotation marks are used with phrases generally to 
form unstructured proper names. Kenny thinks that this observation completely 
resolves the difficulty, neglecting the more serious problems that arise with 
Frege’s use of ‘concept’ and ‘object’ as contrasting predicates. 

69 ‘On concept and object’, pp. 196-7. 
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expressed by the completion of the second-level existence predicate 
and that expressed by the completion of a first-level predicate.” 

Frege reflects on this awkwardness in the famous antepenulti- 
mate paragraph of ‘On concept and object’: 


I do not at all contest Kerry’s right to use the words ‘object’ and ‘concept’ 
in his own way. I would only like to secure the same right for myself, and 
to maintain that with my version I have fastened on to a distinction of 
the highest importance. Of course, a singular obstacle stands in the way of 
reaching an understanding with the reader. As a result of a certain necessity 
of language, sometimes my expression, if taken entirely literally, misses my 
thought in that I name an object where I mean a concept. Iam myself fully 
aware that in such cases I am dependent on the goodwill of the reader who 
will meet me midway, who will not begrudge a pinch of salt.” 


Frege, ever ready in his polemics to take the words of his contem- 
poraries uncharitably literally, asks his audience to meet him half- 
way. They are to look beyond the content of the flawed paraphrase of 
the original existence claim to glom on to the distinction that Frege 
intends to communicate. 

What, though, is this distinction? How is it to be described? Frege’s 
evocations of it involve the use of pairs of contrasting predicates — 
‘object’ and ‘concept’, ‘saturated’ and ‘unsaturated’. The predicates 
are contrasting in that Frege clearly thinks the classifications they 
mark are non-vacuously mutually exclusive: while there are objects 
and there are concepts, no object is a concept. Here 


7° The same sentence may be analysable in different ways. So ‘Some philosopher 
taught Plato’ is analysable either as a singular sentence about Plato or as an 
existence sentence saying that the concept philosopher who taught Plato is non- 
empty. Frege presents a parallel example of multiple analysability in ‘Einleitung 
in die Logik’, NS, p. 203 (187). The relevant point here is that these two ana- 
lyses are independent. Despite some indications to the contrary. I do not take 
Frege to be committed to the claim that any thought expressible by a sentence 
analysable as the completion of a second-level predicate is also expressible by 
a sentence analysable as the completion of a first-level predicate. In particular, 
I do not take Frege to believe that every sentence about a first-level concept (func- 
tion) expresses the same thought as a corresponding sentence about the exten- 
sion of that concept (the value-range of that function), although he does embrace 
this equivalence for the special case of generalized equations and equations. See 
‘Function and concept’, pp. 10-11. This topic raises murky issues about Frege’s 
view of the individuation of thoughts. 

7 ‘On concept and object’, p. 204. 
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(A) No object is a concept 
appears to be parallel to 
(B) No whale is a fish. 


However, as Frege construes (B), ‘whale’ and ‘fish’ are both first- 
level predicates that signify concepts. (B) thus says that no object 
that falls under the concept signified by the first of these predicates 
falls under the concept signified by the second. The generalization 
is non-trivial, for there are objects falling under the concepts meant 
by these two predicates. If we attempt to construe (A) similarly, 
we encounter problems. Every object falls under the first-level con- 
cept signified by ‘object’; and no object falls under the first-level 
concept signified by ‘concept’. This second first-level concept is 
then empty, like the concept not self-identical. So construed, (A) is 
then equivalent to a generalization with an evidently vacuous ante- 
cedent. It thus sets forth a trivial generalization over objects, and 
so fails to capture Frege’s views. To express the mutual exclusivity 
of the concept-—object distinction we need predicates that can be 
completed both by object-names and concept-names, and a variable 
that generalizes simultaneously over both objects and concepts. As 
we saw in §2, the concept—object distinction bars such predicates 
and variables. 

Kerry’s objection thus touches more than proper names of the 
form ‘the concept ...’; it concerns the use of ‘object’ and ‘concept’ as 
contrastive predicates. Frege uses these words as first-level predi- 
cates repeatedly in his logical discussions, including the expos- 
ition of his Begriffsschrift notation in Grundgesetze. Asa first-level 
predicate, the only names that can complete ‘E is a concept’ are 
proper names. This predicate cannot then be used to affirm that 
anything is, so to speak, a concept. The Kerry paradox thus reveals 
that none of Frege’s logical discussions that turn on this contrastive 
use of ‘object’ and ‘concept’ can be taken at face-value. 

Frege acknowledges this linguistic predicament in his letter 
of 29 June 1902 to Russell In his next letter, he says that since 
the concept concept is a second-level concept, use of the first-level 


7 Frege to Russell 29 June 1902, WB, p. 218. In this letter, Frege is discussing the 
more general distinction between function and object. See also ‘Uber Schoenflies’, 
NS, p. 192 (177ff.). 
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predicate ‘concept’ is ‘in fact logically to be rejected’73 Frege observes 
in his 29 June letter that in Begriffsschrift we can introduce a sec- 
ond-level predicate to do what we cannot do with ‘E is a concept’. 
Corresponding to ‘E is an object’, we might introduce a second-level 
predicate ‘Cpt,q(a)’. This predicate has the same grammar as Frege’s 
universal quantifier ‘(Va)p(a)’. We can fill the argument-place in ‘E is 
an object’ with any meaningful proper name and obtain a sentence 
expressing a truth, for example 


2, is an object. 


Similarly, we can fill the argument-place in ‘Cpt,q(a)’ with any 
meaningful predicate and obtain a sentence expressing a truth, for 
example 


Cpt,(a is a prime number). 


Here, it seems, is an accurate expression for the thought aimed at 
with the sentence 


The concept prime number is a concept. 


However, Frege immediately goes on to observe that this second- 
level predicate in combination with the first-level predicate ‘¢ is an 
object’ does not give us replacements either for 


The concept prime number is not an object 
or for 
2 is not a concept. 


The argument place of ‘E is an object’ takes only proper names; a 
first-level predicate does not fit. The reverse holds for the argument 
place of ‘Cpt,(a)’. Furthermore, this disparity between the argu- 
ment places of these predicates blocks as well their use in a general- 
ization to replace ‘No object is a concept’. 

Even though the awkwardness of language exhibited in Frege’s 
logical discussions can then be partially overcome by use of higher- 
level predicates within the framework of Begriffsschrift, neverthe- 
less, there remain colloquial sentences that figure in Frege’s logical 


73 Frege to Russell, 28 June 1902, WB, p. 224. 
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discussions that do not have Begriffsschrift surrogates.”* Confronted 
with the unavoidable awkwardness of language that infects the con- 
trastive use of ‘object’ and ‘concept’ in logical discussions, in his 28 
July letter to Russell Frege advises resort to the formal mode, to talk 
about language: 


If we want to express ourselves precisely, there is no other option than to 
speak of words or signs. We can analyse the sentence ‘3 is a prime number’, 
into ‘3’ and ‘is a prime number’. These parts are essentially different. The 
former is in itself complete; the latter is in need of completion. In the same 
way, we can analyse the sentence ‘4 is a square number’ into ‘4’ and ‘is a 
square number’. Now we can sensibly [sinnvoll] put together the complete 
part of the first sentence with the incomplete part of the second. (That the 
resulting sentence is false is another matter.) But we cannot sensibly put 
together the two complete parts: they don’t stick to each other. Just as little 
can we sensibly put ‘is a square number’ in the position of ‘3’ in the first 
sentence.’s 


Predicates, proper names and sentences are all objects for Frege.’ 

There is then no difficulty in setting forth the mutual exclusivity 

of Frege’s classification of names into those that are complete and 

those that are incomplete. However, if we restrict ourselves to talk 

of language, it seems that we leave out the basis for and the point of 

the distinction between complete and incomplete expressions. 
Frege’s 28 July letter to Russell continues: 


To this distinction in signs must correspond a distinction in the domain 
of references, although it is not possible to speak about it without trans- 
forming what requires completion into something complete, and thereby 
actually falsifying the matter. We do this when we say ‘the reference of 
“is a square number’’. However, the words ‘is a square number’ are not 
referenceless [bedeutungslos]. The analysis of a sentence corresponds to 
an analysis of the thought, and this in turn to something in the domain 
of references; and this I should like to call a basic logical fact [Jogische 
Urthatsache].” 


7 


= 


Terence Parsons makes this point in ‘Why Frege should not have said “The con- 
cept horse is not aconcept””, History of Philosophy Quarterly, 3 (1986), pp. 449-65, 
at p. 462. 

Frege to Russell, 28 July 1902, WB, p. 224. 

Frege explicitly calls names of function-names proper names in Frege to Russell 
29 June 1902, WB, p. 218. 

77 Frege to Russell, 28 July 1902, WB, p. 224. Frege makes a similar remark in 
‘Foundations of geometry’ (1903), p. 370. There he speaks of ‘the analysis into 
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Here once again, in moving beyond talk of signs to talk of what 
signs refer to, Frege runs up against the linguistic predicament. The 
problem is that there is no way to set forth the difference in the 
domain of reference corresponding to the difference between the 
complete and incomplete parts of sentences without the use of con- 
trasting predicates that in this context will fail, if taken literally, to 
draw the intended distinction. Here the sentence 


(A) No object is a concept 


is emblematic. We have seen that as Frege analyses it, it can only 
express a trivially true generalization over objects. We have found 
no other sentence, either in colloquial language or in the frame- 
work of the Begriffsschrift, that we can embrace as a literal and 
precise expression of a thought that the Fregean logician aims at, 
but misses with (A). 

This consequence is troubling. Frege’s basic logical laws are evi- 
dent maximally general truths, the principles of a general theory of 
objects and concepts that establish a framework for all of science. 
The Begriffsschrift is a notation for expressing logical laws per- 
spicuously and unambiguously so as to make possible the notation- 
ally secured rigour of gap-free proofs. Frege envisions the expansion 
of this language by incorporation into it of the predicates necessary 
to formulate the truths of the various sciences. Now, however, we 
appear to have encountered in connection with Frege’s concept— 
object distinction truths that are not expressible in the framework 
of Begriffsschrift. 

This point can be sharpened into a charge of incoherence at the 
core of Frege’s philosophy of logic. Frege’s universalist conception 
of logic commits him to the expressibility of every truth within the 
framework of Begriffsschrift. There is, however, no expression in 
Begriffsschrift for those thoughts Frege aims at in sentences like (A) 
that use ‘object’ and ‘concept’ as contrasting predicates. There are 
then truths, truths Frege points toward in his elucidation of the con- 
cept-object distinction, that are not expressible in Begriffsschrift, 
contrary to his core commitment. In this way, then, in the context 


a saturated and an unsaturated part’ as ‘a logically basic phenomenon [logische 
Urerscheinung], which must be simply recognized but cannot be reduced to any- 
thing simpler’. 
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of his universalist conception of logic, Frege’s explanations of the 
concept-object distinction appear self-thwarting.”® 


6 


Frege himself sees in the linguistic predicament exhibited in his 
discussions of the concept—object distinction no threat to his 
enterprise. He concedes the unavoidable inaccuracy of some of his 
remarks, but shrugs off the difficulties that arise here as merely lin- 
guistic.”? To understand this cavalier attitude toward the linguistic 
predicament, I want to consider Frege’s response to one salient strat- 
egy for avoiding it. 

In day-to-day life, including day-to-day science, there is little 
occasion to voice generalizations into predicate positions.*° Not 
surprisingly, everyday language is impoverished in its devices for 
expressing such generalizations. The most salient means everyday 
English offers here is the use of words like ‘everything’ and ‘some- 
thing’. These words (and pronouns linked to them) may occupy 
proper-name positions; so used, they express generalizations over 
objects. When we use these words to generalize into predicate posi- 
tions, grammar requires the retention of a verb to join subject and 
predicate. For example: 


Socrates taught philosophy. 

Plato taught philosophy. 

Socrates and Plato have something in common. 
There is something that Socrates and Plato both did. 


78 The objection that Frege’s concept—object distinction is self-thwarting is a ven- 
erable one. Russell makes it in Principles of Mathematics. See §§49, 481 and 
483. Without reference to Principles, Max Black revives it in ‘Frege on func- 
tions’, reprinted in E. D. Klemke (ed.), Essays on Frege (Urbana: University of 
Illinois Press, 1968), pp. 223-48, especially p. 242. I am indebted to Michael 
Resnik’s careful and trenchant formulation of the objection in ‘Frege’s theory 
of incomplete entities’, Philosophy of Science, 32 (1965), pp. 329-41, especially 
p. 339. There Resnik calls Frege’s theory of incomplete entities ‘self-referentially 
inconsistent’. 

79 See especially ‘Foundations of geometry’ (1903), p. 372, fn. 5. 

8° In ‘Function and concept’, p. 2, Frege observes that it is with ‘higher analysis’ that 
mathematicians sought to state laws about functions. Only with this compara- 
tively recent development did the need arise to generalize into positions for signs 
for functions. 
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Such use of ‘something’ suggests that the position following the 
verb in these sentences, the position occupied by the expression of 
generality, is an accusative position, and leads to the use of vari- 
ous nominalizations of the predicate to express instances of the 
generalization. 


Socrates and Plato have something in common. 
They both have the property of having taught philosophy. 
They both fall under the concept taught philosophy. 


The possibility of such nominalizations suggests that we might get 
by with just one level of generality. We might uniformly nomin- 
alize grammatical predicates, say by use of Frege’s ‘the concept’ + 
italicized predicate locution. The sentence ‘Socrates is mortal’ 
becomes 


Socrates falls under the concept mortal. 
very human is mortal’, is transformed into 
‘Every h tal’, is t f dint 


Everything falling under the concept human falls under 
the concept mortal. 


We can follow Frege in taking the subject and object positions of 
‘falls under’ to be proper-name positions, and so argument positions 
of the same type. We can thus use a single kind of variable to gener- 
alize into both positions. The object—concept distinction becomes a 
straightforward distinction within the range of this variable. 

In the penultimate paragraph of ‘On concept and object’, the para- 
graph directly following the request for a pinch of salt, Frege con- 
siders this suggestion. I quote the entire paragraph: 


This difficulty [the linguistic predicament] might be thought to be artifi- 
cially created: we do not need to bring anything as unmanageable as what 
I call a concept into consideration, and can follow Kerry in viewing an 
object’s falling under a concept as a relation in which what on one occasion 
appears as an object, on another appears as a concept. The words ‘object’ 
and ‘concept’ then serve merely to indicate the difference in position in the 
relation. We can do this, but it is a gross error to believe that in this manner 
the difficulty is avoided. It is only shifted. For not all the parts of a thought 
may be complete. Rather, at least one part must be unsaturated or predica- 
tive — otherwise they would not stick together. For example, the sense of 
the phrase ‘the number two’ does not join with that of the expression ‘the 
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concept prime number’ without an adhesive [Bindemittel]. We supply just 
such an adhesive in the sentence ‘The number two falls under the con- 
cept prime number’. It is contained in the words ‘falls under’ that requires 
completion in two ways. Not until it is filled out in this two-fold way do 
we have a complete sense, do we have a thought. I say that such words or 
phrases stand for a relation. Now we have with relations the same diffi- 
culty that we wish to avoid for concepts. For with the words ‘the relation 
of an object’s falling under a concept’ we do not designate a relation but 
an object. The three phrases ‘the number two’, ‘the concept prime num- 
ber’, and ‘the relation of an object’s falling under a concept’ are to each 
other as mutually antipathetic [verhalten sich ebenso spréde zueinander| 
as the first two by themselves. However we assemble them, we do not get 
a sentence. Thus, we easily recognize that the difficulty that lodges in the 
unsaturatedness of a part of a thought can be shifted, but not avoided. Of 
course, ‘complete’ and ‘unsaturated’ are only metaphorical expressions, but 
in any case here I intend to and can only give hints.* 


There is a natural, but mistaken, interpretation of Frege’s point, as 
Cora Diamond has argued.* In this passage and in the 28 July letter 
to Russell, Frege observes that two proper names cannot be sens- 
ibly put together. The same goes for two predicates. The analysis 
of sentences into complete and incomplete parts corresponds to an 
analysis of the thoughts they express into complete and incomplete 
parts; and this analysis in turn corresponds ‘to something in the 
domain of meanings’, as Frege says in the letter. The natural inter- 
pretation finds an explanation at the level of reference for the cited 
linguistic phenomenon. The combinatorial valencies of words — 
the fact that some series of the signs constitute the expression of a 
thought, whereas other series of signs are nonsensical — is explained 
in terms of the combinatorial valencies of the senses of these words, 
and these valencies in turn are grounded in features of the items the 


st ‘On concept and object’, pp. 204-5. See also Frege to Russell, 27 July 1902, WB, 
p. 224, ‘Foundations of geometry’ (1903), p. 372, and ‘On Schoenflies’, NS, p. 192 
(177). 

82 My critique of the natural reading of the passage is based on and echoes 
Diamond's critique of the natural view of nonsense, which she develops with ref- 
erence to Frege’s concept—object distinction. She presents her critique in essays 
2-4 of her collection The Realistic Spirit: Wittgenstein, Philosophy and the Mind 
(Cambridge, Mass.: MIT Press, 1991). Iam especially indebted to essay 4, ‘What 
does a concept-script do?’ I am also indebted to Warren Goldfarb’s discussion of 
Diamond’s view in §2 of ‘Metaphysics and nonsense: On Cora Diamond’s The 
Realistic Spirit’, Journal of Philosophical Research, 22 (1997), pp. §7-73- 
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words, in virtue of their sense, signify. Objects are saturated: they 
do not ‘stick together’.83 Because objects are saturated, they can 
be signified only by complete expressions that express complete 
senses. As the senses of two object-designating names do not fit 
together to form a thought, so the words expressing these senses do 
not fit together to form a sentence. Although ‘two’ and ‘three’ are 
meaningful proper names, ‘two three’ is nonsense. Because features 
of the items signified by names fix the combinatorial possibilities 
of those names into sentences, these features cannot themselves be 
described.*4 

The natural interpretation begins with the linguistic phenom- 
enon that some series of words are thought-expressing sentences, 
and the others fail to express a thought. It seeks to explain this lin- 
guistic phenomenon by invoking the content (sense and reference} 
of names. From the perspective of Frege’s Context Principle, this 
attempt at explanation is thoroughly wrong-headed. Consider the 
following two series of words: 


(A) Three four 


83 See ‘Foundations of geometry’ (1903), p. 372. 

84 The natural interpretation thus sets Frege up for the charge of self-thwarting 
incoherence. Peter Geach seeks to avoid this charge, arguing that Frege’s distinc- 
tion between concept and object is a precedent for Wittgenstein’s Tractatus dis- 
tinction between saying and showing. As Geach views the matter, the sentence 
‘No object is a concept’ is a flawed attempt to say an ineffable truth about logical 
categories that can only be shown. See Peter Geach, ‘Saying and showing in Frege 
and Wittgenstein’, Acta Philosophica Fennica, 28 (1976), pp. 54-70. I think that 
Geach is correct in finding a convergence here between Frege and Wittgenstein. 
However, following Diamond, I differ with his interpretation both of Frege on 
concepts and objects and of Wittgenstein on saying and showing. As regards 
Frege, Frege’s conception of a thought as that concerning which the question of 
truth arises together with Frege’s universalist conception of logic rules out any 
resort to ineffable truths about logical category-distinctions. 

James Conant, in elaborating Diamond’s interpretation of the Tractatus, sug- 
gests that Frege’s view of the concept—object distinction wavers between the one 
Diamond and I attribute to him on the basis of the Context Principle and the one 
Geach attributes to him. See James Conant, ‘Elucidation and nonsense in Frege 
and early Wittgenstein’, in A. Crary and R. Read (eds), The New Wittgenstein 
(London: Routledge, 2000), pp. 174-217, especially, p. 177. (Note, however, that 
in fn. 12 Conant refrains from endorsing his suggestion as Frege interpretation.) 
Passages in Frege like the one from the end of ‘On concept and object’ can all too 
easily be taken to confirm Conant’s suggestion of a tension in Frege here. Below 
I present a reading of Frege’s talk in these passages of items not fitting together 
that reconciles such rhetoric with Diamond’s and my interpretation of the con- 
cept-object distinction. 
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and 
(B) Three is a square number. 


Frege begins with thoughts and sentences like (B) that express 
them. A grasp of generality, of the inference from generalization to 
instance, leads to the recognition in thought-expressing sentences 
like (B) of proper names and thence predicates. The recognition of an 
expression as a proper name thus depends on a prior discrimination 
of those series of marks or sounds that express thoughts from those 
that do not. Given the priority of thoughts and sentences to their 
logically segmented parts, there can be for Frege no explanation of 
why (A) fails to express a thought, or why (B) does, that invokes the 
notion of a name. 

As regards (A}, we recognize it to be a juxtaposition of the words 
T-H-R-E-E and F-O-U-R that occur as proper names in sentences 
like (B). We could make (A) into a sentence containing the proper 
name ‘three’. We could do this by giving ‘€ four’ a predicative use, 
say by stipulating 


Something four if and only if it is a positive integer that is 
equal to the sum of its factors smaller than itself. 


Then ‘Six four’ would express a truth, and (A) a falsehood. (A) would 
not, however, contain the proper name ‘four’. Similarly, we could give 
‘three &’ a predicative use so that (A) would be a sentence containing 
the proper name ‘four’. Finally, we might stipulate that ‘E ¢’ — spAcE 
preceded and followed by proper name argument-places — is to be 
an expression for a dyadic relation, say the relation of identity. But 
as things now stand, (A) is not a sentence: it neither contains the 
proper name ‘three’, as the sentence (B) does, nor does it contain the 
proper name ‘four’. 

The point of Frege’s remark about the failure of proper names to 
stick together into sentences is then straightforward. For a proper 
name to occur in a sentence is for that sentence to be the comple- 
tion of a predicate by that proper name. Any sentence analysable as 
containing a proper name must then contain a predicate as well. 
Similarly, any sentence analysed as containing two proper names 
is thereby analysed as the completion of a dyadic predicate by those 
proper names. There is then no sentence that contains just two 
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proper names and no incomplete expression. Frege conceives of sen- 
tences and thoughts as structurally parallel. In particular, the ana- 
lysis of the expression of a thought into complete and incomplete 
parts is an analysis of the thought expressed into corresponding 
complete and incomplete parts.*’ This last point about the analys- 
ability of sentences thus equally applies to thoughts.*° 

The argument in the penultimate paragraph of ‘On concept and 
object’ is an application of this point about the analysability of sen- 
tences and thoughts. Frege allows that we can replace 


(A) 2 is a prime number 
with 
(B) 2 falls under the concept prime number. 


(B) is a relational sentence, analysable as the completion of ‘€ falls 
under ¢’ by the proper names ‘2’ and ‘the concept prime number’. 
The dyadic predicate ‘é falls under ¢ thus appears in the sentence as 
the designation of a relation. The same awkwardness that surrounds 
Frege’s talk about concepts, about what monadic predicates signify, 
reappears in his talk about relations, about what dyadic predicates 
signify. The linguistic awkwardness has not been avoided, but at 
best only shifted. 

We can now appreciate why Frege repeatedly terms his explana- 
tions of the concept—object distinction hints.’’ In connection with 
his debate with Hilbert over Hilbert’s consistency proofs for geom- 
etry, Frege distinguishes elucidations (Erlduterung) from genuine 


85 See above, pp. 164-5. 

86 T have explained Frege’s remarks about the complete parts of a sentence and the 
thought it expresses not sticking together. In ‘Foundations of geometry’ (1903}, p. 
372, Frege talks of objects themselves in these terms. (Perhaps this rhetoric is a 
survival from his pre-1891 conception of judgeable contents.) In this paper, Frege 
presents his application of the terms ‘saturated’ and ‘unsaturated’ to objects and 
concepts as metaphorical (bildlich). I suggest that his talk of objects not sticking 
together is a part of the metaphor. It points toward the differences in logical type 
built into to Frege’s conception of quantificational generality. For further discus- 
sion of this point, see the opening three pages of §3. 

87 In the discussion of elucidation in the following three paragraphs I am indebted 
to Joan Weiner, Frege in Perspective (Ithaca, N.Y.: Cornell University Press, 1990), 
especially ch. 6, pp. 249-56. 
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definitions.** Elucidations are the remarks investigators make in 
the effort to bring an audience to a shared understanding of the 
basic vocabulary that figures in the statement of the basic results of 
a branch of science. Frequently, there is no word in colloquial lan- 
guage that unequivocally and uniformly expresses the exact sense 
an investigator wishes to attach to a term. An investigator has to 
talk around the matter, relying on goodwill and good sense to lead 
her audience to glom on to the intended sense.*? Then, once the 
basic, primitive vocabulary of a science is in place, new words may 
be introduced by definition as abbreviations for complex expres- 
sions constructed from the basic vocabulary.°° 

Frege faces a daunting elucidatory task in explaining the funda- 
mental vocabulary of the science of logic.*' Here it is not only a 
matter of conveying unfamiliar notions — the material conditional, 
value-ranges and even identity — that receive no unambiguous, 
uniform and salient expression in everyday language. Frege has to 
explain the use of a language with a different grammar from col- 
loquial language to express thoughts. This is first of all a matter 
of explaining how familiar generalizations, first-level generaliza- 
tions over objects, are expressed by Frege’s quantifier-variable nota- 
tion. In addition, he has to get his audience to understand as well 
the expression of higher-level generalizations whose expression in 
everyday language is frequently awkward, if available at all. Frege 
is thus led to use ‘object’ and ‘concept’ as contrasting predicates to 
point to the difference between the argument positions determined 
by proper names and predicates, to point to the difference in the 
use of variables in those positions to express generalizations, while 


88 See Frege to Hilbert, 27 December 1999, WB, p. 63; ‘On the foundations of geom- 
etry’ (1906), p. 301; ‘Logik in die Mathematik’, NS, p. 224 (207). 

See ‘On the foundations of geometry’ (1903}, p. 30T. 

°° In addition to inference rules, Frege equips his Begriffsschrift with rules for 
introducing new names by definition. 

Apart from ‘On concept and object’, p. 193, Frege does not apply the word ‘eluci- 
dation’ (Erlduterung) to his explanations of the concept—object distinction, pre- 
ferring to call these explanations ‘hints’. While a grasp of the concept—object 
distinction is necessary for understanding Begriffsschrift, neither ‘object’ nor 
‘concept’ is a primitive Begriffsschrift name: this distinction is not one captur- 
able by contrasting predicates. Perhaps this is why Frege speaks in this context of 
hints. Iam indebted here to Géran Sundholm and Michael Kremer. 
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denying that this difference is like the distinctions marked by other 
pairs of contrasting predicates.° 

Although Frege’s elucidations of the concept-—object distinction 
thus sound confused, their self-stultifying character points his 
audience in the right direction. In Begriffsschrift, the difference 
between concepts and objects is expressed by the use of different 
types of variables, and so cannot be expressed by contrasting predi- 
cates. For the audience that has mastered Begriffsschrift, the con- 
fusion latent in Frege’s elucidations becomes manifest when they 
attempt to paraphrase these remarks into Begriffsschrift. They find 
here no thought towards which ‘No object is a concept’ aims. There 
is only the trivial generalization that comes to little more than the 
tautology that no object is a non-object. Recognizing this, the mas- 
ter of Begriffsschrift is free to discard the contrasting use in Frege’s 
elucidations of the predicates ‘object’ and ‘concept’, of ‘saturated’ 
and ‘unsaturated’, as so much hand-waving. There is no residue 
that goes unexpressed in Begriffsschrift. So it is in hopeful antici- 
pation of his reader’s mastery of Begriffsschrift that Frege requests 
a pinch of salt. 

Frege’s argument at the end of ‘On concept and object’ assumes 
his view of generality and logical segmentation. It may then appear 
to beg the question against Kerry, for Kerry’s objection can be read 
as questioning this view. Kerry maintains that what a predicate 
designates may be designated as well by a proper name. If every- 
thing is designatable by proper names, then we can use variables 
in proper-name positions to generalize simultaneously over every- 
thing, Frege’s objects, concepts, relations and higher-level concepts 
alike. Variables in other grammatical positions will then presum- 
ably have a restricted domain in comparison to the unrestricted 
variables in proper-name positions. Nominalization of predicates 
along the lines discussed at the beginning of this section opens 
the way to replacement of such a restricted predicate variable by 
an unrestricted proper-name variable. The tables are turned as 
regards Frege’s argument at the end of ‘On concept and object’. The 


2 Peter Geach, in ‘Saying and showing in Frege and Wittgenstein’, emphasizes the 
role of Frege’s contrastive use of ‘object’ and ‘concept’ to inculcate in his audience 
an understanding of Begriffsschrift. See pp. 55 and 58. 
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relation designated by the dyadic predicate ‘falls under’ is one more 
object, designated as well by the proper name ‘the relation of an 
object’s falling under a concept’. This is essentially the approach 
to segmentation and generality Russell adopts in Principles of 
Mathematics. 

This formulation of the Kerry objection places great weight on 
the notion of designation (bezeichnen) or meaning (bedeuten). The 
identity Kerry maintains between concepts and some objects can- 
not be asserted by using a proper name and a predicate as terms of 
an equation. We have to go metalinguistic here and resort to seman- 
tic ascent: 


The predicate ‘E is a horse’ designates the concept horse 
or 


The proper name ‘the concept horse’ and the predicate ‘E is 
a horse’ both designate the same thing. 


In Frege’s eyes, semantic ascent provides no way around the lin- 
guistic predicament. Although Frege himself speaks of predicates’ 
designating concepts, he recognizes that this talk is problematic. In 
the sentence 


‘Socrates’ designates Socrates 


we find a dyadic first-level predicate, ‘€ designates ¢’. We can then 
form the predicate 


& designates something 
i.e. 
(da)(E designates a). 


No completion of this blank by the name of a predicate will yield a 
truth. In his 28 July letter to Russell, Frege accordingly advises, ‘We 


93 See especially Principles of Mathematics, ch. 4. As mentioned above, Russell 
urges the Kerry paradox as an objection to Frege’s concept—object distinction. 
However, the unrestricted nominalization of predicates leads to Russell’s para- 
dox. In order to avoid the paradox, Russell tentatively advances the simple theory 
of types in appendix I of Principles. 
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cannot really say of a concept-name that it designates something, 
although we can say that it is not meaningless.’4 

To appreciate the force of this point against Kerry, we need to 
consider more closely Frege’s conception of designation. I urged in 
§1 that Frege’s conception of designation is rooted in the contrast 
between the use of a sign in a sentence as a proper name and the use 
of a sign in that position as a variable. The variable generalizes over 
a multiplicity of determinate objects, one of which is designated by 
each of the ideally unambiguous proper names that may replace it 
to form instances of the generalization. We identify objects by the 
use of equations whose terms are proper names. So, for example, we 
can identify the object designated by the proper name ‘2’ by use of 
an equation of the form: 


The object designated by ‘2’ =__. 


In this way, the identification of the object designated by a proper 
name requires the use of a proper name in an equation. Furthermore, 
we will always be able to identify the object designated by a proper 
name by the use of that proper name: 


The object designated by ‘2’=2. 


Finally, once ‘2’ has been recognized in sentences as a designating 
proper name, we can inquire after the identity of the object des- 
ignated by the name ‘2’ by inquiring after the truth of thoughts 
expressed by equations of the form 


2= 


Talk of designation drops away. 

I have been talking about proper names and designation. What 
about predicates? In speaking of predicates as designating concepts, 
Frege brings out the parallels in the use of variables in both proper 
name positions and predicate positions to confer generality of con- 
tent on sentences. However, as we have seen, these elucidations 
land Frege in the linguistic predicament. Nevertheless, there is an 


% Frege to Russell, 29 June 1902, WB, p. 219. On this suggestion, ‘meaningless’ can- 
not then be defined using the dyadic predicate ‘E means (@’. See also ‘Ausfiihrungen 
tiber Sinn und Bedeutung’, NS, p. 133 (122). 
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innocent enough notion of designation applicable to predicates that 
avoids the predicament. 

To understand the application to predicates of the analogue to the 
notion of designation for proper names, consider what corresponds 
to the relation of identity as regards the multiplicity generalized 
over by predicate variables, namely coextensiveness. As equations 
identify objects, the concept prime number is, so to speak, identi- 
fied by the generalized biconditional: 


Something is a prime number just in case it is a positive 
integer > 1 which is divisible without remainder only by 1 
and itself. 


Frege observes that there is in colloquial language a predicative use 
of ‘what the predicate ____ means’, as in 


Jesus is what the predicate ‘human’ means.°s 


The proper colloquial analogue then for the predicate ‘human’ to 


Uni 


‘The reference of “2” =2’ is: 


Something is what the predicate ‘human’ designates just in 
case it is human. 


As with proper names, we have to use a predicate to identify the 
reference of a predicate, so to speak, and can use that very predicate 
to do so. 

Furthermore, nothing formally blocks the expression in 
Begriffsschrift of this use of ‘designates’ in connection with predi- 
cates. To specify reference for first-level monadic predicates, we 
might introduce a dyadic mixed-level predicate whose first argu- 
ment position is for proper names and whose second argument pos- 
ition is for monadic first-level predicates: 


& DESIGNATES, (¢p(a)). 
So we have sentences like 


‘E is a prime number’ DESIGNATES, (a is a prime number), 


9 Ibid., p. 133 (122). I am indebted in this paragraph and the next to Michael 
Dummett’s discussion of this passage in Frege: Philosophy of Language, 


pp. 212-19. 
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a sentence that might be taken to give accurate expression to the 
thought aimed at with the sentence 


‘€ is a prime number’ designates the concept prime 
number. 


However, we will not be able to use this higher-level predicate in 
combination with the first-level ‘E means ( to formulate accurately 
Kerry’s identification of the reference of a predicate with the refer- 
ence of a proper name. Here we encounter again the same obsta- 
cles that block the use of ‘E is an object’ and ‘Cpt,(a)’ to formulate 
accurately ‘No object is a concept’. 

We can now appreciate why Frege would remain unmoved by 
the latest version of the Kerry objection. Frege’s Context Principle 
makes the notion of a name, the occurrence of a name in judgement- 
expressing sentences, prior to talk about designation, about what 
those names designate. The central, underlying purpose of Frege’s 
talk of designation is to make salient within everyday language the 
segmentation of sentences into proper names and predicates. In this 
way, I have argued, Frege both exposes the notational pattern for 
Begriffsschrift and instructs his audience in the use of variables cor- 
responding to different types of names to express generality.°* In 


°6 | believe that talk of designation is purely elucidatory for Frege. It belongs to the 
preliminaries that establish a notation for the full, unambiguous and perspicuous 
expression of scientific knowledge. Once this notation is in place, talk of desig- 
nation is not required for the communication of any proper scientific knowledge, 
since ‘identifications’ of particular objects and concepts can be expressed with- 
out semantic ascent Some will think that, in relegating talk of designation to the 
elucidatory propaedeutic for the communication of proper scientific knowledge, I 
neglect the need for a notion of designation within science to state a theory that 
describes how sentences are determined to be true or false by the designata of the 
names into which they are analysed. Michael Dummett and commentators who 
follow him see such a semantic theory to underlie Frege’s codification of logic. 
For a discussion of some of the issues here, see Richard Heck, chapter 9, this 
volume. 

My concern here has been with the connection between Frege’s talk of desig- 
nation and the concept-—object distinction. I have not then argued for my strong 
claim about designation. In particular, the type theory which Frege’s concept— 
object distinction imposes on any theory does not by itself exclude semantic 
ascent. In my view, semantic theorizing of the sort Dummett, Heck and others 
find in Frege is irrelevant to logic, as Frege understands it on his universalist 
approach. My portrayal of Frege’s elucidations of the concept—object distinction 
in the context of his view of the role of the Begriffsschrift shows how many of 
Frege’s remarks about designation do not have to be understood as a proto-seman- 
tic theory. I do think that Frege’s view of truth excludes a notion of designation 
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this setting, we have no purchase on the notion of designation apart 
from the use of a proper name or predicate to ‘identify’ (in the appro- 
priate fashion) what a given proper name or predicate designates. 
In contrast, the Kerry objection, by permitting the use of a proper 
name to specify the designation of a predicate, makes the notion of 
designation independent of the logical syntactic categories of proper 
name and predicate. 

After the opening exposition of the concept—object distinction in 
‘On concept and object’, Frege says: 


Of course, Kerry thinks that logical determinations cannot be based on 
linguistic distinctions. However, no one who makes such determinations 
can avoid basing them on linguistic distinctions in the way that I do. For 
without language we cannot come to an understanding, and so are, in the 
end, thrown back on the confidence that others understand words, forms, 
and sentence-construction essentially as we do. As I have already said, Ido 
not intend to give definitions, but only to give hints by appealing to the 
general feeling for the German language.” 


Communication of any determinations relies on a shared under- 
standing of the language used to this end. This dependence is espe- 
cially weighty in logical investigations, as Frege conceives of and 
conducts them. Frege assumes that his audience can, as he puts it, 
recognize the same thought in various linguistic guises.°* In par- 
ticular, Frege assumes his audience’s tacit grasp of the various ways 
quantificational generality is expressed in everyday language, to the 
extent that it is there expressible. By assembling hints that high- 
light occurrences of proper names in sentences, Frege aims to bring 
his audience to an explicit awareness of the inference from gener- 
alization to instance. From his perspective, Kerry’s objection rests 
on a failure first to distinguish this distinctive inference-mode, 
and second to appreciate how the difference it exposes between the 
complete and incomplete parts of sentences and the thoughts they 
express evinces the striation of quantificational generality into lev- 
els. For Frege, the debate stops here. The striation of quantificational 


from within science. See my ‘Logic and truth in Frege’, Proceedings of the 
Aristotelian Society, supplementary volume 70 (1996), pp. 121-40. 

»7 ‘On concept and object’, p. 195. 

°° Thus, in a section of the 1897 manuscript ‘Logik’ entitled ‘Separation of a thought 
from its wrapping’, Frege commends the value of foreign-language study for aspir- 
ing logicians. NS, p. 154 (142). 
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generality into levels, thus conceived, is the ‘logically fundamental 
fact’ of which Frege speaks in his letter to Russell.» 


7 


Frege’s Context Principle is the second of three fundamental prin- 
ciples that guide his logico-mathematical investigation of the 
concept of number in Grundlagen. It remains to examine how the 
Context Principle shapes Frege’s analysis of the concept of number 
and his attempt to reduce arithmetic to logic via the introduction 
of extensions for concepts.’ I shall maintain that the quantifi- 
cational conception of generality encapsulated by the Context 
Principle gives shape and substance to Frege’s task of analysing 
the concept of number. It constrains what will count as an ana- 
lysis; it leads Frege to logical resources for his attempted analysis, 
finally, it prompts the introduction of extensions, for only in this 
way can Frege bring those logical resources to bear on the analytic 
task at hand.*™ 

The foundations for arithmetic Frege aspires to lay involve proofs 
of fundamental laws for systems of numbers from non-arithmeti- 
cal premises, proofs that are based on analyses, definitions, of the 
basic vocabulary of arithmetic in non-arithmetical terms. By inte- 
grating arithmetic into the body of science as a deductive develop- 
ment of a more abstract body of knowledge, these proofs will clarify 
the subject matter of arithmetic, the character of our knowledge 
of it, and its regulative status as a common presupposition of the 
various sciences. Frege points to the rigorization of the calculus as 
a kind of model for his inquiry. There, however, the arithmetic of 
the real numbers provides resources for analysis. When we come 


99 See the references in footnote 61. 

too More generally, via the introduction of value-ranges for functions. 

tot Michael Dummett sees the Context Principle as having these roles as well. See 
his paper ‘The Context Principle: Centre of Frege’s philosophy’, in Max Ingolf 
and Werner Stelzner (eds.}), Logik und Mathematik: Frege-Kolloquium, Jena 1993 
(Berlin: De Gruyter, 1995). In addition, however, Dummett thinks the Context 
Principle serves another, more elusive purpose, namely to answer the Kantian 
question, ‘How are numbers given to us?’ I shall maintain that in the setting 
of Frege’s views on judgement and logic, the Context Principle transforms 
the Kantian question precisely by fulfilling the roles that both Dummett and 
I acknowledge. 
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to the positive integers, we appear to have reached conceptual bed- 
rock: here we find no ready-to-hand resources for proof-generating 
analysis and no unclarity to be removed. Frege emphasizes this 
point in the introduction to Grundlagen: 


So free from all difficulty is the concept of positive whole number held to 
be that an account of it fit for children can be both scientific and exhaust- 
ive; and that every school boy, without further reflection or acquaintance 
with what others have thought knows all there is to know about it ... The 
truth is quite the other way: the concept of number, as we shall be forced 
to recognize, has a finer structure than most of the concepts of the other 
sciences, even though it is still one of the simplest in arithmetic.?” 


To begin, if we focus on arithmetical equations and inequal- 
ities — for example, ‘15 +8 =23’ — we find no fine structure for the 
concept of number. Indeed, we will likely succumb to a crude for- 
malism which Frege rejects on the grounds that it severs the logical 
relevance of pure arithmetical equations to statements of number, 
statements answering answer the question, ‘How many F are there?’ 
Instead, in chapter 2 of Grundlagen, Frege focuses on statements of 
number themselves in order, as he puts it, ‘to assign to number its 
place among our concepts’.'°3 He argues first against the naive view 
according to which, in statements of number, a number is predicated 
of a heap or collection of things. Perhaps the most telling objection 
is that the naive view is committed to affirming and denying the 
same number of the same heap of footwear in my closet (8, not 4, 
shoes; 4, not 8, pairs of shoes). After rejecting the naive view, Frege 
goes on to dismiss the view that these statements predicate num- 
bers of ideas of collections of things. 

With our hindsight, we know the direction in which Frege is 
moving: statements of numbers are not about groups of things; nor 
are they about ideas of groups; rather, they are about objective con- 
cepts. This way of thinking of matters is, I believe, misleading, for it 
places Frege’s view of statement of numbers on a level with the ones 
rejected in chapter 2. In chapter 2, in suggesting that statements of 
number predicate number of something, and asking ‘What are the 
subjects of this predication?’, Frege follows the surface grammar of 
these statements with their seemingly adjectival use of numerals 


102 GI, pp. iii and iv. 
103 [bid., §21, p. 27. 
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and does not question traditional subject-predicate analysis. The 
entire polemic is supported by the first guiding principle that bids 
us separate the psychological-subjective from the logical-objective. 
In chapter 3, the weight of the polemic shifts to the second two 
guiding principles, to Frege’s distinctive view of logical segmenta- 
tion. Let’s consider this crucial transition in Frege’s exposition of 
his views. 

Despite the rejection of the naive view of number in chapter 
2, Frege devotes the bulk of chapter 3 to consideration of Euclid’s 
maxim, ‘A number is a collection of units’. In Stanley Jevons’s 
work, Frege encounters a development of Euclid’s view. A person 
distinguishes the items in a group. Ignoring the distinguishing fea- 
tures of these items, she use repetitions of a mark, say a stroke ‘|’, to 
represent each. So the telephone, the printer, and the pack of printer 
paper on the right-hand corner of my desk might be represented by 
‘| | |. I can then introduce the sign ‘3’ as an abbreviation for ‘| | |’: 
or, using a mark, ‘+’, to replace sheer concatenation, ‘3’ abbreviates 
‘|+|+|/, and ‘3+2’ stands as an abbreviation for: ‘|+|+|+|+|’. In this 
way, a number is a sum of units, a sum of ones. 

Frege’s critique focuses on the notion of representation operative 
here. Jevons’s account slides from the 1-1 correlation of the items 
to be counted with an array of strokes to the identification of the 
strokes with occurrences of the numeral ‘1’. Frege exploits this slide 
to embarrass Jevons’s account. His polemics turn on the following 
point. The manipulations of arithmetic terms in equations turn on 
treating various occurrences of numerals, including the numeral ‘1’, 
as signifying the same thing. Jevons’s account, in positing whole- 
sale equivocation here, renders these manipulations of terms logic- 
ally unintelligible, but cloaks this equivocation by sliding from talk 
of units to talk of (the number) One.’ 

It is here that the basis for Frege’s polemic shifts to the sec- 
ond two fundamental principles. Jevons’s view takes the strokes 
used in an underlying notation of numerals to symbolize or des- 
ignate the distinct units of arbitrary collections. Accordingly, the 
way in which in the stroke notation a stroke is used to signify a 
unit of a collection is distinct from the sense in which a personal 
proper name or a demonstrative phrase is used to signify a person. 


to4 See Gl, §38, p. 48ff. 
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Furthermore, Jevons’s notion of signification, based on a correlation 
of marks with the units to be counted, is signification both outside 
of and allegedly prior to the use of numerals in statements of num- 
ber. Frege’s polemic against Jevons in effect observes that Jevons’s 
notion of signification cannot be captured in terms of the notion 
of meaning that the Context Principle makes available, a notion 
of meaning based exclusively on the logical segmentation of state- 
ments. We cannot understand the strokes to be unambiguous proper 
names of distinct items; if we take them to be ambiguous names 
we lose our purchase on the manipulation of numerical terms in 
equations. Finally, Frege observes that the word ‘unit’ is a predicate, 
while the numeral ‘1’ is a proper name. The slide from talk of a col- 
lection of units to talk of a sum of one’s then represents a failure to 
attend to the difference between concept and object. 

At the beginning of §46, Frege returns to statements of number, 
now explicitly invoking the Context Principle: 


To throw light on the matter, it will be good to consider number in the 
context of a judgement where its basic application comes to the fore. 


Frege does not, however, at this stage focus on the role of the numer- 
ical terms that occur in statements of number. He focuses on the 
content of these statements taken as wholes, returning to his earlier 
suggestion that statements of number predicate number of some- 
thing. The context for the suggestion now, however, is the quantifi- 
cational view of logical segmentation encapsulated in the Context 
Principle. Frege’s rhetoric over the next nine sections is designed to 
reshape his audience’s logical gestalt to initiate them into this view- 
point without instructing them in Begriffsschrift. In these sections, 
above all in §46 and §51, Frege explains the distinction between 
proper names and predicates, between objects and concepts, along 
the lines considered in my §§1 and 2 above. In §53 Frege notes that 
existence-statements are examples of statements that say some- 
thing about a concept. They give Frege a model for the segmentation 
of statements of number. Just as the existence-statement ‘There are 
martian moons’ says that there is at least one object falling under 
the concept martian moon, so the statement of number ‘There are 
(exactly) two martian moons’ says that there are two and only two 
objects falling under the concept martian moon. In this way state- 
ments of number predicate something of concepts. 


Concepts, objects and the Context Principle 203 


The comparison of statements of number with existence-state- 
ments does more than reveal the logical segmentation of the former. 
It makes the first, decisive step in uncovering logical resources for 
the analysis of number. Frege observes that statements of number 
that assign to a concept the number o, statements like ‘There are 
o venusian moons’ or equivalently ‘There are no venusian moons’, 
simply deny what the corresponding existence-statement, ‘There 
are venusian moons’, asserts. Once we look at matters in this way, 
it is clear that the content of the second-level predication in any 
statement of number can be reproduced in logical terms by exploit- 
ing embedded quantifiers over objects and the identity sign. For 
example, ‘There is one F’ goes over into 


(Ax)[Fx & (Vy|[Fy > x=y)]. 
‘There are two F’ is paraphrased by: 
(Ax)(Ay)[Fx & Fy & ~(x=y) & (Ve)[F2 > [z=x v z=y)]] 


In the logical elements used to reproduce the content of the predi- 
cates in statements of number, we encounter resources for the ana- 
lysis of the concept of number. 

How are the logical resources for the analysis of number Frege 
has uncovered to be applied? Frege’s views on logical segmenta- 
tion shape his view of analysis. For Frege, analysis is definition, 
and definitions present notational equivalences by setting forth a 
simple expression as equivalent to a compound expression. Thus 
we can always adopt the pretence that a definition introduces the 
definiendum into the language for the first time as an abbreviation 
for the definiens.'°> Definitional equivalences must respect logical 
types, so that ‘expression’ in this context means ‘Fregean name’ — 
proper name, first-level predicate of one argument-place, first-level 
predicate of two argument-places, higher-level predicate. Frege’s 
rhetoric in the opening sections of chapter 4 of Grundlagen is to 


tos As Joan Weiner has argued, this view of definitions is a stable, deeply entrenched 
element in Frege’s thought. It fits the very brief discussion of definitions in Bs, 
§24, as well as the definitional practice of that monograph. I do not think that 
Frege ever entertains the possibility of ‘contextual’ definitions of expressions 
that are not names, not logically segmented units, as Russell does with his con- 
textual definitions of incomplete symbols like definite descriptions and class 
abstracts. 
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initiate his audience into this viewpoint as regards the definitions 
that constitute the analysis of number. That will involve establish- 
ing the basic logical segmentation of pure and applied arithmetic 
discourse and then bringing the logical resources Frege’s investiga- 
tion has uncovered to bear on that discourse. 

Frege’s regimen for quantificational paraphrases of statements of 
number is in effect a routine for defining a series of second-level 
predicates: ‘the number o belongs to (the concept) F’, ‘the number 
1 belongs to F’, ‘the number 2 belongs to F’, etc. These definitions 
treat each second-level numerical predicate as an unstructured 
whole. We have then no definitions for the apparent proper names 
‘the number 1’, ‘the number 2’ — only definitions for predicates that 
contains these phrases as logically unsegmented parts. This means 
that these definitions for these second-level predicates give us no 
general conception of number. 

Frege had observed in chapter 3 that numerals appear as proper 
names in the statements of pure arithmetic. Indeed, as he puts it in 
§57, ‘The form of equations is the predominant form in arithmetic.’ 
Furthermore, Frege notes that statements of number themselves 
can be paraphrased as equations: ‘There are two martian moons’ 
goes over into ‘The number of martian moons=2’. The logical con- 
nections between pure arithmetic and statements of number are 
then forged by the Leibniz inference. On this basis, Frege concludes 
that numbers are objects. Michael Dummett criticizes this argu- 
ment, suggesting that §56 may be ‘the weakest in the whole of 
Grundlagen’.’°* Dummett’s point is that Frege assumes that ‘2’ must 
be recognized as a proper name in both statements of number and 
statements of pure arithmetic in order to do justice to the content 
of these statements and to the logical connections between them. 
There is, however, another option available within Frege’s logical 
framework, a framework that admits higher-order quantification. 
We can identify individual numbers, so to speak, with second-level 
concepts, for example, the number 2 with that second-level concept 
that subsumes just those first-level concepts under which exactly 
two objects fall. In this way we can retain the analysis of state- 
ments of number presented by their quantificational paraphrases, 


06 Michael Dummett, Frege: Philosophy of Mathematics (London: Duckworth, 
1991), p. 105. 
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reconstruct the statements of pure arithmetic, and do justice to the 
logical links between pure arithmetic and statements of number. 

To understand better Frege’s argument in §§56-7, we need to con- 
sider more closely his conception of the application of logic in and 
to the sciences. In my general exposition of the Context Principle, I 
said that Frege takes the inference from generalization to instance 
as basic. This approach does not commit Frege to taking every 
apparent proper name in German and English — both languages 
with multifarious grammatical options for nominalization — to be 
a genuine proper name, every apparent identity statement to be a 
genuine one. Critical perspective here is, however, internal to logic 
and its application.'”” 

Frege is concerned with language as a means for the public expres- 
sion of knowledge, of systematic knowledge, of science. He states: 


It is a fundamental principle [Grundsatz| of science to minimize the 
number of axioms [Urgesetze]. The essence of explanation consists in the 
domination of a large, perhaps an unsurveyable, manifold by one or a few 
sentences.'°% 


Frege understands ‘domination’ in terms of his quantificational 
conception of generality: 


The value of a law for our knowledge rests on its containing as special 
cases many, indeed infinitely many, individual facts as particular cases. 
We profit from knowledge of a law by extracting from it an abundance of 
pieces of particular knowledge.’ 


Frege’s picture is this. Investigators gather knowledge of a domain, 
including knowledge of general laws. This knowledge is systematized 
by its axiomatic organization in the framework of Begriffsschrift 
together with Frege’s codification of logic. The regulative principle 
of axiomatization is economy: the basic proprietary laws of the sci- 
ence should be minimized so as to maximize explanation. To this 
end, the basic vocabulary of the science should be minimized via 
definitions. This ideal of system-revealing, explanation-creating 


07 In contrast, Russell appeals to an epistemic notion of acquaintance in apply- 
ing logic to the sciences. For further discussion of the deep differences between 
Frege and Russell here, see Peter Hylton, chapter 13, this volume. 

8 ‘Booles rechnende Logik’, NS, p. 40 (36). 

too ‘Logische Allgemeinheit’, NS, p. 278 (258). 
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economy extends from particular sciences to the whole of science. 
Across the sciences, investigators should seek to maximize explan- 
ation by means of definition. 

Frege takes it to be a part of our logical capacity defeasibly to 
recognize on the basis of our grasp of thoughts both generalizations 
and equations. Exercising this capacity, when we begin systematiza- 
tion of a science, we find in its linguistic expression at least a pro- 
visional segmentation into proper names and predicates. On Frege’s 
type-theoretic view of logical generality, recognition of higher-level 
names depends on recognition of lower-level ones. Higher-level 
primitive predicates proprietary to the science will be recognized 
only as required on the basis of the antecedent discovery of lower- 
level predicates.” In the interests of economy, we may eliminate as 
redundant stylistic variants those nominalizations (apparent proper 
names) whose use is not necessary to express the singular claims of 
the science in question, whose use does not add to the explanatory 
power of the evolving systematization. After stylistic redundancies 
have been pruned back, and we have a body of general laws domin- 
ating the particular facts of a science, we have only the surface to 
go on. If, after such logical reflection, an expression appears to be 
a proper name, then it is. This reflection is what Frege takes to be 
fundamental as regards the application of logic in the systematiza- 
tion of a body of knowledge. He has no perspective from which to 
gainsay its deliverances.*" 

In the case of elementary arithmetic, the deliverances of this 
logical reflection are unambiguous. The use of numerals as the 
terms of equations in pure arithmetic marks them as proper 
names. Applications of arithmetic afford no reason to question this 


v0 Of course, predicates that are unstructured with respect to an axiomatization of 
a branch of science may be defined when foundations for that science are given 
in terms of some more abstract science. This is what happens to the predicate 
‘number’ in Frege’s logicist foundations for elementary arithmetic. 

"1 Tn chapter 4 of Frege: Philosophy of Language, 2nd edn (London: Duckworth, 
1981), Michael Dummett considers how, among the expressions satisfying semi- 
formal criteria, spurious proper names might be distinguished from genuine 
proper names. The factors he mentions — presence of individuation standards for 
the putative objects, a suitably rich vocabulary of predicates for describing the 
putative objects, the eliminability of putative proper names without loss of con- 
tent — will all figure in the application of Begriffsschrift to arrive at a revealingly 
economical formalization of a branch of science in which the putative proper 
names figure. 
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appearance, once we appreciate that they can themselves be para- 
phrased by equations. This outlook is deeply embedded in Frege’s 
thought. Only long after the paradox, toward the end of his career, 
does he even tentatively question whether numbers are objects.‘? 

It is in this recognition of numerals to be proper names and num- 
bers to be objects that the Context Principle shapes Frege’s logicist 
project. The definition of ‘the number one’ must take the form of a 
definition of a proper name; the definition of ‘number’ will be the 
definition of a first-level predicate. 


8 


We still face the task of bringing the logical resources Frege has dis- 
covered to bear on an analysis of number within the constraints of 
the logical segmentation of pure and applied arithmetic. Foundations 
§§62-63 introduce Frege’s definitional strategy here. An invocation 
of the Context Principle opens §62: 


How is a number to be given to us, if we can have no mental representation 
[Vorstellung] or intuition [Anschauung] of it? Only in the context of a sen- 
tence do words mean something. It is then a matter of explaining the sense 
of sentences in which a number-word occurs. At first this makes things too 
arbitrary. But we have already determined that what number-words stand 
for are to be understood as self-subsistent objects, so that we are given one 
variety of sentence that must have a sense, namely sentences that express 
an identification [Wiedererkennen].'4 


Here, as elsewhere in Grundlagen, Frege’s formulation of the Con- 
text Principle is completely general, applying to all of language. He 
is not then specifying our cognitive access to numbers as opposed 
to either spatio-temporal actual (wirklich) bodies or geometrical 


™ See especially the ror9 ‘Aufzeichnungen fiir Ludwig Darmstaedter’, NS, p. 277 
(257). In the last year and a half of his life, Frege goes back and forth on the issue 
of whether numerals are genuine proper names. See the diary entry for 23 March 
1924, NS, p. 282 (261) and ‘Zahl’, NS, p. 284 (265). 

™ The series of definitions of second-level numerical concepts yielded by the 
quantificational analysis of statements of number are not then the core of the 
desired analysis of number. I suggest, however, that the logical derivability of 
the equivalence of the quantificational version of statements of number with 
the equational version Frege’s definitions gives Frege an adequacy test for his 
definitions. 

™4 GI, §62, p. 73. 
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forms. Rather, Frege is inquiring after constraints on definitions of 
number, an inquiry which is conceptual, not narrowly epistemic. 
The logical segmentation of pure and applied arithmetic shows 
numerals to be proper names, which accordingly appear as terms 
of equations. Definitions of numerals must then fix a sense for 
these numerical equations, and do so without use of arithmetical 
vocabulary. In fixing a sense for numerical equations, the defini- 
tions for numerals and for the concept number must build in stand- 
ards of identity, standards of individuation, for numbers. Standards 
of individuation for numbers will look especially problematic to 
a Kantian. Empirical objects, actual (wirklich) objects — dogs for 
examples — are individuated in terms of spatio-temporal continuity; 
their individuation presupposes geometry. No such individuation 
standards are relevant to numbers." What other individuation 
standards are there? 

The earlier treatment of statements of number showed that the 
numbers of arithmetic are the numbers that belong to concepts: to 
be a number is to be the number of a concept. We can then take 
proper names of the form ‘the number of F’ to provide the funda- 
mental designations of numbers; sentences that express identifica- 
tions of number will be equations whose terms are proper names 
of this form. Frege’s analytic problem is to reproduce the content of 
equations involving these proper names. He now calls attention to 
the standard of equality for numbers (allgemeines Kennzeichen fiir 
die Gleichheit von Zahlen) given by the Cantor-Hume principle: 


The number of F=the number of G just in case there are 
exactly as many F as G. 


Despite verbal appearance, the right-hand side of this standard does 
not invoke arithmetical notions, for it can be expressed as an exist- 
ential generalization over first-level relations: 


There is a relation that pairs 1-1 all F and all G. 


"5 This then is the point of Frege’s Kantian rhetoric here. In earlier sections of Gl 
Frege has argued that nothing in the conception of number present in pure and 
applied arithmetic motivates the identification of numbers with empirical or 
geometrical objects — motivates the identification of the number one with any 
objects that can be identified in empirical terms (Vorstellung) or geometrical 
terms (Anschauung). 
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Indeed, this existential generalization can be stated in what for Frege 
are logical terms. The Cantor-Hume principle then fixes in logical 
terms the content of equations whose terms are of the form ‘the 
number of_’. Furthermore, as the second-level relation as many as 
over concepts specified by the right-hand side of the Cantor-Hume 
principle is an equivalence relation, the sense the principle gives to 
these numerical equations will not run afoul of the laws of identity. 
Might we have here the core of the analysis of number? 

Frege argues that we do not. On the proposal under consideration, 
we would be using the right-hand side of the Cantor-Hume prin- 
ciple to stipulate what identity comes to as regards numbers. But 
the relation of identity is not restricted to numbers: the identity 
predicate, the notion of identity, is not proprietary to arithmetic. For 
Frege, it is a part of logic, and so figures in every science. We can- 
not then separately in logical terms stipulate a sense for numerical 
equations. As Frege puts the point, 


The relation of identity does not occur only with numbers. From this it 
appears to follow that it should not get a special explanation for this case. 
We should have thought that the concept of identity is already firmly in 
place and together with the concept of number must yield when numbers are 
identical to each other, without need of a special additional definition." 


The problem is that we do not yet have in logical terms a definition 
of number. Frege obscurely proposes 


to form the content of a judgement that can be conceived as an equation, 
each side of which is a number. We don’t want to explain identity just for 
this case. Rather, by means of the already familiar concept of identity, we 
want to obtain that which is to be considered as identical. Admittedly, this 
appears to be a very unusual sort of definition, one that logicians have not 
yet sufficiently considered.1”” 


He goes on in the next three sections to discuss of the parallel attempt 
to define ‘the direction of straight line a’ via the equivalence: 


"6 GI, §63, p. 74. 

"7 Ibid. As I read the entire passage, in the first quoted remark, Frege criticizes the 
proposal to use the Cantor-Hume principle to define numbers ‘contextually’. The 
second quoted passage points towards the definition by abstraction that invokes 
extensions. 
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The direction of line a=the direction of line b just in case line a is parallel 
to line b. 


Let’s switch to Frege’s simpler example. We might propose to take 
this equivalence to give an analysis of direction on the grounds that 
it stipulates a content for sentences of the form ‘the direction of 
line a=the direction of line b’. This content appears to be the con- 
tent of an equation, because, from it and the fact that the relation 
parallel is an equivalence relation over lines, we can establish such 
instances of the theory of identity for directions as: 


If (the direction of a=the direction of b), then if (the 
direction of b=the direction of c}, then (the direction of 
a=the direction of c} 


If (the direction of a=the direction of b), then (the direction 
of b=the direction of a). 


However, the reasoning that establishes these statements manipu- 
lates the ‘directions’-sentences as unstructured wholes on the basis 
of their stipulated equivalence to sentences about parallel lines. 
This is as it should be, for from the perspective of Frege’s view of 
logical segmentation our putative stipulation treats sentences of the 
form ‘the direction of line a=the direction of line b’ as unstruc- 
tured wholes. The content our stipulation gives to these directions- 
sentences has, on its face, nothing in common with the content of 
sentences like ‘The Morning Star is Venus,’ or ‘The number of mar- 
tian moons=2’. In this way, to use the rhetoric of §63, we would 
have explained identity only for directions, and that is to explain 
neither identity nor direction. 

Frege brings this point out in §66 by his second use of the Julius 
Caesar objection. The identity predicate, the first-level relation of 
identity, is a fixed logical point for Frege’s inquiry. To have defined 
‘the direction of line a’ so as to give content to genuine equations 
of the form 


The direction of line a=the direction of line b 
is to recognize 
the direction of line a=& 


as a genuine concept-designating predicate, which in turn must 
yield a true or false sentence when its argument position is filled by 
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any designating proper name, ‘Julius Caesar’ for example. Our def- 
inition, however, gives no content to this predicate. I noted that on 
Frege’s view of logical segmentation definitions must respect logical 
categories by in effect introducing ‘new’ names as abbreviations for 
compound names. The definiendum is then a logically unstruc- 
tured unit. At best, the proposed definition of direction defines only 
a simple, unstructured two-place predicate, ‘the direction of =the 
direction of ¢’, and so does not yield an analysis of the concept direc- 
tion. Frege’s Julius Caesar objection is thus intended only to estab- 
lish that the Cantor-Hume principle does not give us a definition of 
number, does not give us a definition of genuine equations whose 
terms are numerals." 

Frege’s strategy for defining direction (and number) is to form a 
judgement that can be conceived as an equation whose terms are 
‘direction of’ names — that is, to find a statement that, by reprodu- 
cing in other terms the content of ‘the direction of a=the direction 
of b’, sets forth a standard of equality, of individuation, for direc- 
tions. Then, ‘using the already familiar relation of identity, we want 
to obtain that which is to be regarded as identical’. We have the 
geometrical equivalence: 


The direction of line a=the direction of line b just in case 
line a is parallel to line b. 


"8 This explains why Frege does not raise the Julius Caesar objection in connection 
with the posit of value-ranges in Gg: there is no question but that Basic Law V is 
an axiom, not a definition of Frege’s value-range names. 

A second point deserves mention here. Some commentators suggest that 
the Julius Caesar objection is Frege’s reason for rejecting an attractive strat- 
egy of contextual definition of numerical contexts in favour of explicit defini- 
tions treating numerals as proper names. In pre- and post-G/ writings Frege, 
by example and precept, restricts definitions to explicit definitions of names 
in the setting of his type-stratified conception of generality. I find no evidence 
in GI that Frege waivers from this view and seriously considers contextual 
definitions as an option. Appearances to the contrary represent Frege’s efforts 
informally to inculcate in his audience an appreciation of the constraints his 
logical segmentation of pure and applied arithmetic discourse imposes on this 
definitional enterprise. 

The Julius Caesar point reappears in Frege’s two fundamental principles of 
definition in Gg, vol. II, §§55-67. This discussion is directed at Peano’s par- 
tial definitions that, like the attempted definition Frege considers in Gl, §64, 
explain an expression only for restricted linguistic contexts. In Gg, vol. II, 
§67, Frege advises that partial definitions that treat the identity-sign as both 
known and unknown be replaced by definitions by abstraction that exploit 
Basic Law V. 
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The right-hand side of this equivalence states in available geomet- 
rical terms a standard of equality for directions. When we logically 
segment the equivalence, we see ‘the direction of =’ as the designa- 
tion of a function that maps lines to their directions. Directions are 
the range of this function. Viewing the function as the unknown, 
our equivalence states a second-level condition a first-level func- 
tion must satisfy in order to be the direction of function. Frege now 
invokes extensions to define the direction of function: the direc- 
tion of x=the extension of the concept parallel to x. As the relation 
parallel to is an equivalence relation, we can prove that the func- 
tion Frege defines to be the direction of function satisfies the sec- 
ond-level condition we extracted from the equivalence. This result 
certifies the adequacy of the definition. Thus the unusual sort of 
definition that logicians'® should pay more attention to is so-called 
definition by abstraction that define a first-level predicate by identi- 
fying a range of objects with equivalence classes obtained from an 
antecedently recognized equivalence relation over an antecedently 
recognized range of objects. 

In Grundlagen, §68, extensions appear abruptly. Frege provides no 
explanation of them, famously saying in a footnote that he ‘presup- 
poses that it is known what the extension of a concept is’."2° Given 


"= For a discussion of the antecedents of definitions by abstraction in the geom- 
etry of Frege’s day, see the illuminating discussion in Mark Wilson, ‘Frege: the 
Royal Road from geometry’, in William Demopoulos (ed.), Frege’s Philosophy of 
Mathematics (Cambridge, Mass.: Harvard University Press, 1995). 

20 GI, §68, p. 80. Frege returns to this point at the end of Gl, §107, p. 117, adding that 
he ‘places no decisive weight on bringing in extensions’ to remove the ‘Julius 
Caesar’ problem. This is an obscure remark, for nothing in Frege’s earlier or later 
surviving writings indicates any alternative to extensions for the analysis of 
number. The only other indication that Frege thought there might be an alterna- 
tive comes from a telegraphic description Heinrich Scholz gives of a lost manu- 
script in his catalogue of the Frege Nachlass. See Albert Veraart, ‘Geschichte des 
wissenschaftlichen Nachlasses Gottlob Freges und seiner Edition. Mit einem 
Katalog des urspriinglichen Bestands der nachgelassenen Schriften Freges’, 
in Matthias Schirn (ed.), Studien zu Frege, vol I: Logik und Philosophie der 
Mathematik (Stuttgart: Fromman-Holzboog, 1976), p. 95, the description of item 
47. Perhaps Frege in §107 is voicing a worry about his use of the term ‘extension’. 
Frege’s conception of extensions, linked as it is to his objective view of con- 
cepts, cannot be straightforwardly identified with extant views of extensions. 
Frege may also be alluding to his realization of the point I make below, that 
familiarity with extensions is not something that may be presupposed, given the 
concept—object distinction. 
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the concept-object distinction, Frege is not entitled to this assump- 
tion. Frege tells us that statements of number predicate something 
of concepts, the objective designata of predicates. Frege’s concepts 
then take over the role that other accounts of number assign to col- 
lections or groups of things. Thus Frege’s exposition of his viewpoint 
in Grundlagen makes the introduction of extensions in addition to 
concepts appear utterly otiose. The explanations Frege might offer 
would likely only sow confusion. He might have told us that the 
extension of concept F is the same as the extension of concept G 
just in case concepts F and G are coextensive. But this sharp, infor- 
mal statement of Basic Law V only invites the question, ‘What is 
the difference between a concept and its extension?’ Any answer 
here will become obviously and embarrassingly entangled in the 
awkwardness of language that permeates Frege’s explanations of 
the concept-object distinction — above all, his use in this setting of 
‘concept’ and ‘object’ as contrasting first-level predicates. Indeed, I 
think that it is fairly clear that, in Grundlagen, Frege is cognizant 
of this awkwardness, and endeavours there to minimize the exposi- 
tory difficulties it creates.’?* 

We have here a genuine problem. On the one hand, I have argued 
that Frege’s view of logical segmentation commits him to recog- 
nizing numerals as proper names, numbers as objects. On the other 
hand, the logical resources for the analysis of number Frege has 
uncovered are at higher levels. These resources cannot be applied 
to the analytic task at hand within the constraints imposed by the 
logical segmentation of the statements of pure and applied arith- 
metic. Now it indeed looks as if extensions do enter on stage as a 
deus ex machina to save the day. The posit of extensions via Basic 
Law V promises to yield a definition of the concept number, defini- 
tions of the series of proper names of numbers, ‘o’, ‘1’, ‘1+ 1’, etc., and 
a proof of the infinity of numbers. 

Frege’s most extensive pre-paradox discussion of Basic Law V 
comes in Grundgesetze, vol. II, §147. Frege observes there that 


™1 T think that this is indicated by Frege’s remark in the footnote in Gl, §68 that he 
might have simply used the word ‘concept’ in place of the phrase ‘extension of 
the concept’. Frege’s tone in ‘On concept and object’ is the tone of a man irked 
because someone is uncharitably taking his words overly literally and so miss- 
ing his point. 
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mathematicians use letters in isolation to express generalizations, 
as they say, over ‘functions’: 


If f=g, then ... 


As function-names cannot occur in sentences in isolation, without 
a completion for their argument-places, there is no substitution of 
function-names for these letters to obtain an instance of this gener- 
alization. To treat 


If (x2 — 1)=(x4+1)-(x — 1), then... 


as though it were an instance of this generalization exhibits a tacit 
reliance on the inference codified by Basic Law V. Similarly, the 
use of the first-level predicate ‘function’ to express generalizations 
over functions exhibits the same tacit reliance.'?? Frege accordingly 
presents Basic Law V as the explicit codification of a basic logical 
inference implicit in the mathematics that springs from the calcu- 
lus as well as in logicians’ talk of extensions: 


So with this transformation [Basic Law V] we do not really do anything 
new; but we do it with full consciousness and with appeal to a basic logical 
law.” 


How are we to view these points? At the beginning of ‘Function and 
concept,’ Frege says: 


A scientific expression first appears with a clear-cut meaning where it is 
needed for the expression of a lawful regularity. For functions, this case 
arises with the discovery of higher analysis. There for the first time it is a 
matter of setting forth laws that hold for functions in general.™4 


I suggest that, as Frege views matters, colloquial language has well- 
developed resources for expressing singular contents - for saying 


2 In ‘Function and concept’, p. 10, Frege remarks, ‘In many common mathematical 
turns of phrase, the word ‘function’ corresponds to what I here have called the 
value-range of a function. But function, in the sense of the word used here, is the 
logically prior notion. 

3 Gg, vol. II, §147, p. 148. See also the opening paragraph of Gg, vol. I, §9, p. 14, 
where Frege says, ‘This possibility [of transforming the generalization of an 
equation into an equation of value-ranges, and vice versa] must be seen as a 
logical law, of which incidentally use is always, if tacitly, made when concept 
extensions are spoken of.’ 

™4 ‘Punction and concept’, p. rff. 
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that an object falls under a concept. And colloquial language has 
more or less serviceable resources for expressing generalizations 
over objects. However, the exigencies of everyday life and science 
only rarely require generalizations over concepts. Colloquial lan- 
guage is accordingly impoverished in resources to express higher- 
level generalizations. Higher-level generalizations become salient in 
mathematics only with the development of analysis, which requires 
generalization of positions occupied by incomplete function-signs. 
It is with this development that we need to see 


X+y=y+x 


as an instance of f(x,y)=f(y,x)."°5 Frege’s Begriffsschrift remedies the 
notational limitations of everyday language as regards higher-order 
generalizations. 

Of course, the vigorous development of analysis did not wait for 
Frege’s Begriffsschrift. Mathematicians used the notational devices 
mentioned in the previous paragraph to generalize over, as they 
said, ‘functions’, thereby appearing, from Frege’s vantage point, to 
treat functions as objects. However, this linguistic usage by itself 
scarcely warrants the claim that reliance on Basic Law V inference 
is implicit in mathematics. In explaining his views, Frege treats 
sentences like 


Socrates falls under the concept mortal 
as a stylistic variant on 
Socrates is mortal.!7¢ 


Having accepted Basic Law V as a logical axiom, he treats ‘the con- 
cept mortal’ as the designation of an extension. However, apart 
from the posit of extensions, there is no reason from a Fregean 
viewpoint to take this step. We might maintain that the predicates 
‘E is mortal’ and ‘é falls under the concept mortal’ are not only 
synonymous, but that the second predicate, despite grammatical 


2s A better example from analysis would run into the problems with fitting 
Leibnizian notation into Begriffsschrift that Frege mentions at the end of ‘What 
is a function?’ 

“6 For example, see ‘Booles rechnende Logik,’ NS, p. 18 (16); ‘Uber Schoenflies’, NS, 
p. 193 (178); and ‘Logik in der Mathematik’, p. 231 (214). 
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appearances, contains no proper name. This redundancy can 
then be pruned away when we go from everyday language to 
Begriffsschrift. Both sentences exhibit just the segmentation of a 
simple singular sentence. Things are less straightforward, when 
we consider uses of the phrase of the form ‘the concept ...’ out- 
side of the context ‘falls under the concept ...’. Again, in line with 
Frege’s use of the word ‘subordinate’ in his exposition, we might 
argue that the sentence 


The concept whale is subordinate to the concept mammal 
is synonymous with 
Everything which is a whale is a mammal. 


As before, we might further maintain that the first sentence, des- 
pite grammatical appearances, contains no genuine proper name. 
That is, we might maintain that the sentence is, on Frege’s princi- 
ples, logically unsegmented, and so is a misleading expression of 
the content that is, for this reason, more perspicuously expressed 
by the second sentence. On this approach, phrases of the form ‘the 
concept ...’ are to be eliminated in favour of the first-level predicates 
we have to recognize anyway. Similarly, phrases of the form ‘the 
function that ...’ can be replaced by the corresponding first-level 
incomplete expressions. For example, the sentence 


The function of addition is commutative 
goes over into 
xX+y=ytx, 


Frege himself leaves the door open to this option as regards the 
logical segmentation of colloquial language. 


Our colloquial languages [Volkssprachen] are not created for the purpose 
of conducting proofs. The deficiencies that arise from this fact are for me 
the chief reason to erect a Begriffsschrift. The task of colloquial language 
is essentially fulfilled if people who interact with each other attach the 
same thought, or approximately the same thought, to the same sentence. 
For this, it is not necessary that the individual words by themselves [ftir 
sich] have a sense and a reference so long as the entire sentence has a sense. 
Matters are different if inferences are to be drawn. There it is essential 
that the same expression occurs in two sentences and has in both the same 
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reference. It must then in itself have a reference that is independent of the 
other parts of the sentence.” 


Following Mark Wilson, I suggest that Frege in §147 has another 
raft of considerations in mind to motivate Basic Law V, consider- 
ations that he does not sharply separate from the linguistic usages 
I have just noted. Wilson observes that nineteenth-century math- 
ematicians, as we might put it, expand the ontology of mathematics 
by characterizing new objects in terms of the behaviour of relations 
and functions over some domain. The new objects then figure in 
generalizations alongside the old objects. A paradigm of this pro- 
cedure is the posit of non-Euclidean points in projective geometry, 
Frege’s branch of mathematics. Indeed, the directions of lines Frege 
discusses in Grundlagen, §§64-68, are the projective geometer’s 
points at infinity. The laws of projective geometry generalize over 
both Euclidean points and the added ones; the concepts that figure 
in these generalizations must take both the Euclidean and the non- 
Euclidean points as arguments. We will not then be able, in project- 
ive geometry, to paraphrase away talk of non-Euclidean points in 
favour of talk of equivalence relations over Euclidean objects. 

Throughout his career, Frege is concerned with the introduction 
of new domains in mathematics, with the ‘creation’ of new math- 
ematical objects. He vigorously polemicizes against formalist 
accounts of this practice and aims to develop an alternative to it. 


27 Frege to Peano, 29 September 1896, WB, p. 183. In this passage, Frege is discussing 
both predicates like ‘heap’ that, lacking sharp boundaries, are logically speaking 
meaningless and Peano’s incomplete definitions of predicates. Frege maintains 
that these definitions do not confer a sense and reference on the definiens, but 
only on a range of larger expressions in which the definiens occurs, but not as a 
logically segmented part. 

I should observe that is not clear how to extend this approach to generaliza- 
tions of claims make using nominalized predicates and function signs. What is 
the relationship of the sentences 


If one concept is subordinate to a second, and the second subordinate to a 
third, then the first is subordinate to the third, 


and 


(Fx > Gx) > [(Gx > Hx) > (Fx > Hx)]? 


One might take the first sentence to be a logically unstructured expression 
of the second-level generalization that the second sentence more perspicuously 
expresses. Alternatively, one might reject the first sentence as a pseudo-sentence 
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Frege’s own approach here shines forth in a comment on Dedekind’s 
account of the real numbers. 


The most important thing for an arithmetician who recognizes in general 
the possibility of creation [of mathematical objects] will be to develop in 
an illuminating way [in einleuchtender Weise] the laws governing this in 
order to prove in advance of each individual creative act that the laws allow 
it. Otherwise, everything will be imprecise, and proofs will degenerate to 
a mere appearance, to a good-willed self-delusion.'* 


The desired foundation will be provided by formulating a logical 
law that, in the context of other logical laws, will yield as a theorem 
the existence of the desired new objects. Basic Law V is Frege’s pro- 
posed law that affords a foundation, a codification, for mathemat- 
ical practice here. It is in this way that Frege claims with Basic Law 
V not to have introduced anything new. 

I began with a depiction of Frege’s stratified view of quantificational 
generality rooted in the Context Principle. The quantificational pat- 
terns that pervade colloquial language presentations of mathematics 
and the mathematical sciences appear to be more or less capturable 
within a second-order setting.’?? This appearance is abetted by the use 
of nominalizations of incomplete expressions. This manoeuvre yields 
more than stylistic variants of essentially higher-level statements. 
This, I suggest, is the lesson Frege extracts from the mathematical 
practice exhibited in projective geometry. Basic Law V in the context 
of impredicative second-order logic is Frege’s attempt to disentangle 
matters so as to provide a unified foundation for all of arithmetic. He 
is well aware of the iterative possibilities of Basic Law V within his 
formulation of logic. He takes these possibilities to offer the prospect 
of establishing within logic the ontology of mathematics. 


that does not express a thought at all precisely because it arises from treating 
nominalizations of predicates as though they were genuine proper names. 

28 Gg vol. II, §140, p. 142. 

29 Prege’s view of the quantifiers as themselves higher-level concepts prompts the 
introduction into logic of second- and third-level predicates. Moreover, the for- 
mulation of Basic Law Iib in connection with quantification over first-level func- 
tions requires the use of a free variable over third-level functions. However, these 
upward forays are auxiliaries to Frege’s formulation of second-order logic within 
the setting of his universalist conception of logic. In contrast to Russell after the 
adoption of the theory of types, Frege shows no inclination to identify logic with 
a type-stratified theory of entities organized into a countable hierarchy. 
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Thus we hope to be able to develop the wealth of objects and functions that 
mathematics treats from the eight functions enumerated in vol. I, §31, as 
it were from a seed."3° 


It was not to be. With his conception of foundations as notationally 
exact axiomatic systematization, and the depth and coherence of 
his view of logic and logical segmentation, Frege paints himself into 
a corner as regards logicist foundations for arithmetic." 


30 Gg, vol. II, §147, p. 149. 

3t T am indebted to Michael Kremer for comments on an earlier version of this 
chapter and to Michael Friedman, Juliet Floyd, Warren Goldfarb, Peter Hylton, 
Peter Sullivan, Judson Webb and Mark Wilson for extensive discussions on 
the topics of the chapter. An earlier version of material in the last two sec- 
tions was presented at an Arché Abstraction Weekend at the University of 
St Andrews. 


MICHAEL KREMER 


7 Sense and reference: 
the origins and development 
of the distinction 


Frege’s distinction between sense (Sinn) and reference (Bedeutung) has 
been his most influential contribution to philosophy, however cen- 
tral it was to his own projects, and however he may have conceived 
its importance. Philosophers of language influenced by, or reacting 
against, the distinction and historians of philosophy commenting on 
it, have all contributed to the voluminous literature surrounding it.' 
Nonetheless in this essay I hope to shed new light on the distinction 
by considering it in the context of the development of Frege’s thought, 
and connecting it more intimately than is usually done with Frege’s 
interests in logic, especially his views on judgement, truth and infer- 
ence, which were central to his own projects as he conceived them. 
Frege does not employ the terminology of sense and reference in 
his first great logical-philosophical work, the Begriffsschrift of 1879 
(Bs). However, Bs already contains the seeds of the distinction in its 
notion of ‘content’ (Inhalt). Tracing out the difficulties inherent in 


' T avoid detailed discussions of the secondary literature. A few references will be 
given in footnotes, but it will be obvious to many that my debts are far more wide- 
ranging than can be acknowledged here. The most important overall influences 
on my interpretation are Brandom, Dummett, McDowell, Ricketts, Sluga and 
Weiner. Burge on truth, Mendelsohn on identity and Taschek on sense are each of 
central importance at specific points. A detailed and rich recent reading of Frege, 
with many points of contact with my interpretation, is that of Michael Beaney. 
Since the composition of the main argument of this essay, several relevant works 
have appeared of which it has not been possible to take account. 

I first studied Frege under Bob Brandom at the University of Pittsburgh. I some- 
times think that everything I say about Frege is a dim recollection of something 
Bob said in a lecture. I am also in the debt of the many students who have toler- 
ated my spinning these tales in my own lectures. Finally, thanks are due to Jim 
Conant, Mike Beaney, Gottfried Gabriel, Ed Zalta, Marian David and especially 
Tom Ricketts for helpful comments and discussion. 
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Frege’s early talk of ‘content’ illuminates the need for this distinc- 
tion, as well as his further difficulties in formulating it. Bs contains 
two distinct, yet interrelated, ancestors of the sense-reference dis- 
tinction. Section 1 discusses the first root of the distinction, which 
lies in Frege’s notion of judgeable content, expressed by sentences. 
The second root lies in his account of identity sentences, and the 
associated idea of ‘modes of determination’ of a content. Section 2 
explores this account in detail, and reveals some of the difficulties 
inherent in it. Sections 3 and 4 show how the needs of Frege’s pro- 
ject in the philosophy of mathematics brought these difficulties to 
the fore and led to the development of the mature sense-reference 
distinction. Sections 5 to 8 expound Frege’s mature vision; section 9 
then examines some of the remaining difficulties in the light of the 
development of the distinction. 


I BEGRIFFSSCHRIFT: JUDGEABLE CONTENT 


In the preface to Bs, Frege set as his goal to determine the epis- 
temological status of arithmetical truths. This requires investigat- 
ing whether they can be proved on the basis of logical laws alone, 
or need some other source of support, such as Kantian pure intu- 
ition. To this end, he constructed a new logical system in which 
proofs could be carried out without ‘gaps’, so as to display explicitly 
all presuppositions and assumptions employed. His logical notation 
was to express only that which is relevant to inference, which he 
called ‘conceptual content’ (begrifflicher Inhalt).2 In §3 of Bs, Frege 
explains this notion through an example: ‘At Plataea the Greeks 
defeated the Persians’ and ‘At Plataea the Persians were defeated 
by the Greeks’ have the same conceptual content, since the same 
consequences follow from each, in conjunction with any set of 
additional premises one might consider (Bs, §3, pp. 112-3). Frege’s 
example suggests a more general principle. Letting ‘>’ represent an 
as yet unspecified relation of consequence: 


(CONTENT): Sentences A and B have the same content if and only if, for 
any set of sentences (auxiliary premises) S and sentence (conclusion) C: S,A 
=> Cifand only if S,B>C. 


> Bs, p. 104. Citations of Frege’s published work refer to section and page numbers in 
the standard English translations. 


222 MICHAEL KREMER 


It may seem implausible to attribute such a general principle 
to Frege on the basis of an example used in an informal presenta- 
tion. However, Frege is simply adapting a piece of traditional logical 
wisdom to his own purposes: the distinction between the exten- 
sion and comprehension of an idea or concept. This goes back at 
least to the Port-Royal Logic (1662) and arguably much further, to 
Porphyry’s Isagoge and medieval commentators on it. For the Port- 
Royalists, ‘the comprehension of an idea’ consists in ‘the attributes 
that it contains in itself’ in the sense in which the idea of human 
might be said to ‘contain’ the idea of animal. Ideas are pictured as 
arranged in a hierarchy, with some ideas containing others, higher 
in the hierarchy or tree. Logical relations of implication (etymo- 
logically, ‘folding-in’) are relations of containment of ideas — human 
contains animal, the first idea implies the second. On the other 
hand, ideas not only contain, but are contained in, other ideas. At 
the bottom of the tree we find the entities to which the ideas apply; 
these constitute the extension of the ideas. ‘I call the extension of 
an idea the subjects to which this idea applies’ (Logic, 40). 

In his Logic, a work which Frege read, Kant applied this distinc- 
tion to concepts: ‘Every concept, as partial concept, is contained in 
the representation of things; as ground of cognition, i.e., as mark, 
these things are contained under it. In the former respect every 
concept has a content (Inhalt), in the other an extension |Umfang|’ 
(LL, p. 593). Kant states a principle of the inverse proportionality 
of extension and content: ‘The content and extension of a concept 
stand in inverse relation to one another. The more a concept con- 
tains under itself, namely, the less it contains in itself, and con- 
versely’ (LL, p. 593). In early works, Frege appeals to this principle 
to argue that a predicate which applied to all objects would have 


3 Arnaud, A. and Nicole, P., Logic or the Art of Thinking, trans. J. Vance Buroker 
(Cambridge: Cambridge University Press, 1996), p. 39. My emphasis. 

4 Immanuel Kant, Logik, in Kant’s gesammelte Schriften, ed. J. B. Jasche, vol. XI 
(Berlin and Leipzig: de Gruyter, 1923); translated in Lectures on Logic, trans. 
J. Michael Young (Cambridge: Cambridge University Press, 1992), p. 39. Hereafter 
LL. The so-called Jasche Logik of 1800, often held to be of dubious value in inter- 
preting Kant, was assembled out of Kant’s lecture notes by Benjamin Jasche, with 
Kant’s approval. It was known in the nineteenth century as ‘Kant’s Logic’ and 
included in Kant’s collected works. Frege cites it as representing Kant’s views. 
I follow Frege here, since my intention is not to interpret Kant but to illuminate 
the development of Frege’s thought. 
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maximal extension, and so no content; another use of the principle 
is in ‘Boole’s logical calculus and the concept-script’, NS, p. 16, fn **/ 
PW, p. 15, fn **). 

Kant extended the distinction between content and extension 
from concepts to cognition in general, including judgements, speak- 
ing of the content of a cognition as a matter of its ‘richness’, ‘logical 
importance’ and ‘fruitfulness’ as the ‘ground of many and great con- 
sequences’, and of the extension as a matter of the ‘horizon’ of the 
cognition, the area within which it applied. (LL, pp. 549-50). In Bs, 
Frege adapts this notion of content to the case of sentences; content 
is a matter of what is implied by or contained in a given claim.® 

Kant’s talk of ‘judgement’ obscured a distinction that Frege care- 
fully marked, between the act of judging, and the content which is 
judged, ‘judgeable content’ (beurtheilbarer Inhalt) (Bs, §2, p. 112): 


A judgment will always be expressed with the aid of the symbol 


which stands to the left of the symbol or combination of symbols giving 
the content of the judgement. If we omit the small vertical stroke at the 
left end of the horizontal one, then the judgement is to be transformed into 


5 ‘Dialogue with Piinjer on existence’, Nachgelassene Schriften, ed. H. Hermes et 
al. (Hamburg: Felix Meiner, 1983), p. 71. Hereafter referred to as NS, with refer- 
ences to the English translations in PW. 

6 The importance of Frege’s early notion of conceptual content was first made clear 
to mein Bob Brandom’s 1982 Frege seminar. Beaney also emphasizes the Bs account 
of sameness of content. However, he wrongly claims this to be a major innovation 
on Frege’s part (Michael Beaney, Frege: Making Sense (London: Duckworth, 1996), 
pp. 56-64 (hereafter FMS)). As we have seen, the fundamental idea is already pre- 
sent in Kant’s Logic. 

Dummett questions the value of taking seriously Frege’s introduction of ‘con- 
tent’ in Bs, arguing that it is ‘superfluous to credit him with some rival theory’ 
on the ‘exceedingly thin’ basis of Bs, §3 (Michael Dummett, The Interpretation 
of Frege’s Philosophy (Cambridge, Mass.: Harvard University Press, 1981), pp. 298, 
301). Hereafter IFP. However, a number of otherwise mysterious claims in Frege’s 
early works become clear when ‘content’ is understood in the manner sketched 
here: (1) Frege’s appeals to the inverse proportionality principle; (2) his claim, 
discussed below, that the axioms of the Bs ‘have enough content’ since they are 
‘adequate to the task’ of proofs; and (3) his argument that his choice of logical 
primitives is superior to Boole’s, since his primitives have a simpler content. He 
claims that ‘the simpler a content is, the less it says’ and that the material con- 
ditional is simpler than Boolean identity (material biconditional), conjunction, 
or exclusive disjunction. He sees Jevons’s replacement of exclusive with inclu- 
sive disjunction as an ‘improvement’ because it ‘diminishes the content of the 
sign’. Similarly, he speaks of adding ‘an unnecessary condition to a judgement’ as 
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a mere combination of representations [blosse Vorstellungsverbindung| of 
which the writer does not state whether he acknowledges its truth. 


Shortly after Bs Frege writes ‘Through this mode of notation 
I meant to have a very clear distinction between the act of judg- 
ing and the formation of a mere judgeable content.” This suggests 
that we ‘form’ a judgeable content by combining ‘representations’, 
then judge by taking it to be true or false. While Frege addresses 
the distinction between content judged and act of judging, he is 
less clear here on the general ‘ing—ed’ ambiguity, between repre- 
sented content and act of representing, in the notion of ‘represen- 
tation’. Thus in Bs it is unclear what the precise status of the 
‘representations’ which are to be combined into judgeable con- 
tents might be —- sometimes they seem to be representations in the 
sense of psychological acts, sometimes in the sense of the objects 
of those acts.® 

Frege’s early account of conceptual content has often been taken 
to imply: 


(A) any two ‘logical truths’, or ‘analytic truths’, have the 
same conceptual content. 


Such a result would be clearly undesirable, given Frege’s logicist 
thesis that the truths of arithmetic are analytic, derivable from the 
basic laws of logic together with definitions. Given (A), his logicism 
would imply that the truths of arithmetic have the same content as 
the most trivial truths of logic, and that there is at most a psycho- 
logical, but no logical, difference between judging that every nat- 
ural number has a unique prime factorization and judging that the 
Moon is the Moon. Yet part of the point of Frege’s logicism was to 
argue against Kant that analytic truths can extend our knowledge 
and so have genuine and distinctive content. 


resulting in a ‘diminution of content’ (‘Boole’s logical calculus and the concept- 
script’, NS, pp. 40-1, 43/PW, pp. 36, 38). All of this makes sense if we think of con- 
tent in terms of consequences — the fewer the consequences, the less the content. 
‘On the aim of the conceptual notation’, p. 94. 

The development of Frege’s conception of judgement, and its relationship to 
Kant’s, is discussed further in M. Kremer, ‘Judgment and truth in Frege’, Journal 
of the History of Philosophy, 38 (2000), pp. 549-81. 
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(A) is commonly taken to follow from another consequence of 
(CONTENT): 


(B) two sentences A and B have the same content just in 
case they mutually entail each other: ASB and B>A. 


(B) is often thought to be a direct consequence of (CONTENT], but 
any argument from (CONTENT) to (B) must appeal to characteris- 
tics of the consequence relation =, and it is useful to make these 
explicit. One can argue that (B) follows from (CONTENT) using 
three general principles about consequence derivable from the nat- 
ural deduction and sequent-calculus systems of logic devised by 
Gerhard Gentzen in 1935: 


(1) identity: every sentence is a consequence of itself 
(A>A). 

(2) weakening: superfluous premises do not invalidate an 
inference. If a sentence A is a consequence of the set S 
(SSA), and T is a larger set than S (S C T), then Aisa 
consequence of T (T=>A). 


(3) cut: if A is a consequence of S (SSA), and B is a 
consequence of S together with A (S,A=>8), the ‘lemma’ 
A may be ‘cut’, and B is a consequence of S alone (SB). 


From these principles, together with (CONTENT), (B) follows.’? On 
the one hand, suppose that A and B have the same content. Then, 
as A=>A (identity), B>A (by (CONTENT), since B has all the conse- 
quences of A), and as B>B, also A>B — that is, A and B are mutual 
consequences. On the other hand, suppose that A and B are mutual 
consequences, and suppose that S,A>C; then S,A,B>C (weakening), 


° Gerhard Gentzen, The Collected Papers of Gerhard Gentzen, ed. M. E. Szabo 
(Amsterdam: North-Holland, 1969), pp. 83-4. Gentzen took consequence to be a 
relation between sequences of premises and conclusions, allowing ‘multiple con- 
clusions’. Here, the premises are taken as a set, and there is only one conclusion 
of any inference. 

© Beaney, FMS, p. 57, and Richard Mendelsohn, ‘Frege’s Begriffsschrift theory of 
identity’, Journal of the History of Philosophy, 20 (1982), pp. 279-99, here p. 287, 
argue that (B) follows from (CONTENT) and identity, but from that principle, we 
can only conclude that sentences with the same content imply each other, but 
not conversely. Beaney thinks that (A) then follows from (B) (FMS, p. 63), but this 
requires further assumptions about logical truth. 
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and since B>A, we have that S,B=>A (weakening). Hence S,B>C 
(cut). Similarly, if S,B—=>C, then S,A>C; so A and B have the same 
content (by (CONTENT)).** 

Frege does not provide an explicit theory of consequence in Bs, 
so we can’t be sure that he would have accepted all of Gentzen’s 
principles. But, granting for the sake of argument that he would 
have, and so that he was implicitly committed to (B), we cannot 
infer a commitment to (A) without further ado. Given a conception 
of logical truth as that which is a consequence of the empty set of 
premises (@=>A), we can argue from (B) to (A): if A and B are logical 
truths, then @=>A and @=>B, so ASB and B>A by weakening, and 
so they have the same content by principle (B). However, it is doubt- 
ful that Frege would have accepted such an explication of logical 
truth. It is not clear what sense he could have made of a sentence 
being a ‘consequence of the empty set’. For Frege, consequence, fol- 
lowing from, is a relation between judgeable contents which ena- 
bles one judgement to be justified on the basis of others. He did not 
have Gentzen’s notions of inference from an assumption and the 
discharging of assumptions, which could support a conception of a 
‘proof’ or ‘reasoning’ without premises. His systems of proof, both 
in Bs and in the later Grundgesetze (Gg), are devoid of rules such as 
conditional proof or reductio ad absurdum which rely on reasoning 
from assumptions. He represents apparent occurrences of such rea- 
soning in mathematical practice not as involving assumptions, but 
instead explicitly asserted hypothetical sentences with the seeming 
assumptions as antecedents. 

Moreover, it is a consequence of this Gentzen-style conception of 
logical truth, together with Gentzen’s principle of cut, that logical 
truths can always be ‘cut’: 


(C) if S,A>B and A is a logical truth, then S>B.!” 


It is doubtful that Frege would have accepted (C). One might argue 
for (C) as follows: logical laws collect and make explicit patterns of 
inference linking premises and conclusions in valid reasoning. If 
we can infer B from premises S together with logical law A, A’s only 


™ Neil Tennant, ‘Frege’s Content-Principle and relevant deducibility’, Journal of 
Philosophical Logic, 32 (2003), pp. 245-58, presents a similar argument. He also 
considers what happens to (CONTENT) in the context of a form of relevance 
logic in which Gentzen’s principle of cut does not hold unrestrictedly. 

™ One could also get the problematic result (A) from this principle directly. 
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function must be to exhibit the link between S and B. But this link 
must be there anyway, and so B must be a consequence of S without 
need of A. But this argument would imply that logical truths have 
no content and can in no way extend our knowledge, and this Frege 
must reject. 

Frege might have accepted this argument for (C) in the case where 
the premises in S and the conclusion B are not logical laws. But 
Frege’s account of the argumentative structure of Bs argues against 
his acceptance of (C) when S and B consist of logical laws. In Bs, 
he sets out to prove various logical laws from a set of basic logical 
principles." He writes (Bs, §13, p. 136): 


It seems natural to deduce the more complex of these judgements from 
the simpler ones — not to make them more certain, which would in gen- 
eral be unnecessary, but to bring out the relations of the judgements to 
one another. Merely knowing the laws is obviously not the same as also 
understanding how some are implicitly contained in others. In this way 
we obtain a small number of laws in which (if we add the laws contained 
in the rules) is contained, though in embryonic form, the content of all of 
them. And it is an advantage of the deductive mode of presentation that 
it teaches us to recognize this kernel. Because we cannot enumerate all 
of the boundless number of laws that can be established, we can attain 
completeness only by a search for those which, potentially, imply all the 
others. 


This passage makes little sense if any logical law follows from any 
other. For Frege, clearly, not all logical laws are on a deductive par. 

In an unpublished paper, ‘Boole’s logical calculus and the con- 
cept-script,’ Frege explains his choice of axioms for Bs: he only 
‘assumed such as appeared necessary for the proof’of the final prop- 
osition (133) of the book. He adds: ‘that my sentences have enough 
content ... follows from the fact that they were adequate to the 
task’ — that they sufficed for the proof of (133) (NS, p. 43/PW, p. 38). 
Had he omitted some of his axioms, and been unable to carry out 
the proof, the resulting collection of axioms would not have had 
‘enough’ content. 


3 This aspect of Frege’s conception of logic is emphasized in Michael Detlefsen, 
‘Fregean hierarchies and mathematical explanation’, International Studies in the 
Philosophy of Science, 3 (1988), pp. 97-116, and in Tyler Burge, ‘Frege on knowing 
the foundations’, Mind, 107 (1998), pp. 305-47. 


228 MICHAEL KREMER 


Frege comments that, in carrying out his proofs, he had, at times, 
to employ ‘diminution|s] in content’ through the addition of ‘super- 
fluous conditions’ as ‘necessary transition points’ (NS, p. 43/PW, 
p. 38). He has in mind cases like this: aiming to prove C, one proves 
(A > B) > C and B; one then ‘diminishes’ the content of B by using 
an instance of axiom (1) of BS, B > (A > B), to add the ‘superfluous 
condition’ A, arriving at A > B, from which one can infer C."4 Even if 
both B and A > B are logical laws, for Frege the latter has ‘diminished’ 
content compared to the former. Not everything which follows from 
B also follows from A > B; notably, B itself does not. In a similar vein, 
Frege says that he ‘had to assume formulae which merely express 
the different ways in which you may alter the order of a number of 
conditions. Instead of giving a general rule that conditions may be 
ordered at random, I only introduced a much weaker axiom that two 
conditions may be interchanged, and then derived from this the per- 
missibility of other transpositions’ (NS, p. 43/PW, p. 38). He has in 
mind here axiom (8), (d > (b> a}) > (b > (d > a}), from which he derived 
a series of theorems, such as (12), (d > (cD (b D a)|) > (dD (bd (cD 
a))), about which he comments: ‘Propositions (12)-(17) and (22) show 
how, when several conditions are present, their order can be altered’ 
(Bs, §16, p. 148). It would have been simpler to introduce a general 
rule to this effect, as in his later Gg,’ but that would have been to 
choose a stronger principle than necessary, given the other axioms of 
Bs. Given those axioms, (8) is sufficient, although from (8) alone one 
cannot prove (12) — axioms (1) and (2) are needed as well. 

For Frege there is an ordering of the logical laws themselves, 
which the system of Bs lays bare. Frege would not admit that the 
first axiom of Bs, proposition (1), and its last theorem, proposition 
(133), are mutual consequences. (133) does not follow from (1) alone; 
the proof of (133) requires other axioms of Bs as well. Such a proof 
reveals the logical interconnections of the propositions of Bs, which 


™ A similar, but slightly more complicated case, occurs in the first sequence of 


proofs in Bs, culminating in (5), (b > a) D> ((c > b) D (c D a)). To prove this, Frege 
begins with axiom (2), (¢ > (b > a}) 3 ((c D b) D (c D a)). He uses an instance of 
axiom (1] to ‘weaken’ this to (3), (b > a) > [[c 5 (b D a)) D ((C Db) D (cD a)}], which he 
combines with an instance of (2) to obtain (4), [(b > a) > (cD (bD a))] D [(bD a) D ((c 


> b) > (c > a))]. (5) follows from (4) and an instance of (1). Here the ‘diminution of 
content’ occurs as a ‘necessary transition point’ in the move from (2) to (3). (Here 
and elsewhere I modernize Frege’s notation silently.) 

s See the second rule of Gg, ‘interchange of subcomponents’ (Gg, vol. I, §48, p. 61). 
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Frege records in a table at the end of the work, indicating which 
propositions are used in the proofs of subsequent propositions. 
‘Consequence’ is already for Frege a notion with epistemological 
import. Deducing consequences from basic logical laws is a pro- 
cess which generates content, insofar as the conclusions we deduce 
are contained in the basic laws collectively, but not individually. 
Later, when he was sure that he had proved that the laws of arith- 
metic are analytic truths, deducible from the basic laws of logic and 
definitions, Frege writes: ‘Can it be said that the sentence ‘3 + 7 = 10’ 
is deduced from the sentence ‘2?=4’? Hardly. Is ‘3+7=10' a conse- 
quence of ‘2?=4’? Apparently not ...’"° Here again, he rejects the view 
that every logical or analytic truth is a consequence of every other. 
Thus, the supposed difficulty for his Bs conception of content, posed 
by principle (B) is void.” For although Frege might plausibly be held 
to accept principle (B), he clearly would have rejected the sorts of 
additional principles necessary to move from (B} to (A). 

None of this, however, is to say that he had a worked out theory 
of the consequence relation. Rather, he relied on a working appre- 
ciation of the ways in which we count sentences as following from, 
or not following from, others. As a working mathematician, Frege 
knew that it was inappropriate to treat proposition (133) of Bs as 
following from proposition (1) — if he had offered as ‘proof’ of (133) 
the ‘reasoning’ ‘(1), therefore (133})’ he would have failed in his goal 
of establishing that ‘pure thought ... is able, all by itself, to prod- 
uce from the content which arises from its own nature judgements 
which at first glance seem to be possible only on the grounds of 
some intuition’ (Bs §23, p. 167) or, as he put it in 1884, commenting 
on the proof of (133), ‘sentences which extend our knowledge can 
contain analytic judgments.’* 

Nonetheless, Frege’s practical sense of what counts as a conse- 
quence of what, and so of which sentences count as the same in 
content, presents serious difficulties in connection with providing 
any general account of the notions of logical law and logical con- 
sequence, and so, also, of conceptual content. It is natural to sup- 
pose that the logical laws are the sentences provable in Bs (or some 


6 ‘On Mr Peano’s conceptual notation and my own’ (1897), p. 243. 

7 Hence there is no need to introduce, in addition to Frege’s ‘conceptual content’, 
Beaney’s epistemologically motivated notion of ‘cognitive content’ (FMS, p. 64). 

8 GI, 891, p. 104. 
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suitably expanded version of it}, and that B is a consequence of A if 
and only if the conditional A > B is a logical law. This would imply, 
however, that any two logical laws are consequences of one another, 
and so have the same content. Some more refined notion of logical 
consequence is needed, perhaps agreeing with that given here when 
neither A nor B are logical laws. But, in Bs, Frege provided no such 
account. Still, he seems to have been aware that there was a problem 
here. When he claimed that his ‘sentences have enough content’ 
because they are ‘adequate to the task’ of proof, he added a caveat: ‘in 
so far as you can talk of the content of sentences of pure logic at all’ 
(‘Boole’s logical calculus and the concept-script’, NS, p. 43/PW, p. 38). 
This hesitancy concerning talk of the content of ‘sentences of pure 
logic’ was overcome by his desire to show that content — ‘richness’, 
‘logical importance’ and ‘fruitfulness’ as the ‘ground of many and 
great consequences’ — could arise from these sentences. 

Bs’s notion of judgeable content is one root of the sense—reference 
distinction; more precisely, it is the ancestor of the later notion of 


19 My account of Frege’s notion of content might seem to depend on a non-Fregean 
conception of logic, since it involves a consequence relation that can hold even 
when premises and conclusion are not truths. For Frege’s considered view took 
valid inference to move from true premises to true conclusions. (‘Foundations of 
geometry: second series III’, pp. 336-7.) 

However, it can be argued that Frege only came to such a conception of logic 
after drawing the sense-reference distinction. In some notes on Lotze’s Logik, 
which Franz Hovens convincingly dates to the early 1880s (Frans Hovens, ‘Lotze 
and Frege: The dating of the “Kernsatze’’, History and Philosophy of Logic, 18 
(1997), pp. 17-31), Frege wrote that ‘the task of logic is to set up laws according 
to which a judgement is justified by others, irrespective of whether these are 
themselves true’ (‘17 Key Sentences on Logic,’ NS, p. 190/PW, p. 175). In con- 
trast, shortly after ‘On sense and reference’, he criticized ‘content logicians’ 
(Inhaltslogiker) for forgetting ‘that logic is not concerned with how thoughts, 
regardless of truth-value, follow from other thoughts’ (‘Comments on sense and 
reference’ (1892-5), NS, p. 133/PW, p. 122). It seems that it was the sense-reference 
distinction that forced on Frege the question of whether logic is primarily con- 
cerned with the realm of reference or the realm of sense. It is a further issue why 
he chose to answer this question by asserting that ‘the laws of logic are first and 
foremost laws in the realm of reference and relate only indirectly to sense’ (NS, 
p. 133/PW, p. 122). This is not the place for a developed answer to this question, but 
I will offer the following speculative suggestion: if logic is to yield us knowledge 
of objects, such as the numbers, it must operate at the level of reference. However 
this may be, even in his later period Frege surely recognized that thoughts stand 
in relations such that, were certain thoughts to be true, other thoughts would 
have to be true — relations specifying ‘how thoughts, regardless of truth-value, 
follow from other thoughts’. His later view was simply that such relations are not 
the concern of logic. 
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the thought, the sense of a sentence. Much later in his career, in 
1906, he returned to the issues of the proper characterization of con- 
sequence, and so also of the individuation of content, or as he now 
put it, the individuation of thoughts. 

Frege’s attempt to characterize consequence occurs at the end 
of his controversy with Hilbert over the foundations of geometry. 
Having rejected Hilbert’s approach to proving the independence of 
the axioms of geometry, he tries to give a proper account of inde- 
pendence, and so also ‘dependence’ (‘On the foundations of geom- 
etry: second series, III’, p. 33.4): 


Let © be a group of true thoughts. Let a thought G follow from one or sev- 
eral of the thoughts in this group by means of a logical inference such that 
apart from the laws of logic, no sentence not belonging to is used. Let us 
now form a new group of thoughts by adding this thought G to the group 
Q. Call what we have just performed a logical step. Now if through such a 
sequence of steps, where every step takes the result of the preceding one 
as its basis, we can reach a group of thoughts that contains the thought A, 
then we call A dependent upon group 0. 


Frege limits the scope of this account, however (‘On the foundations 
of geometry’, p. 335): 


In taking a logical step from the thought-group 0, we are applying a logical 
law. The latter is not to be counted among the premises and therefore need 
not occur in ©}. Thus there are certain thoughts, namely the laws of logic, 
which are not to be considered when dealing with questions concerning 
the dependence of a thought. 


Here, he seems aware that the proposed account of consequence, if 
applied to logical laws, would make logical laws dependent upon 
one another, and takes pains to block this result. 

In the same year, Frege twice took up the question of the indi- 
viduation of thoughts, once in a letter to Husserl of 9 December 
1906, and once in an unpublished manuscript, ‘A brief survey of 
my logical doctrines’. The explanations he provides are similar 
in interesting ways, but also differ in important respects. He writes 
to Husserl: 


It seems to me that an objective criterion is necessary for recognizing a 
thought again as the same, for without it logical analysis is impossible. 
Now it seems to me that the only possible means of deciding whether 
sentence A expresses the same thought as sentence B is the following, 
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and here I assume that neither of the sentences contains a logically self- 
evident component part in its sense. If both the assumption that the con- 
tent of A is false and that of B true and the assumption that the content 
of A is true and that of B false lead to a logical contradiction, and if this 
can be established without knowing whether the content of A or B is true 
or false, and without requiring other than purely logical laws for this pur- 
pose, then nothing can belong to the content of A as far as it is capable of 
being judged true or false, which does not also belong to the content of B; 
for there would be no reason at all for any surplus in the content of B, and 
according to the presupposition above, such a surplus would not be logic- 
ally self-evident either. In the same way, given our supposition, nothing 
can belong to the content of B, insofar as it is capable of being judged true 
or false, except what also belongs to the content of A. Thus what is cap- 
able of being judged true or false in the contents of A and B is identical, 
and this alone is of concern to logic, and this is what I call the thought 
expressed by both A and B.?° 


In ‘A brief survey,’ on the other hand, he explains (NS, pp. 213- 
4/PW, p. 197): 


Now two sentences A and B can stand in such a relation that anyone who 
recognizes the content of A as true must thereby also recognize the con- 
tent of B as true and, conversely, that anyone who accepts the content of 
B must straightaway [ohne weiteres] accept that of A. (Equipollence). It is 
here being assumed that there is no difficulty in grasping the content of A 
and B ... assume that there is nothing in the content of either of the two 
equipollent sentences A and B that would have to be immediately accepted 
as true by anyone who had grasped it properly ... So one has to separate off 
from the content of a sentence that part that alone can be accepted as true 
or rejected as false. I call this part the thought expressed by the sentence. It 
is the same in equipollent sentences of the kind given above. It is only with 
this part of the content that logic is concerned. 


Both these explanations share with the Bs account of conceptual 
content a concern to isolate that part of a sentence’s content which 
is ‘of concern to logic’. Further, both explanations attempt to isolate 
this part through a sort of mutual consequence test — Bs’s account 
ultimately reduces to such a test, assuming Gentzen’s principles 


20 Wissenschaftlicher Briefwechsel, ed. G. Gabriel et al. (Hamburg: Felix Meiner, 
1976), pp. 105-6; translated as Philosophical and Mathematical Correspondence, 
trans. H. Kaal (Chicago: University of Chicago Press, 1980}, pp. 70-1. Hereafter 
WB/PMC. 
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governing consequence. In the letter to Husserl, Frege spells this 
out in terms of a sort of reductio ad absurdum procedure, whereas 
in ‘A brief survey’ his approach is more direct: anyone who accepts 
A ought also to accept B (reading ‘must’ (mtissen) here as having 
normative force). The most significant difference between the two 
accounts, though, comes with the word(s) ‘straightaway’ (ohne wei- 
teres) in ‘A brief survey’ — this suggests that, in order to express the 
same thought, A and B must be mutual immediate consequences, 
whereas the procedure outlined in the letter to Husserl would 
count as equipollent sentences which are not obviously mutual 
consequences. 

But most significant of all is the fact that each account explicitly 
omits from consideration sentences containing ‘a logically self- 
evident component part’, or something ‘that would have to be imme- 
diately accepted as true by anyone who had grasped it properly’. Frege 
again seems aware that, without such a restriction, his explanations 
would entail that any two logical laws express the same thought, 
and takes steps to ward off this conclusion. Thus, in his attempts 
to characterize logical consequence, and to individuate thoughts, 
Frege in 1906 displays a concern with issues that have troubled us 
in our discussion of his 1879 account of judgeable content. 


2 BEGRIFFSSCHRIFT: SUB-SENTENTIAL CONTENT 


Frege’s Bs account of conceptual content led him to reject the trad- 
itional distinction between subject and predicate as irrelevant to 
content. His initial example of sentences with the same content 
showed that the same thing can appear as subject or as predicate 
without changing the content. Frege replaced this traditional ana- 
lysis of judgements with an analysis based on the mathematical 
notions of function and argument. In the Preface to Bs, he says that 
‘jt is easy to see how regarding a content as a function of an argu- 
ment leads to the formation of concepts’ (Bs, p. 107). However, in Bs 
itself, the notions of function and argument are explained for lin- 
guistic expressions, rather than contents. If we start with a complex 
expression, with or without a judgeable content, we can view a part 
of this expression as replaceable by other expressions. This yields 
an analysis of the whole expression into a part which is held con- 
stant — the function — and a part which is left to vary — the argument 
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(Bs, §9, pp. 126-7). Two points are crucial about this explanation. 
First, there is more than one way to analyse a complex expression 
into function and argument. For example, the sentence ‘Cato killed 
Cato’ can be analysed into the argument ‘Cato’ and the functions 
‘(| killed Cato’, ‘Cato killed |)’ or ‘( ) killed ( )’ (among others). Second, 
functions, unlike the expressions from which they are formed, are 
‘incomplete’ — they have argument-places which need to be filled to 
form an expression with a complete content. 

In papers written shortly after Bs, as well as in the Grundlagen 
der Arithmetik (GI) of 1884, Frege extends this function-argument 
analysis to support an account of the formation of concepts. His 
plan is simply to transfer the replacement and omission model of 
Bs from the expressions of judgeable contents to the contents them- 
selves. Thus, beginning with the content Cato killed Cato, we form 
the concept of suicide by viewing the content of the word ‘Cato’ as 
replaceable in both its ‘occurrences’.* This plan requires that judge- 
able contents be constructed in a manner analogous to the sentences 
that express them, so that we can speak of the ‘occurrences’ of the 
contents of sub-sentential parts of sentences in the judgeable con- 
tents that the sentences express; and it requires a conception of the 
content of sub-sentential parts of sentences. All of this is governed 
by a principle of compositionality: the content of a complex expres- 
sion is composed out of the contents of the parts of that expression, 
in a manner analogous to the way in which the expression is com- 
posed out of its parts. This compositionality of content has two con- 
sequences: first, the content of a part of an expression is a part of the 
content of the whole expression; and second, if two expressions have 
the same content, substituting one for the other within a larger com- 
plex expression will not change the content of the whole. 


2x ‘Boole’s logical calculus and the concept-script’ (1882): ‘I only allow the forma- 

tion of concepts to proceed from judgements. If, that is, you imagine the 2 in the 
judgeable content 

24=16 
to be replaceable by something else, by (-2) or by 3 say, which may be indicated by 
putting an x in the place of the 2: 

x4=16, 
the judgeable content is thus split up into a constant and a variable part. The former, 
regarded in its own right but holding a place open for the latter, gives the concept 
“4th root of 16” (NS, p. 17/PW, p. 16). ‘If from a judgeable content which deals with 
an object a and an object b we subtract a and b, we obtain as a remainder a relation- 
concept which is, accordingly incomplete at two points’ (GI, §70, p. 82). 
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The simplest form of sub-sentential expression is a proper name, 
such as ‘Cato’ in our example. What is the content of such a name? 
The answer implicit in Frege’s account of concept-formation 
is: the object named by the name, in this case Cato himself.?? 
The objects about which we judge are built into the judgeable 
contents themselves. Frege’s model of judgeable content thereby 
simultaneously accounts for two kinds of norms governing our 
cognitive and linguistic acts of judging and asserting — on the one 
hand norms of logical consistency, inferential interconnection 
and generally responsibility of judgements to each other, and on 
the other hand, norms of truth, and generally responsibility to 
the world. Judgeable contents are individuated in terms of their 
consequences; hence, when one judges a given content to be true, 
it is determined what further contents one is committed to judge 
true as well. But the content which one judges true also contains 
as parts the objects about which one judges, and which deter- 
mine the correctness of one’s judgement. The concepts employed 
in judging are factored out of judgeable content by omitting the 
objects which figure in it. Concepts’ dual character of content and 
extension derives from this factoring. A concept stands deriva- 
tively in consequence relations to other concepts, determined by 
the relations of the contents obtained by ‘completing’ them, and 
so can be said to have as content all concepts which ‘follow’ from 
it. At the same time, a concept determines a class of objects to 
which it applies, the class of objects which complete the concept 
to form a correct judgeable content; these make up the extension 
of the concept. 

However, all is not well with this model. There seems to be an 
instability in trying to combine in one ‘content’ the two normative 
dimensions of truth, responsibility of judgement to the world, and 
inference, responsibility of judgements to one another. By building 
the objects about which we speak and think directly into judgeable 
contents, we risk identifying contents that we want to distinguish 
on inferential grounds. Frege is not unaware of this difficulty in 
Bs, where he attends to a special case of it, involving the concept of 
identity, a primitive logical sign in Bs. 


22 Compare the passages cited in note 21 above. 
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The problem arises as follows. Suppose that a=b, that is, a and 
b are the very same thing, and consider the sentences ‘a=a’ and 
‘a=b’3 These sentences have different consequences, and so must 
differ in content. From ‘a=b,’ together with ‘Fa’, we can infer ‘Fb’. 
From ‘a=a’, no such conclusion follows. Yet, since a=b, the names 
‘a’ and ‘b’ have the same content. Thus substituting one for the other 
should not change the content of the whole. But such a substitution 
transforms ‘a=b’ into ‘a=a’. So these sentences must have the same 
content. 

Frege responds to this dilemma in Bs by proposing a metalinguis- 
tic account of the identity sign — in identity contexts, names stand 
not for their contents but for themselves (Bs, §8, p. 124). Thus, ‘a=b’ 
says that ‘a’ and ‘b’ have the same content. This affords a way out 
of the difficulty. We do not have to conclude that if a=b, ‘a=b’ and 
‘a=a’' have the same content. In this context, even though a=b, ‘a’ 
and ‘b’ do not have the same content, as long as they are distinct 
names — since in this context the content of ‘a’ and ‘b’ is the names 
themselves. 

Frege recognizes an objection to this solution, however. On this 
view, assertions of identity ‘pertain to the expression and not to 
the thought’, concerning only our form of expression, and not the 
things of which we would speak (Bs, §8, p. 124). This leads easily 
to the conclusion that in a perspicuous Begriffsschrift, we have 
no need for different names for one thing, or for a sign of iden- 
tity. If the job of a name is to stand for its content, and we adhere 
to the principle, one sign for one job, the sign of identity will be 
superfluous. 

Frege uses a geometrical example to respond to this objection. 
Beginning with a point A lying on a circle, another point is con- 
structed as the point of intersection of a certain line and the cir- 
cle. One then discovers that the first point and the second point 
are one and the same (Bs, §8, p. 125). Frege goes on to explain that 
in this example, ‘the same point is determined in two ways’: ‘dir- 
ectly in intuition’ and ‘as the point B corresponding to’ the given 
construction. 


23 In Bs, Frege uses the sign ‘=’ for identity; in his later writings he uses ‘=’. 


Sense and reference 237 


Frege’s argument here echoes another distinction from Kant’s 
Logic: that between the matter and form of a cognition.”4 Kant says 
that the matter of a cognition is the object, whereas the form is ‘the 
way in which we cognize the object’. He too provides an example 


(LL, pp. 544-5): 


If a savage sees a house from a distance ... with whose use he is not 
acquainted, he ... has before him in his representation the very same object 
as someone else who is acquainted with it determinately as a dwelling 
established for men. But as to form, this cognition of one and the same 
object is different in the two. With the one it is mere intuition, with the 
other it is intuition and concept at the same time. 


Frege’s example, like Kant’s, involves an object being given both 
intuitively and conceptually. However, Frege’s talk of different ways 
of ‘determining’ the same point modifies Kant’s formulation in one 
key respect: distinct objects cannot be determined in the same way. 
In Kant’s terms, where the form is the same, so must be the matter. 

Frege uses his example to dispel the impression that the identity 
sign is dispensable: ‘That the same content ... is ... given by two 
modes of determination is the content of a judgment’ (Bs, §8, p. 125). 
The identity sign allows us to express such contents. When distinct 
names ‘a’ and ‘b’ are associated with distinct modes of determining 
the same object, the identity sentence ‘a=b’ will bring this out. In 
such cases, Frege asserts, distinct names for one object, far from 
being superfluous, ‘concern the very heart of the matter’ (das Wesen 
der Sache selbst betreffen), and identity judgements are ‘in Kant’s 
sense, synthetic’ — they extend our knowledge through having new 
and useful consequences (Bs, §8, p. 126). Frege thus officially intro- 
duces the identity sign in the following way: ‘a=b’ asserts that ‘a’ 
and ‘b’ have the same content, so that each can be substituted for the 
other wherever it occurs (Bs, §8, p. 126). Thus the inferential content 
of ‘a=b’ is preserved — from it, together with the sentence ‘Fa’, we 
can infer the sentence ‘Fb’, and indeed one of the basic axioms of Bs, 
‘a=b > (Fa > Fby’, codifies this inference. 


24 This point is also made by Gottfried Gabriel, ‘Objektivitat: Logik und 
Erkenntnistheorie bei Lotze und Frege’, editor’s introduction to H. Lotze, Logik: 
Drittes Buch. Vom Erkennen (Methodologie) (Hamburg: Felix Meiner, 1989). 
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There is, however, an initial difficulty with this way of 
explaining the function of ‘=’. Frege first asserted that ‘a=b’ 
states that the names ‘a’ and ‘b’ have the same content; later 
he claimed that ‘a=b’ expresses the judgement that ‘the same 
object is determined in different ways’. This seems to provide 
two ways of understanding the content of ‘a=b’: (1) as a claim 
about the names ‘a’ and ‘b’, that they have the same content; (2) 
as a Claim about the associated modes of determination, that 
they determine the same thing. It is not obvious that these are 
compatible. We will see that Frege’s introduction of the sense-— 
reference distinction is intertwined with an attempt to address 
this problem. 

In Bs, Frege applies his identity sign to sentences, expressions 
of judgeable contents. He introduced his notion of conceptual 
content through a natural-language example of distinct sentences 
with the same content. The apparatus of Bs generates similar 
cases, involving sentences which Frege recognizes as mutually 
inferrable, since their equivalence is ‘obvious’ enough that we 
can count each as following directly from the other. The simplest 
such case is that of double negation — the distinct sentences ‘A’ 
and ‘~~A’ express the same content.?> Two of the axioms of Bs are 
‘_~A > A’ (proposition 31) and ‘A > ~~A’ (41) (Bs, §§18-19, pp. 156, 
158). In the Preface, however, Frege says that these axioms ‘can be 
combined into the single formula |-(~~A = A)’ (Bs, p. 107). This new 
axiom states that ‘~~A’ and ‘A’ have the same content, according 
to the Bs account of ‘=’. One might argue that all Frege is really 
claiming is the material equivalence of ‘A’ and ‘~~A’, since this 
is all that is stated by (31) and (41). However, the proposed new 
axiom is not a mere replacement for (31) and (41) but a real enrich- 
ment of Bs, which contains no principles from which one could 
derive ‘~~A=A’. There is no possibility in Bs of deducing ‘A = B’ 
from the material conditionals ‘A > B’ and ‘B > A’.*6 


»> What follows makes it plausible that in Bs Frege took double negation to pre- 
serve content. There are no other clear examples in Bs. In ‘Compound thoughts’ 
(1923-6), Frege says that ‘~~A’ and ‘A’ express the same thought, that ‘A & B’ and 
‘B & A’ express the same thought, and that contraposition preserves the thought 
(‘Compound thoughts’, pp. 393, 399, 403). 

26 In contrast, the system of the later Gg has a much stronger identity axiom. 
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It has been frequently pointed out that the Bs theory of identity 
is beset with problems.” For example, the theory implies that in 
the Bs axiom ‘a=b > (Fa > Fb)’ ‘a’ and ‘b’ are ambiguous, standing 
for themselves in ‘a=b’, and for a and b in ‘Fa’ and ‘Fb’. This makes 
conceptual trouble for the use of this axiom when ‘Fa’ is replaced 
by an identity context, an application which Frege needs to deduce 
the symmetry of identity (at proposition (55]).28 One such application 
yields ‘a=b > ((a=a)=(a=b))’ — in other words, if ‘a’ and ‘b’ have the 
same content, so do ‘a=a’ and ‘a=b’. This demonstrates the bank- 
ruptcy of the proposed solution in the context of the formal system 
of Bs — the formal system itself treats identity as a relation between 
the objects named, not between names. 

Avoiding these difficulties while retaining the Bs account of ‘=’ 
would require a major overhaul of the formal system of Bs. But the 
Bs account of identity fails at a more fundamental level, for it does 
not really address the problem it was intended to solve. That prob- 
lem was that, in treating the objects about which we judge as parts 
of the contents which we recognize as true, we end up conflating 
contents that we want to hold apart because they do not have the 
same consequences. The Bs account of identity addresses this issue 
only in the case of identity sentences, by allowing that, even when 
a=b, ‘a=a’ and ‘a=b’ can have different content. But the general Bs 
account of content still implies that, when a=b, ‘Fa’ and ‘Fb’ have 
the same content, and so are mutually inferrable. This, however, 
violates our intuitions about what follows from what. We do not 
suppose that, merely because a=b, one who asserts ‘Fa’ and denies 
‘Fb’ thereby contradicts herself, as would happen if ‘Fb’ were a con- 
sequence of ‘Fa’. Generalizing the Bs account of identity to handle 
all such problems would lead to the unfortunate result that, in all 
contexts, names stood for themselves rather than for their content. 

These sorts of difficulties were very much in Frege’s mind at the 
time of the composition of ‘On sense and reference’ (‘Uber Sinn und 


27 See, for example, Mendelsohn, ‘Frege’s Begriffsschrift theory of identity’, Joan 
Weiner, ‘Frege and the linguistic turn’, Philosophical Topics, 25/2 (1997), 
pp. 265-88, and Dummett, IFP. 

28 There is also trouble for quantification into identity contexts, especially into 
‘mixed’ contexts; Frege needs to be able to quantify into these contexts, for 
example in his definition of ‘many-one procedure’ (proposition (115}) and the sub- 
sequent theorems. 
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Bedeutung’, S#B, 1892) and Grundgesetze der Arithmetik (Gg I, 
1893). However, in the years following the publication of Bs, Frege 
continued to work with the picture of content we have sketched 
here. In his ‘logicist manifesto’, Grundlagen der Arithmetik (G1) of 
1884, the Bs picture is assumed throughout, and plays an import- 
ant role in his account of the Kantian analytic-synthetic distinc- 
tion, with which he frames the project of the book.?? However, by 
the time of the publication of his second great logicist work, Gg, 
the basic picture of content adumbrated so far had been replaced by 
the famous theory of sense and reference. In my view the sources 
of this fundamental reworking of Frege’s thought are to be found in 
the development of his logicist project in Gl. 


3 OBJECTIVITY, OBJECTHOOD AND THE CONTEXT 
PRINCIPLE IN GRUNDLAGEN?° 


Frege wrote Bs with the aim of establishing the epistemological sta- 
tus of arithmetic. In part III of that work, he proved some results in 
a ‘general theory of sequences’, which he hoped to be able to apply to 
the sequence of natural numbers. Five years later, in Gl, he developed 
the philosophical basis of his claim that, contra Kant, arithmetic is 
analytic, and that its truths can be proved from logical laws and 
definitions alone. In GI, he claimed only to have made this plausible 
informally; the formal demonstration, making use of the apparatus 
of Bs, was reserved for Gg, the first volume of which appeared nine 
years after GI. In GI the need for developing a more careful account 
of judgement and content began to reveal itself; and the project of 
Gg led to the full-fledged theory of sense and reference. 

Frege prepares the ground for his own account in GI with a cri- 
tique of other philosophies of arithmetic. In the course of his argu- 
ment, he emphasizes both the objectivity of mathematical truths 
and the objecthood of the numbers which mathematics studies. He 
thus sets himself against two tendencies in the philosophy of math- 
ematics, against which he polemicized throughout his subsequent 


29 For an illuminating discussion of this see Jamie Tappenden, ‘Extending know- 
ledge and “fruitful concepts”, Notis, 29 (1995), pp. 427-67. 

3° A more extended discussion of these issues is found in Ricketts, chapter 6, this 
volume, §§7 and 8. I have followed Austin in translating ‘Bedeutung’ as ‘meaning’ 
in GI since Frege had not then given the term its special technical significance. 
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career: psychologism and formalism. The former takes math- 
ematical terms to mean ideas, while the latter avoids ascribing any 
meaning to them whatsoever. 

Frege’s argument turns on ‘three fundamental principles’ (Gl, p. x): 


always to separate sharply the psychological from the logical, the subjective 
from the objective 


never to ask for the meaning of a word in isolation, but only in the context 
of a sentence 


never to lose sight of the distinction between concept and object. 


The first principle rejects psychologism; the third principle, Frege 
says, implies that ‘a widely held formalist theory ... is untenable.’3' 
The second of the three principles, the ‘Context Principle’, is the 
lynchpin on which the others depend.3? Frege claims that, if the 
Context Principle is violated, ‘one is almost forced to take as 
the meanings of words mental pictures in the individual mind, and 
so to offend against the first principle as well’. He is less explicit 
about the relation between the Context Principle and the concept— 
object distinction, but it is there nonetheless. In GI, Frege gets at 
the distinction between concept and object through a distinction 
between names and concept-words (predicates), itself drawn with 
the help of the Context Principle. It is only by considering how 
a word functions in a sentence that we can determine its logical 
place as name or predicate, and so determine the place of its con- 
tent as concept or object. 

Frege’s distinction between the psychological/subjective and the 
logical/objective leads him to reconsider the Kantian vocabulary of 
‘representation’ (Vorstellung) and ‘content’ employed in Bs. He now 
recognizes the ing—-ed ambiguity of ‘representation’: ‘in compliance 
with the first principle, I have used the word ‘representation’ always 
in the psychological sense, and have distinguished representations 


3! This is the theory that mathematical existence is simply consistency. Frege’s 
point is that consistency is a property of the concept with which one defines an 
object, and does not guarantee existence of the object. The formalist confuses 
concept and object here. (GI, §95, p. 106.) 

32 My understanding of the Context Principle is indebted to Jim Conant’s detailed 
analysis of Wittgenstein’s use of it in ‘The method of the Tractatus’, in E. Reck 
(ed.), From Frege to Wittgenstein: Perspectives on Early Analytic Philosophy 
(Oxford: Oxford University Press, 2002). 
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from concepts and from objects’33 (GJ, p. x). In a footnote to a discus- 
sion of the view that ‘number is the representation of the position of 
an item in a series’ he writes (G1, §27, p. 37): 


My arguments would be beside the point if he meant by representation 
an objective idea (Idee); but in that case what difference would there be 
between the representation of the position and the position itself? 

A representation in the subjective sense is what is governed by the psych- 
ological laws of association; it is of a sensible, pictorial character. A 
representation in the objective sense belongs to logic and is in principle 
non-sensible, although the word which means an objective representation 
is often accompanied by a subjective representation, which nevertheless is 
not its meaning. Subjective representations are often demonstrably different 
in different men, objective representations are the same for all. Objective 
representations can be divided into objects and concepts. I shall myself, to 
avoid confusion, use ‘representation’ only in the subjective sense. 


Here, Frege distinguishes between the act of representing, the ‘sub- 
jective representation’, and the content represented, the ‘objective 
representation.4 In Bs Frege marked the distinction between the 
content of judgement and the act of judging in his logical notation, 
through his ‘judgement-stroke.’ However, he was not yet completely 
clear on the subjective—-objective distinction drawn in Gl, as is 
shown by his treatment of judgeable content as a ‘mere combin- 
ation of representations’, ‘formed’ by a mental act. GJ, in contrast, 
emphasizes the objectivity of content. 

If arithmetic is an objective science, it must have its ‘objective 
representations’, objects and concepts. Frege insists on a sharp dis- 
tinction between objects and concepts, and argues that numbers are 
not concepts, but objects. The notion of concept here is modelled 
on the linguistic idea of ‘function’ of Bs. That account of function, 
however, presupposes a category of ‘complete’ expressions which are 


33 Austin translates ‘Vorstellung’ as ‘idea’ in order to bring out this psychological 
aspect of ‘Vorstellung’ in Frege’s usage; but this obscures Frege’s point in the foot- 
note discussed below. 

34 Aware of the fact that ‘representation’ and associated words might be understood 
in the ‘objective’ sense, Frege repeated such cautions in his later writings. For 
example, in ‘On sense and reference’ (hereafter S#B) he writes: ‘We may include 
with representations intuitions ... One may on the other hand understand intu- 
ition as including any object in so far as it is sensibly perceptible and spatial.’ 
(S#B, p. 29, fn. 3.) 
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not functions, and which serve both as the ‘wholes’ within which 
we can omit and vary parts to obtain functions, and as the ‘parts’ 
which we omit and vary.35 Similarly, the account of concepts in Gl 
presupposes both judgeable contents and objects as parts of those 
contents. Yet the Context Principle might seem to undercut the 
needed distinction by making all sub-sentential expressions equally 
‘incomplete’, and all non-judgeable contents equally dependent on 
judgeable contents. 

To resolve this difficulty we must attend to Frege’s actual use 
of the context principle in GJ. When he writes, ‘Only in a sentence 
have the words really a meaning ... It is enough if the sentence 
taken as a whole has a sense; it is this that confers on its parts also 
their content’ (GI, §60, p. 71), it is tempting to take this in one of 
two extreme ways: (1) the content of a word is determined by the 
sense of any sentence in which it occurs; (2) the content of a word is 
determined by the sense of all sentences in which it occurs. Either 
of these possibilities would make it difficult to sustain a real dis- 
tinction between concept and object. Neither of these suggestions, 
however, reflects Frege’s intention. 

Frege approaches the nature of numbers through the Context 
Principle: ‘It should throw some light on the matter to consider 
number in the context of a judgement which brings out its basic 
use’ (GI, §46, p. 59). He considers ‘statements of number’ such as 
‘there are two senators from Indiana’ and concludes that ‘a state- 
ment of number contains an assertion about a concept’ (we can say 
of the concept senator from Indiana that two individuals fall under 
it). This might lead to the view that numbers are ‘second-order con- 
cepts’ (the number two is the concept under which such concepts 
as senator from Indiana and prime less than s fall). However, Frege 
denies that numbers are such concepts. Rather, they are ‘self-sub- 
sistent objects that can be recognized as the same again’ (GI, §56, 
p. 68}. Frege distinguishes concepts and objects by the kind of ques- 
tions one can ask about them, the kind of sentences in which they 
occur. ‘With a concept, the question is always whether anything, 


35 Higher-order functions are generated by allowing lower-order functions to be the 
arguments which are omitted and replaced; but recognizing these lower-order 
functions requires that at some level there are arguments that are themselves not 
functions. 
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and if so what, falls under it. With a proper name, such questions 
make no sense’ (GI, §51, p. 64). On the other hand, the ‘self-subsistence’, 
and thus objecthood, of numbers ‘comes out at every turn, as for 
example in the identity 1+1=2' (G1, §57, p. 69). 

Frege’s use of the Context Principle shows that contexts of the 
form ‘a is F’ are primary in establishing the content of a predicate 
like ‘F’, whereas contexts of the form ‘a=b’ are primary in establish- 
ing the content of a name like ‘a’. The ‘self-subsistence’ of objects 
consists in their being ‘recognizable as the same again’, as expressed 
in statements of identity. Thus Frege can claim: (GI, §60, p. 72): 


The self-subsistence which I am claiming for number is not to be taken 
to mean that a number word signifies something when removed from the 
context of a sentence, but only to preclude the use of such words as predi- 
cates or attributes, which appreciably alters their meaning. 


This interpretation of Frege’s use of the Context Principle is borne 
out by his answer to the Kantian question: ‘How then are numbers 
given to us, if we cannot have any representations or intuitions of 
them?’ He appeals to the Context Principle: ‘Since it is only in the 
context of a sentence that words have any meaning, our problem 
becomes this: to define the sense of a sentence in which a num- 
ber word occurs.’ But he immediately narrows this problem: ‘we 
have already settled that number words are to be understood as 
standing for self-subsistent objects. And that is enough to give us 
a class of sentences which must have a sense, namely those which 
express our recognition of a number as the same again.’ The prob- 
lem thus becomes ‘to construct the content of a judgement which 
can be taken as an identity such that each side of it is a number’ (GI, 
§§62-3, pp. 73-4). 

However, the use of identity contexts as the crucial marker of 
namehood, and so objecthood, puts considerable pressure on the Bs 
account of identity. For it requires both that identity be a relation 
between objects, rather than between names, and that non-trivial 
identity statements be possible. If identity were only a relation 
between names, the use of names in identity contexts could hardly 
‘confer content’ on them in such a way as to ‘give’ us objects. But 
equally, if identity statements were always trivial, like ‘a=a’, an 
ability to form such sentences and judge them to be true would 
have no interesting consequences. Yet the Bs account preserved the 
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non-trivial character of identities only by treating identity as a rela- 
tion between names and not objects. 

In GI these difficulties surface in Frege’s attempts to define the 
numbers. His stated aim to ‘construct the content of a judgement 
which can be taken as an identity such that each side of it is a num- 
ber’ shows that he understands identity as a relation between objects 
which are parts of the content of an identity judgement. On the other 
hand, he emphasizes the importance of non-trivial identities, arguing 
that if we assumed that every object could be given in only one way, 


All identities would then amount simply to this, that whatever is given 
to us in the same way is to be reckoned as the same. This, however, is a 
principle so obvious and so sterile as not to be worth stating. We could not, 
in fact, draw from it any conclusion which was not the same as one of our 
premises. Why is it, after all, that we are able to make use of identities with 
such significant results in such divers fields? Surely it is rather because we 
are able to recognize something as the same again even although it is given 
in a different way.” 


36 This is also clear from his acceptance of Leibniz’s definition of identity (GI, §65, 
p. 76.): ‘Things are the same as each other, of which one can be substituted for 
the other without loss of truth [Eadem sunt, quorum unum potest substitui alteri 
salva veritate]’. Beaney sees use-mention confusion here, and assumes that Frege is 
thinking of substituting expressions for one another (FMS, p. 155). However, Frege’s 
discussion shows that he is thinking of substituting objects within judgeable con- 
tents. He writes (Gl, §65, p. 77): ‘In order ... to justify our proposed definition ... we 
should have to show that it is possible, if line a is parallel to line b, to substitute the 
direction of b everywhere for the direction of a.’ While Austin and Beaney (FMS, 
p. 101; The Frege Reader (Oxford: Blackwell, 1997), p. 112) insert quotation marks 
around ‘the direction of b’ and ‘the direction of a’, these are not present in the 
German text. A little later Frege remarks that, if we introduce any new ‘assertion 
about directions’, we will need to ‘make it a rule always to see that it must remain 
possible to substitute for the direction of any line the direction of any line parallel 
to it’. Here too identity appears as a relation between objects, not names. 

37 Beaney emphasizes the importance of this passage (FMS, p. 102). It is worth not- 
ing that, in context, this passage equivocates on the key notion of a ‘way of being 
given’. This shows that at this stage Frege had not yet achieved complete clarity 
on this issue. The passage occurs as part of Frege’s discussion of a proposed defin- 
ition of ‘direction’ in terms of parallelism: 


the direction of a=the direction of b if and only if a//b. 


His worry is that, while this settles when the direction of one line is identical 
with that of another, it does not establish a general criterion which would settle 
for any gq whether q=the direction of a. Hence, it does not tell us what the dir- 
ection of a line is, does not ‘give us’ the object. Frege notes that, if we had the 
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This passage clearly harks back to the Bs account of content and 
identity, pointing out that identities often have non-vacuous con- 
tent, serving as the ground for novel consequences. At this point, 
however, Frege had no account of how non-trivial identities are pos- 
sible, compatible with a treatment of identity as a relation between 
objects. Such an account would have to wait for the theory of sense 
and reference. 


4 TRANSITION TO ‘ON SENSE AND REFERENCE”?® 


Difficulties with identity and the notion of object were on Frege’s 
mind in the period between G1 and SB, judging from the evidence 
of his unpublished writings. In his Nachlass, a folder headed ‘On 
the concept of number’ was found, the contents of which were sepa- 
rated by the editors of NS into two parts, since the second part was 
‘obviously a preliminary draft’ (NS, p. 96/PW, p. 87) of ‘On concept 
and object’, while the first contained criticisms of the views of Otto 
Biermann. The editors assign to these manuscripts a date of 1891/2, 


‘concept of direction’, we could complete our definition by stipulating that, if 
q is not a direction, g#the direction of a. He considers the stipulation(*) g is a 
direction if and only if g is introduced by means of the proposed definition. He 
replies: (G1, §67, p. 78): ‘If ... we were to adopt this way out, we should have to be 
presupposing that an object can only be given in one single way; for otherwise it 
would not follow, from the fact that g was not introduced by means of our defini- 
tions, that it could not have been introduced by means of it.’ The passage quoted 
in the main text follows this immediately. 

Yet this is an equivocation. Frege says that (*) presupposes that an object can be 
given in only one way. This is true if he means ‘a direction can only be given as a 
direction’. He then concludes that, if an object can only be given in one way, all 
identities become sterile instances of the obvious tautology that what is given in 
the same way is the same. But this conclusion follows only if he means that the 
only way in which the direction of a can be given is as the direction of a, and this 
in no way follows from (*). It is fully compatible with (*) that the same object be 
given as the direction of a and as the direction of b, in which case the true iden- 
tity ‘the direction of a=the direction of b’ will be neither more nor less trivial 
than ‘a//b’. 

The equivocation involved here is between a conception of the ‘way in which 
an object is given’ which, like Kant’s ‘form’, permits several objects to be ‘given in 
the same way’, and a conception which, like Bs’s ‘mode of determination’, requires 
that at most one object can be given (determined) in any particular way. That Frege 
was capable of this equivocation reveals that his own conception of what it is for 
an object to be ‘given’ was not yet completely fixed (GI, §67, pp. 78-9). 

38 This section is speculative and can be skipped without significant loss of 
continuity. 
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on the grounds that ‘On concept and object’ appeared in 1892, not- 
ing that ‘the section dealing with Biermann may have been written 
earlier’ since the pre-1891 terminology of ‘content’ is used there (NS, 
p. 81/PW, p. 72). 

Careful attention to these texts reveals some interesting points. 
First, they seem to form one continuous piece of writing, as indi- 
cated by Frege’s placing them in one folder. The supposed draft of 
‘On concept and object’ begins ‘I turn now to consider ...’ — not how 
one would expect a draft of a free-standing essay to begin. Second, 
while the terminology of sense and reference does occur there, the 
terminology of judgeable content is also used, even after the point 
at which Frege introduces the sense-reference distinction (NS, 
p. 108/PW, p. 99; compare the long footnote at NS, p. 1oo9ff./PW, 
rooff.). Third, the first part begins as if introducing a larger work 
(NS, p. 81/PW, p. 72): 


In my Grundlagen (§68) I called the concept F equal in number to the con- 
cept G if it is possible to correlate one-to-one the objects falling under F 
with those falling under G and then gave the following definition: 

The number belonging to the concept F is the extension of the concept 
‘equal in number to the concept F’. 

The following discussion will show that this definition gives the right 
results when applied, by deriving the basic properties of numbers from it. 
But first we need to clarify a few points and meet some objections. 


Of what projected work is this the beginning? In Gg Frege writes 
that ‘internal changes in my Begriffsschrift ... forced me to discard 
an almost completed manuscript’ (Gg, vol. I, p. ix). Frege traces these 
‘internal changes’ to ‘a thoroughgoing development of my logical 
views’, highlighting in particular the sense—reference distinction. 
I suggest that the manuscripts headed ‘On the concept of number’ 
constitute part of the introduction to the ‘almost completed’ version 
of Gg which Frege had to discard. This makes sense of the opening 
paragraphs of the manuscript: the task of Gg was precisely to give 
a formal proof of the correctness of GI’s philosophy of arithmetic. 
The points to be clarified are found in the criticisms of Biermann, 
and the objections to be met are Kerry’s criticisms of the concept-— 
object distinction. These manuscripts can plausibly be dated to the 
late 1880s: Biermann’s book appeared in 1887, and Kerry’s articles in 
1886 and 1887. Apparently, Frege abandoned this introduction to Gg 
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upon drawing the sense-reference distinction, after a half-hearted 
attempt to simply incorporate the distinction into the manuscript; 
eventually, he reworked a part of the manuscript into ‘On concept 
and object’. 

How, in writing this manuscript, was Frege driven to the sense— 
reference distinction, though? There are some fascinating hints. 
His critique of Biermann and Kerry must have focused his thought 
on the notion of object, which we saw to be intimately related to 
the problem of identity. Kerry’s criticism of the concept—object dis- 
tinction challenged the very core of Frege’s claim that numbers 
are objects and not concepts. His final point against Biermann, 
that ‘there is only one number called o, there is only one number 
called 1, only one number 2, and so on’ (NS, p. 94/PW, p. 85), drew 
him directly to the problem of identity, leading him to write (NS, 


pp. 94-5/PW, p. 85): 


There are various designations for any one number. It is the same number 
which is designated by ‘1+1’ and ‘2’. Nothing can be asserted of 2 which 
cannot also be asserted of 1+1; where there appears to be an exception, 
the explanation is that the signs ‘2’ and ‘1+1’ are being discussed and not 
their content. It is inevitable that various signs should be used for the same 
thing, since there are different possible ways of arriving at it, and then we 
first have to ascertain that it is really the same thing we have reached. 


Here Frege attempts a striking generalization of Bs’s metalinguis- 
tic theory of identity, suggesting that all contexts in which substi- 
tution of identicals fails are metalinguistic. This would entail that 
in indirect discourse contexts such as ‘Caesar said that Tully was 
a great orator’, embedded names like ‘Tully’ stand for themselves 
rather than for their usual contents (in this case Cicero). This both 
anticipates and yet differs importantly from his later view that in 
such contexts words stand for their ordinary sense} The importance 
to Frege of this issue is shown by the fact that in the Introduction to 
Gg, Frege cites only one thing in support of the sense-reference dis- 
tinction: ‘only in this way can indirect discourse be correctly under- 
stood’ (Gg I, p. x) — a remarkable fact, given that indirect discourse 
is not even represented in the formal system of Gg. 


39 The view suggested in Frege’s response to Biermann was later put forward by 
Carnap and criticized by Church, whose own position resembled Frege’s later, 
settled view. 
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It is not clear exactly when or how the drawbacks of a metalinguis- 
tic account of indirect discourse presented themselves to Frege.4° But 
it is plausible that in his first attempts to draft an introduction to Gg, 
he began to see how the problem of identity required something like 
the sense-reference distinction. But there was another route to the 
distinction as well, connected to the eventual introduction to the 
published version of Gg. While Frege opens S#B with the problem of 
informative identities, and often reverts to this problem in explain- 
ing the need for the sense-reference distinction (‘On Mr Peano’s 
conceptual notation and my own’, p. 241; ‘Introduction to logic’, 
NS, pp. 208-9/PW, p. 192; ‘Logic in mathematics’, NS, p. 243/PW, 
p. 225; Frege to Jourdain, January 1914, WB, pp. 127-8/PMC, pp. 
79-80; Frege to Peano, undated, WB, p. 196/PMC, p. 127; Frege to 
Russell, 28 December 1902, WB, pp. 234—-5/PMC, pp. 152-3), he some- 
times also characterizes the distinction in terms of his having ‘split 
up’ or ‘analysed’ (zerlegt) into thought and truth-value what he had 
previously combined in his former notion of judgeable content (‘On 
concept and object’, p. 187; Gg, vol. I, p. x; Frege to Husserl, 24 May 
1891, WB, p. 96/PMC, p. 63). This points to a second motivation for 
the distinction, having to do with not with sub-sentential content 
and the problem of identity, but with sentential, judgeable content 
and Frege’s account of judgement. This motivation arises with the 
development of Frege’s attack on psychologism. 

In GI, and in other writings of about the same time, Frege’s dis- 
cussions of psychologism focused on distinguishing between ideas 
(subjective representations) and concepts and objects (objective 
representations}, with Frege arguing, for example, that while ideas 
develop and change, concepts do not (GI, pp. v, vii; ‘On the law of 
inertia’ (1891), pp. 132-5). In contrast, Frege’s polemic against ‘psycho- 
logical logicians’ in the Introduction to Gg focuses on the status of 
the laws of logic (Gg, vol. I, pp. xiv-xxvi). He distinguishes between 
psychological laws, which describe how people think, and logical 
laws, which are laws of truth, and ‘prescribe universally the way in 
which one ought to think’ (Gg, vol. I, p. xv). This form of polemic 
first occurs in Frege’s writings in an unpublished ‘Logic’. The date of 


4¢ Church pointed out that in translating from one language to another, we trans- 
late the words occurring in indirect discourse contexts, which contradicts the 
metalinguistic account. 
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this piece can only be established with certainty as between 1879 
and 1891;* but internal evidence suggests that it was written fairly 
close to 1891. In the first place, the resemblance of its argumentative 
strategy to that of the Introduction to Gg, and to nothing else written 
by Frege before Gg, argues for a date close to the time of composition 
of Gg. Moreover, in the course of his argument against psycholo- 
gism, Frege employs, as an example of an unchanging law, the law 
of inertia (das Tragheitsgesetz) (‘Logic’, NS, pp. 4-5/PW, pp. 4-5). In 
1891 Frege reviewed a book published in 1886, under the title ‘On the 
law of inertia’ (‘Uber das Tragheitsgesetz’). This review devotes sev- 
eral pages to a discussion of psychologism. This suggests that Frege 
wrote the undated ‘Logic’ at a time when he was working on ‘On the 
law of inertia’, thus between 1886 and 1891.4” 

The ‘Logic’ opens with a characterization of judgement and 
assertion: ‘Inwardly to recognize something as true is to make a 
judgement, and to give expression to this judgement is to make 
an assertion’ (NS, p. 2/PW, p. 2). Arguments against psychologism, 
reminiscent of Gg, follow, leading to the conclusion that ‘it is the 
business of the logician to conduct an unceasing struggle against 
psychology...’ (NS, p. 7/PW, p. 6). Frege then turns to a brief discus- 
sion of the notion of ‘judgeable content’, after which the manuscript 
breaks off (NS, pp. 7-8/PW, pp. 7-8). 

In attempting to characterize his idea of judgeable content, 
Frege emphasizes its objectivity: ‘such a content is not the result 


4 Tt contains a reference to Bs, published in 1879, and uses the terminology of 
‘judgeable content’ abandoned in 1891. 

# Hans Sluga (‘Frege on the Indefinability of Truth’, in Reck (ed.), From Frege to 
Wittgenstein, p. 82) thinks that this ‘Logic’ dates from before 1884, since its 
projected table of contents includes a discussion of ‘judgments in which some- 
thing is recognized as the same again’ under the heading ‘definition of objects’. 
Sluga sees here a reference to the strategy, rejected in Gl, of contextually defin- 
ing numbers via fixing the sense of numerical identities. However, even expli- 
cit definitions must make use of identities; moreover, as Burge has pointed out, 
there is evidence in the catalogue of Frege’s Nachlass that, even after 1884, he 
continued to toy with the contextual definition strategy. See Tyler Burge, ‘Frege 
on extensions of concepts, from 1884 to 1903’, Philosophical Review, 93 (1984), 
pp. 3-34, here pp. 12-13; and Albert Veraart, ‘Geschichte des wissenschaftlichen 
Nachlasses Gottlob Freges und seiner Edition. Mit einem Katalog des urspriingli- 
chen Bestands der nachgelassenen Schriften Freges’, in M. Schirn (ed.), Studien 
zu Frege, vol. 1: Logik und Philosophie der Mathematik (Stuttgart: Frommann, 
1976], item 47, p. 95. 
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of an inner process ... but something objective ... something that 
is exactly the same for all ... who are capable of grasping it’ (NS, 
p. 7/PW, p. 7). Thus not only is his characterization of judgement 
as the ‘inward recognition of something as true’ close to his later 
slogan that ‘the act of judgement’ is ‘the recognition of the truth of 
a thought’, he also anticipates here his account of the necessary pre- 
ceding stage: ‘the grasp of a thought — thinking’ (‘Thoughts’, p. 355). 
In the ‘Logic’, Frege appeals to the phenomenon of yes-no questions 
to further explain his idea of content: ‘A judgement is often pre- 
ceded by questions ... We grasp the content of a truth before we rec- 
ognize it as true, but we grasp not only this; we grasp the opposite 
as well’ (NS, p. 8/PW, p. 7}. In his late essay ‘Negation’, Frege appeals 
to just this point to argue against the view that ‘a thought has being 
by being true’, insisting that ‘being-true cannot be reckoned to the 
sense of a propositional question’ (‘Negation’, pp. 373-4). His argu- 
ment points precisely to the need to distinguish thought from truth- 
value, and the correlative need to distinguish two aspects in the act 
of judging — grasp of thought and recognition of truth. In a footnote 
to ‘Negation’, Frege writes (p. 381): 


We are probably best in accord with ordinary usage if we take a judgement 
to be an act of judging, as a leap is an act of leaping. Of course this leaves 
the kernel of the difficulty uncracked; it now lies in the word ‘judging’. 
Judging, we may say, is recognizing the truth of something; what is recog- 
nized as true can only be thought. The original kernel now seems to have 
cracked into two; one part of it lies in the word ‘thought’ and the other in 
the word ‘true’. Here for sure we must stop. 


This cracking of the kernel, the act of judging, parallels precisely the 
splitting of the ‘judgeable content’ into thought and truth-value. 
Consequently, at the end of the ‘Logic’ manuscript, Frege was 
already very close to his later distinction between truth-value 
and thought, and the corresponding distinction between grasp of 
thought and recognition of truth. He seems, in fact, to have broken 
off the manuscript just at the point where he realized the neces- 
sity for making such a distinction, in the midst of his account of 
‘judgeable content’. In any case, such a distinction is needed in the 
context of the argument against psychologism which he began to 
sketch in the ‘Logic’ and which he developed more fully in Gg. 
This argument requires that we maintain a three-fold distinction 
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between (1) thinking, the psychological act of grasping a thought, 
(2) judging, the act of recognizing a thought as true, and (3) the 
actual truth of the thought. Psychological ‘laws of thought’ con- 
cern (1) and (2), whereas logical ‘laws of thought’ concern primarily 
(3), but give rise to prescriptions concerning (1) and (2), given that 
the aim of thought, and especially judgement, is truth. That such 
distinctions are necessary was already pointed out in Gl, where 
Frege warns against confusing the ‘being-thought [Gedachtwerden]| 
of a proposition with its truth’ (GI, p. vi; §77, p. 91). Yet the Bs 
account of content presupposed in GI fails to accommodate this 
important distinction. 

The problem is this: according to the Bs picture of content, a 
judgeable content contains as parts the objects which the content 
is about, and the concepts which it predicates of those objects. But 
on this picture, a judgeable content could not exist without being 
true —the Bs account supports the thesis against which Frege argues 
in ‘Negation’, that the being of a thought is its truth. Consider, for 
example, the judgeable content that Desdemona loves Othello.*3 This 
content is made up of the objects Desdemona and Othello, linked 
by the unsaturated concept expressed by the predicate ‘( Jloves| )’. 
Given that this content exists, it would seem that Desdemona must, 
in fact, love Othello. For what else could her being linked to him by 
the concept of loving amount to? If in grasping the thought that 
Desdemona loves Othello, I grasp a complex entity consisting of 
Desdemona and Othello linked in this way, how can my grasp not 
translate into a recognition of truth? On the Bs model, to under- 
stand the question ‘Does Desdemona love Othello?’ would be to 
answer it ‘yes’. Such reflections may have led Frege to break off his 
‘Logic’ just at the point when the need to ‘crack the kernel’ of judge- 
able content showed itself. 

Thus, in Frege’s unpublished writings from the period immedi- 
ately prior to ‘On sense and reference’, two sets of concerns cause 
him to break off his work. On the one hand, concerns about identity 
and the notion of object interfere with his writing of an apparent 
introduction to Gg; on the other hand, concerns about the notion of 


43 The example is Russell’s; I choose it to highlight the similarity of the problem 
here with one which confronted Moore and Russell’s early account of judgement 
and truth. 
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judgeable content interfere with his writing of a ‘Logic’. The theory 
of sense and reference will address both sets of concerns. 


5 ‘ON SENSE AND REFERENCE’: INTRODUCTION 


We come now to the official presentation of Frege’s views in his 
most famous essay, ‘On sense and reference’ (S@B, 1892). Frege 
begins S#B with essentially the picture of ‘content’ sketched in §§1 
and 2 above. But he now recognizes the instability of this picture — 
the contents assigned to names on the one hand and to sentences on 
the other cannot fit together in the way demanded by the principles 
of substitution and compositionality. The metalinguistic account 
of identity in Bs was an attempt to get around this problem. S#B 
opens with a reconsideration of this account. 

Frege begins by asking whether identity is a relation, and if so 
whether it relates objects or names.*+ He states that in Bs he had 
taken it to relate names, and says that he will expound the reasons 
for this view. The rest of the long opening paragraph of Se#B is often 
thought to contain not only the argument for the earlier view but 
also some or other argument against it; but a careful comparison of 
Bs and S#B shows that Frege is, just as he says, simply recapitulat- 
ing the argument for the Bs account. We will follow this paragraph 
closely (S@B, pp. 157-8}.45 

First, Frege outlines the problem posed by identity statements. If 
identity relates objects, it seems that ‘a=b’ and ‘a=a’ must have the 
same content, since they state the same relation to hold between the 
same objects. This argument turns on the idea that name-content 
is part of sentence-content — the two identity sentences here are 
composed out of the same parts in the same way. However, Frege 
points out, the two sentences have manifestly different ‘cognitive 
value’ (Erkenntniswert). ‘a=a’ is a trivial consequence of the law 
of identity — it has no interesting consequences. ‘a=b’ may require 
investigation to discover; it can be a fruitful discovery, rich in 


44 In a footnote he states ‘I understand ‘a=b’ to have the sense of ‘a is the same as b’ 
or ‘a and b coincide’. This might be taken to endorse the view that identity is a 
relation between objects — except that the footnote occurs before the question of 
the nature of identity is posed. 

45 In this discussion I am indebted to William Taschek, ‘Frege’s puzzle, sense and 
information content’, Mind tot (1992), pp. 767-91. 
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consequences. ‘The discovery that the rising sun is not new every 
morning, but always the same, was one of the most fertile astro- 
nomical discoveries. Even today the reidentification of a small 
planet or comet is not always a matter of course’ (S@B, p. 157). 
Clearly, these sentences differ in content, in their consequences. In 
later writings, Frege sometimes uses the terminology of ‘content’ 
explicitly to make this point. For example, in correspondence with 
Peano, he writes that ‘anyone can see that the thought of second 
sentence |The evening star is the same as the morning star’] is 
different, and in particular that it is essentially richer in content 
[wesentlich inhaltreicher| than that of the former [/The evening 
star is the same as the evening star’|’ (Frege to Peano, undated, WB, 
p. 196/PMC, p. 127). 

The Bs theory was meant to provide for this worry. It assigns dif- 
ferent content to the two sentences by treating ‘a=b’ as saying that 
the signs or names ‘a’ and ‘b’ stand for the same thing. However, 
Frege remarks, ‘this is arbitrary’. He thus raises the worry expressed 
in Bs, that the metalinguistic theory rescues the wrong sort of con- 
tent for identity-statements, content which ‘pertains merely to the 
expression and not to the thought’ (Bs, §8, p. 124). ‘The sentence 
a=b would no longer refer to the subject matter, but only to its mode 
of designation; we would express no proper knowledge by its means’ 
(S@B, p. 157).4° 

In SB, Frege clarifies this worry by asking what our talk of 
‘names’ or ‘signs’ here amounts to. He asks whether ‘the sign “a” is 
distinguished from the sign “b” only as an object (here, by means of 
its shape)’ or ‘as a sign (i.e. ... by the manner in which it designates 
something)’ (S@B, pp. 157-8, my emphasis). When we speak of ‘signs’, 
we might mean ‘mere’ signs, natural objects which we may put to 
some specific linguistic use, but which are not individuated by any 
features of that linguistic use. In that case, as Frege puts it, the use 
to which a sign is put is arbitrary — we could equally put that sign to 
some other use or put some other sign to that use. But we might also 
mean signs-in-use, individuated ‘as signs’, not only by such features 
as shape or size, but also by the linguistic use to which they are put. 


46 The phrase ‘refer to the subject matter’ translates ‘die Sache selbst ... betreffen’, 
an echo of Bs’s ‘concern the very heart of the matter’, ‘das Wesen der Sache selbst 
betreffen’. 
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Frege had already implicitly deployed such a distinction in 
his critique of formalism in GI, where he wrote that ‘an empty 
sign (Zeichen) ... without some content ... is merely ink or print 
on paper, as which it possesses physical properties’, but ‘really 

. would not be a sign at all’ (GI, §95, p. 107). Shortly after Gl, 
Frege made an explicit distinction between ‘figure’ (‘Figur’) and 
‘sign’ (‘Zeichen’), the former possessing ‘geometrical, physical 
and chemical properties’, whereas the latter essentially has the 
‘purpose of designating’ (‘On formal theories of arithmetic’ (1885), 
p. 115). In his critique of formalism, Frege emphasized the diffe- 
rence between an empty figure to which no content is assigned and 
a true sign, complete with content. But in later writings, he also 
applied this sort of distinction in the case of what could be called 
figures-in-use. For example, in ‘Compound thoughts’ (1918-19) he 
writes (p. 393): 


Asa mere thing, of course, the group of letters ‘and’ is no more unsaturated 
than any other thing. It may be called unsaturated in respect of its employ- 
ment as a sign [Zeichen|] meant to express a sense, for here it can have its 
intended sense only when situated between two sentences: its purpose as a 
sign requires completion by a preceding and succeeding sentence. 


Similarly, he emphasizes that a sentence (Satz) is a ‘group of signs 
that expresses a thought’, so that if a different thought were associ- 
ated with the same group of sign-designs, ‘it would not even be the 
same sentence’ (‘On the foundations of geometry, second series, II’, 
p. 308; ‘On the foundations of geometry: first series, I,’ p. 277). More 
generally we can say that the same figure can be used in different 
ways, yielding different signs; we have the same sign if and only if 
we have the same figure, put to the same use.‘ 

Adapting a suggestion of Wilfrid Sellars (‘Abstract entities’) to 
this context, let us use ‘asterisk quotes’ to form names of the ‘fig- 
ures’ enclosed in them; and let us reserve ordinary quotation for 
naming ‘signs’, figures-in-use. So, for example, *and* occurs twice 
in *Sand and water make mud’, while ‘and’ occurs only once in 
‘Sand and water make mud’. Now suppose that ‘a=b’ says that the 


47 This distinction is orthogonal to Peirce’s type-token distinction; both figures and 
signs can be either tokens or types. Frege was well aware of such issues, but they 
need not detain us here. 
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figures *a* and *b* are used to stand for the same thing. Here ‘used’ 
must mean something like ‘used by me/us’. We could then rewrite 
‘a=b’ as something like 


Ax(Uli,*a*,x) & Uli,*b*,x)) 


where ‘U|x,y,z)’ says that x uses y as a sign for z — there is some- 
thing which J use both *a* and *b* to stand for. This expresses no 
‘proper knowledge’ about the objects a and b, but only linguistic 
knowledge about the use to which I put the figures *a* and *b’*. 
Why? Consider what follows from the identity statement ‘a=b’ 
so understood. The answer is — nothing, except more statements 
about the use of figures. In particular, from ‘a=b’ so understood, 
together with the premise ‘Fa’, the conclusion ‘Fb’ does not follow. 
For there are possible worlds in which I use both the expressions 
*Augustus* and *Julius* to refer to Tiberius, while in those worlds 
Augustus, and not Julius, remains the first emperor.** It is not quite 
true that on the Bs view of identity so understood, there is no dif- 
ference in content between ‘a=a’ and ‘a=b’ — there is a difference, 
but it concerns only ‘our mode of expression’, not the objects a and 
b themselves. But this amounts, for present purposes, to no differ- 
ence worth speaking of. This is why Frege says that ‘if the sign ‘a’ is 
distinguished from the sign ‘b’ only as an object ... not as a sign ..., 
the cognitive value of a=a becomes essentially equal to that of a=b, 
provided a=b is true’. 

The moral of the argument so far is not to refute the Bs account 
but to show that it has been misconceived. What we need to do is 
to view ‘a=b’ not as specifying a relation between mere figures, but 
between signs, individuated ‘as signs’, thus, in part, by the linguis- 
tic use to which they are put. The question is exactly how to under- 
stand this. We had better not understand the ‘use’ of a name purely 
in terms of standing for a particular object. If we do that, we will 
treat the two signs ‘a’ and ‘b’ as essentially the same, differing only 
by an arbitrary choice of figure, when ‘a=b’ is true, and we will be 
left with precisely the view that ‘a=b’ never expresses any proper 
knowledge. As the two signs would differ only as figures, the only 


48 Compare Abraham Lincoln’s answer to the question ‘If you called a tail a leg, 
how many legs would a donkey have?’ — ‘Four. Calling a tail a leg doesn’t make it 
one.’ My appeal to ‘possible worlds’ here is anachronistic but inessential. 
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knowledge we would express by ‘a=b’ would be the knowledge that 
the figures *a* and *b* have been put to the same use. So we have 
to individuate names not only through their use as standing for an 
object, but through some other feature of their use as well. Frege now 
reiterates the same reworking of the Kantian form—matter distinc- 
tion as that given in Bs: a sign is to be individuated by the ‘manner 
in which it designates something’, the ‘mode of presentation [Art 
des Gegebenseins, mode of being given] of the thing designated’.+9 
As in Bs he provides a geometrical example, involving two ‘different 
designations for the same point’, which ‘likewise indicate the mode 
of presentation’. Hence ‘the statement [of identity] contains actual 
knowledge’. (S@B, p. 158). 

We can now view the Bs account of identity in this way: ‘a=b’ is 
to be explained as 4x(D(‘a’, x) & D(‘b’, x}, where ‘D(x,y)’ says that sign 
x designates y. ‘a’ and ‘b’ are here individuated as signs, (in part) by 
their associated modes of presentation, and so we need not include 
any mention of the user. Moreover, Frege assumes that we cannot 
have two objects given in the same way, by the same ‘mode of presen- 
tation’. It follows that if we were to use the figure *Julius* to refer to 
Tiberius, we would have a different mode of presentation, and hence 
a different sign. We literally could not use the sign ‘Julius’ to refer 
to Tiberius. Thus the relation of sign to object is no longer a matter 
of arbitrary choice. Hence it is possible to express proper knowledge 
through an identity statement understood in this way. Yet we are still 
working with the Bs account; all we have done is to carefully spell 
out that account so as to avoid some obvious difficulties with it. 

Having explained the reasons lying behind the Bs view of identity, 
Frege immediately moves into a discussion of the sense—reference 
distinction, to which we will turn in a moment. But it is noteworthy 
that his opening paragraph leaves some big questions dangling. Is 
identity, after all, a relation between names? And how exactly do we 
account for the specific cognitive value of identity statements (not 
merely the possibility of their expressing real knowledge, but the 
specific content which makes them into useful discoveries)? Frege 


49 While in S#B he introduces the terminology of ‘mode of presentation’, after S#B 
he sometimes reverts to talk of ‘modes of determination’ (Frege to Jourdain, 1914, 
WB, p. 128/PMC, p. 80; Frege to Russell, 28 December 1902, WB, p. 234/PMC, 
p. 153). The terminology of S@#B, literally ‘mode of being given’, ‘Art des 
Gegebenseins’, harks back to the Gl’s question, ‘How are numbers given to us?’ 
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returns to these issues only very briefly at the end of the essay and 
even then they are not entirely resolved. The explanation of this 
must wait on a full-fledged spelling out of the advances in Frege’s 
conception of content, of the act of judgement, and so of knowledge 
itself. These advances come on two fronts: the treatment of the 
content of names, and the treatment of the content of sentences. 
Together they are designed to provide us with a unified picture 
which both builds on and replaces the original Bs account. 


6 ‘ON SENSE AND REFERENCE’: NAMES 


Frege follows up his discussion of the Bs theory of identity by intro- 
ducing the terminology of sense and reference. He says that we can 
associate with each name, in addition to the object named, its ‘ref- 
erence’, a ‘sense’ in which ‘the mode of presentation is contained’ 
(S@B, p. 158). This move reflects the Bs suggestion that the content 
of a judgement of identity is ‘that the same content ... is actually 
given by two modes of determination’ (Bs, §8, p. 125). That idea, 
when pressed, yielded the view that the parts of the content of ‘a=b’ 
are not the names ‘a’ and ‘b’, but the modes of determination with 
which they are associated. ‘a=b’ turns out to be about these modes 
of determination; it is they rather than the objects named which are 
what the names ‘a’ and ‘b’ stand for in this context. This thought is 
not retained in the mature picture. What is retained is the idea that 
it is the modes of determination/presentation of the objects named 
which are the parts of the content, or sense, of the whole sentence. 
In introducing the sense-reference distinction for names, Frege 
began with the Bs model in which the content of a name is the 
object that it names, while the content of a sentence is individu- 
ated in terms of its consequences. This model is in tension with the 
principles of compositionality and substitution, as is revealed by 
the problem of identity. The Bs theory of identity resolved this ten- 
sion through a special reinterpretation of the identity sign. Careful 
examination of this theory has now shown that there is a seman- 
tically significant aspect of names over and above the ‘content’ or 
object named, which is not reducible to the arbitrary choice of a 
particular figure to name that object. This feature Frege identi- 
fies as the mode of presentation of the object. Since the ‘content’ of 
names, as object named, turns out to be inappropriate to serve as a 
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constituent of the ‘content’ of sentences as individuated by conse- 
quences, Frege searches for a feature of names which can be more 
suitably pressed into that role. Within the confines of the basic Bs 
picture, nothing could be pressed into that role other than the mode 
of determination/presentation of the object named. This is a reflec- 
tion of the fact that, for the Frege of Bs, names refer ‘directly’ to 
objects, although they may do so in different ways.°° 

Frege never goes beyond the metaphor of ‘mode of presentation’ 
to provide a more detailed theory of sense. He does, however, make 
several remarks which clarify the role of the notion of name-sense 
in his account of languages* The sense of a name, he tells us, is 
grasped by anyone sufficiently familiar with the language to which 
the name belongs. Ideally, to each sign in a given language there will 
correspond exactly one sense, and to each sense exactly one refer- 
ence. However, in natural language, ambiguity is possible — the same 
word can have different senses in different contexts.” Similarly, it 
is possible to form expressions which possess a sense but no refer- 
ence, for example ‘the least rapidly converging series’ (S@B, p. 159). 
Frege claims that in a proper scientific Begriffsschrift, every proper 
name must have a reference; in Gg he attempts to prove this of his 
own system of notation’3 (Gg, vol. I, p. xii; §§28—31, pp. 45—5o). It is 
therefore a ‘fault’of language to permit the formation of names with 
sense but no reference, just as it is a fault of language to allow ambi- 
guity (S#B, p. 168).54 


so The supposed opposition between direct and Fregean theories of reference is not 
so clear as it is often taken to be. 

st However, he waffles on several of these claims. I discuss the significance of this 
below. 

2 Here, clearly, words must be understood as individuated as objects rather than as 
signs. 

53 Frege reiterated the possibility of sense without reference several times in his 
correspondence with Russell, after the latter’s discovery of the paradox had led 
him to conclude that ‘my explanations in sect. 31 [of Gg I] do not suffice to secure 
a reference for my combinations of signs in all cases’. (Frege to Russell, 22 June 
1902, WB, p. 213/PMC, p. 132.) 

If he had rejected the possibility of sense without reference, it would have fol- 
lowed that in Gg he had neither expressed any thoughts nor carried out any reason- 
ing. Clearly, he may have found this evaluation of his life’s work unattractive. 

54 This analogy is weak, however. If there are senses without reference, it can 
hardly be a ‘fault’ to express them. Rather, a language which could not express 
them would be impoverished. 
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Frege emphasizes that the sense of a name is expressible in dif- 
ferent languages, and is objective. Thus, it is distinguished from 
the representation (Vorstellung) called up by the name. The latter 
is subjective, private and psychological, the former is objective and 
communicable. He provides an image to elucidate this distinction 
(S@B, pp. 160-1): 


Somebody observes the Moon through a telescope. I compare the Moon 
itself to the reference; it is the object of the observation, mediated by the 
real image projected by the lens [objective Glas] in the interior of the tele- 
scope, and by the retinal image of the observer. The former I compare to 
the sense, the latter is like the representation or intuition [Vorstellung oder 
Anschauung]. The optical image in the telescope is indeed one-sided and 
dependent on the standpoint of observation; but it is still objective, inas- 
much as it can be shared by several observers ... But each one would have 
his own retinal image. 


This analogy is meant to highlight the shareability and objectivity 
of the notion of sense, but it has another important feature. The ‘real 
image’ in the telescope is not a ‘third thing’ intervening between the 
observer and the star which she sees ‘through’ it. Similarly, sense as 
‘mode of presentation’ need not be seen as a ‘third thing’ intervening 
between speaker and reference. The idea that the ‘way in which the 
object is given’ is a semantically significant feature of a name need 
not detract from the idea that objects are given to us ‘directly’s5 Thus 
wotries, such as troubled Russell, that the notion of sense leads to 
sceptical doubts like those generated by representationalist theories 
of knowledge of classical British empiricism may be misplaced.° 
Yet this way of thinking about sense is in tension with Frege’s 
repeated commitment to the possibility of sense without reference. 
If sense is simply the way in which an object is given to us, and not 
an entity intervening between us and the object, the possibility of 
sense without reference becomes mysterious. The interpretation of 
Frege developed by Gareth Evans and John McDowell takes off from 
this observation. According to Evans and McDowell, Frege’s ‘better 
self’ would reject the possibility of sense without reference. While 


8s Alasdair MacIntyre made this point to me in conversation. 
‘6 For more on Russell’s reaction to Frege see Peter Hylton, chapter 13, this volume, 
and Michael Kremer, ‘The argument of “On Denoting”’, Philosophical Review, 


103 (1994), pp. 249-97. 
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there is much to this line of thought, the full force of this issue can 
only be appreciated after we have developed the other side of Frege’s 
sense-reference theory, his account of the sense and reference of 
sentences. As we will see, the possibility of sense without reference 
plays a crucial role in Frege’s arguments concerning the reference of 
sentences, yet sits poorly with the resulting account of judgement 
and truth. 


7 ‘ON SENSE AND REFERENCE’: SENTENCES 


After elucidating the sense-reference distinction for names, Frege 
turns to the ‘content’ of declarative sentences, which we use in 
assertion to express acts of judgement.’ He begins by stating that 
a sentence contains (enthdlt) a ‘thought’ (Gedanke}, by which he 
means ‘not the subjective performance of thinking but its objective 
content (Inhalt), which is capable of being the common property of 
many thinkers’ (S@#B, p. 162, fn. 5). I take this to be a reference to 
his earlier doctrine of ‘judgeable content’, individuated in terms of 
consequences.®* At the same time, Frege continues to use ‘content’ 
informally to refer to the reference, or object named, when speaking 
of a proper name. Thus, in ‘On Euclidean geometry’ (1899-19062), he 
speaks both of the sense of a sentence as its content and of the ‘con- 
fusion of numerals and numbers’ as an example of the confusion 
of a ‘sign and its content’ (NS, p. 182/PW, p. 167; examples could be 
multiplied). Here the continued influence of the Bs model is palp- 
able. Frege then argues for the following claims (S#B, pp. 162-4):5° 


37 The following discussion is heavily indebted to Burge, ‘Frege on Truth’, in L. 
Haaparanta and J. Hintikka (eds.), Frege Synthesized: Essays on the Philosophical 
and Foundational Work of Gottlob Frege (Dordrecht: Reidel, 1986]. and to the 
writings of Tom Ricketts, especially ‘Objectivity and objecthood’, in ibid., 
Pp. 65-95. 

8 In his later writings, Frege frequently speaks of the ‘thought-content’ 
(Gedankeninhalit) of sentences, and uses ‘content’ and ‘thought’ interchangeably 
(‘Foundations of geometry, second series, I’, p. 294, among many other examples). 
In particular, he often speaks of sentences as having ‘generality of content’ insofar 
as they have a range of particular sentences as consequences (ibid., p. 307; again, 
among many examples.) This phrase, which harks back to his earlier account 
of judgeable content in terms of consequences, first occurs in his writings in 
the early 1880’s, in ‘Boole’s logical Calculus and the Concept-script’. (NS, 11, fn. 
***/PW, x1, fn. ***,] 

s9 My presentation follows closely that of Burge, ‘Frege on Truth’. 
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(1) the thought expressed is the sense of a sentence, not its 
reference; 

(2) asentence must in some cases have a reference as well as a 
sense; 

(3) the reference of a sentence is a ‘truth-value’, 

(4) truth-values are objects, and sentences, the names of those 
objects. 


His arguments show that he has decided in advance that the prin- 
ciple of substitution must apply to both sense and reference, insofar 
as these notions can be applied to complex linguistic expressions. 
His procedure follows the pattern exhibited for names — starting 
with the picture of names as standing for objects and sentences 
as expressing thoughts, Frege sought something ‘on the level of 
thoughts’ associated with names, and now he seeks something ‘on 
the level of objects’ associated with sentences, in each case guided in 
part by the principle of substitution. But his argument also shows the 
special character of sentences as those expressions through which 
we express acts of judgement, therefore acts at least potentially of 
knowledge; this dimension of sentences plays a dominant role in the 
argument especially for (2)-(3). This belies any simple version of the 
common charge that Frege made a decisive mistake in rejecting the 
fundamental categorical distinction between sentences and names, 
judgeable and unjudgeable contents, central to his earlier thought.°° 

Frege argues for (1) in two steps. First, he argues (1a) that the 
thought expressed by a sentence is not its reference; second, he con- 
cludes immediately (1b) that the thought is the sense. This conclu- 
sion reflects a determination to make do with the two categories 
of sense and reference. This should not be surprising — name-sense 
was introduced as something which could serve as the name-coun- 
terpart of sentential content/thought. We see here a fundamental 
reorganization of the Bs picture: the Bs view that the object named, 
the ‘content’ of the name, is part of the thought expressed, the ‘con- 
tent’ of the sentence, is replaced by the parallel, yet fundamentally 
different, view that the sense of the name (the mode of presentation 
of the object named) is part of the sense of the sentence (the thought 
expressed). 


6° This point is made by Burge, ibid. 
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Frege’s argument for (1a) turns on the substitution principle: 


(i) there are cases in which names ‘a’ and ‘b’ have the same ref- 
erence, but sentences ‘Fa’ and ‘Fb’ do not express the same 
thought; 

(ii) if ‘a’ and ‘b’ have the same reference, and ‘Fa’ and ‘Fb’ have a 
reference, ‘Fa’ and ‘Fb’ have the same reference (by the sub- 
stitution principle}; 

(iii) therefore, the thought expressed is not the reference of the 
sentence which expresses it. 


The crucial step in this argument is (i). This claim fits well with 
our discussion of the problem of identity — if substitutions of names 
with the same reference always preserved the thought expressed, 
there would be no more content to ‘a=b’ than to ‘a=a’, since the sup- 
posed additional content of allowing such inferences as that from 
‘Fa’ to ‘Fb’ would reduce to a matter of the trivial verbal reformula- 
tion of the same thought. Frege argues to the contrary that ‘Fa’ and 
‘Fb’ in such cases need not express the same thought because one 
who did not know that a=b might hold the one to be true and the 
other to be false. 

This might seem to be a simple application of the indiscernibil- 
ity of identicals, but such an argument would fail. One who holds 
‘Fa’ to be true and ‘Fb’ false might also hold ‘Fb’ true and ‘Fa’ false, 
albeit unwittingly, if these express the same thought. What is cru- 
cial here is the claim that one who did not know that a=b might 
hold ‘Fa’ true while failing to hold ‘Fb’ true. Frege puts it this way in 
a letter to Russell (Frege to Russell, 21 May 1903, WB, p. 240/PMC, 
pp. 157-8): 


Now the thoughts contained in these sentences are evidently different; for 
after having recognized the first as true, we still need a special act to rec- 
ognize the second as true. If we had the same thought there would be no 
need for two acts of recognition, but only for a single one. 


Thus ‘Fa’ and ‘Fb’ do not express the same thought because one who 
holds ‘Fa’ to be true need not immediately, and without a special 
cognitive act, hold ‘Fb’ true as well.” 


* Compare the criteria for the individuation of thoughts discussed at the end of §1. 
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Having established (1) that the thought expressed by a sentence 
is its sense, not its reference, Frege goes on to argue (2) that at least 
some sentences have a reference as well as a sense. His argument for 
(2) can be summarized roughly as follows.” 


(i) There are contexts, such as fiction and poetry, in which we 
are not interested in the references of our words, but only 
their sense; in such contexts we require only that our sen- 
tences express a thought, not that they have a reference. 

(ii) We are led to ask after the references of our words only in 
the context of the search for truth. 

(iii) Therefore, there must be something associated with each 
sentence, which (a) depends on the references of the words 
making up the sentence, and (b) accounts for our interest 
in the references of words in the context of the search for 
truth. 

(iv) This feature of a sentence can be called its reference, since 
it depends on the reference of the words making up the 
sentence. 


The contrast Frege draws between poetry and fiction, on the one 
hand, and the search for truth, on the other, allows him to claim that 
there is something distinctive about the second case, which requires 
the introduction of reference for sentences as well as names. Frege 
claims that in contexts of fiction and poetry we care only about the 
thoughts expressed by our sentences. He argues that these thoughts 
do not depend on the references of our words, so that even if those 
words were to lack reference altogether, our sentences would still 
express thoughts, so long as our words had a sense. For example, the 
thought expressed by the sentence ‘Odysseus was set ashore at Ithaca 
while sound asleep’ ‘remains the same whether “Odysseus” refers to 
something or not’ (S#B, p. 163). If we were to discover that Odysseus 


°% This argument is repeated by Frege on several occasions; my summary draws on 
several versions. (Frege to Russell, 28 December 1902, WB, pp. 234-5/PMC, pp. 
152-3; Frege to Russell, 21 May 1903, WB, p. 240/PMC, pp. 157-8; Frege to Russell, 
13 November 1904, WB, p. 247/PMC, p. 165; ‘Introduction to logic’ (1906), NS, pp. 
210-11/PW, p. 194; ‘Logic in mathematics’ (1914), NS, pp. 250-1/PW, p. 232). The 
possibility of sense without reference is inscribed into the heart of Frege’s argu- 
ment that some sentences have a reference as well as a sense. Yet this very possi- 
bility raises serious difficulties for his theory, as we will see below. 
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in fact existed, this would not change the thoughts expressed by the 
sentences in the Odyssey one bit. However, it would put us in a pos- 
ition to ask whether the sentences in the story were true — a question 
which we would not even care to raise so long as we were just taking 
the story as a story, as fiction or poetry. 

This question of truth requires that our words have reference 
as well as sense, according to Frege. And it is this question which 
drives him to conclude that at least some sentences must have a ref- 
erence as well as a sense. He concludes almost immediately (3) that 
this reference must be the ‘truth-value’ of the sentence, true or false, 
since it is only when we are inquiring after the truth-value that we 
are led to take an interest in references.® Finally, he asserts (4) that 
the two truth-values are objects, ‘the True’ and ‘the False’, of which 
sentences are proper names, since sentences, like names and unlike 
predicates and other functional expressions, are ‘complete’. 

This way of speaking may sound artificial, as Frege recognized, 
and is often taken to be a serious retrograde step, going back on Bs’s 
recognition of the crucial difference between sentences and names, 
judgeable and unjudgeable contents. However, Frege is engaged 
here in a fundamental rethinking of his account of judgement, and 
when this is appreciated it can be seen that in fact Frege retains a 
basic distinction between sentences and names insofar as it is only 
names of truth-values which can be used to make assertions, and so 
to express judgements. 


8 ‘ON SENSE AND REFERENCE’: JUDGEMENT AND 
IDENTITY“ 


Judgement, Frege tells us, can be regarded as the ‘advance from a 
thought to a truth-value’ (Se#B, pp. 164-5). This is to be contrasted 
not with the earlier formula that judgement is the recognition of 
the truth of a content, which Frege repeats numerous times in his 
later writings with ‘thought’ replacing ‘content’, but with the earlier 


6 Frege also argues for this conclusion on the grounds that it is only the truth-value 
which is preserved under arbitrary substitutions of names with the same refer- 
ence. (S@B, p. 164.) This argument is not convincing, however, as Burge points 
out — such items as ‘Russellian propositions’ for example, would seem to be pre- 
served under the substitutions in question. 

64 In the following I draw especially on the work of Tom Ricketts. 
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conception of the grammar of that formula. The earlier formula 
seems to imply that truth is a property of contents or thoughts, 
and that judgement is a special case of the more general act of rec- 
ognizing something as F — the special case of recognizing some- 
thing as true. In the ‘Logic’ of the 1880s, in which Frege introduces 
his account of judgement as the recognition of truth, he writes of 
the importance of ‘the property [Eigenschaft] “true’’ for logic (NS, 
p. 4/PW, p. 4, my emphasis). But in S#B Frege tells us that the rela- 
tion of thought to truth-value is not that of subject to predicate, but 
rather that of sense to reference (S@B, p. 164). Thus, the act of rec- 
ognizing something as F, where F is an ordinary property of things, 
is a special case of judging, of recognizing a thought as true, rather 
than the other way around. Hence we cannot conceive of judging 
as recognizing that a thing (thought) has a property (truth). Rather 
judgement is ‘something quite peculiar and incomparable’, which 
we get at metaphorically as an ‘advance from a thought to a truth- 
value’ (SB, pp. 164-5). To say that this is an advance from sense to 
reference, not from a thought to one of its properties, is a way of ges- 
turing at the unique status of judgement, and so also of truth. To say 
that the True is an object is another way of gesturing at the unique 
status of truth by denying that it is a concept, the reference of an 
ordinary predicate. In the later ‘Logic’ of 1897, Frege avoids talk of a 
property of truth, writing instead that ‘the word [Wort] “true” can 
be used to indicate ... a goal for logic’ and emphasizing the ‘peculi- 
arity’ of this grammatical predicate. (NS, pp. 139-40/PW, pp. 128-9, 
my emphasis]. 

In support of the claim that truth is not related to thought as sub- 
ject to predicate, Frege points out that the ostensible subject—predi- 
cate sentence ‘the thought that p is true’ in fact says nothing more 
than ‘p’ (S#B, p. 164). These two sentences, used assertorically, make 
exactly the same truth-claim; on the other hand, when uttered with- 
out assertoric force, neither makes a truth-claim at all. Hence, the 
essential truth-claim is not made by using the predicate ‘true’ but 
rather in the act of asserting. Frege concludes that ‘the relation of 
the thought to the True may not be compared with that of subject 
and predicate’, since ‘subject and predicate ... are just elements of 
thought; they stand on the same level for knowledge. By combining 
subject and predicate one reaches only a thought, never passes from 
sense to reference, never from a thought to its truth-value’ (S#B, 
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p. 164). The point of all this is to rethink both the nature of truth 
and of judgement. 

If judgement is an advance from thought to truth-value, it is also 
an advance from sense to reference; but sub-sentential expressions 
such as names, as well as sentences, are said to have sense and refer- 
ence. We can now see that Frege has achieved a reorganization of the 
basic Bs picture while retaining essentially the same elements. The 
reorganization comes through the placing of what were essentially 
‘name-content’ and ‘sentence-content’ on different levels, the levels 
of reference and sense; but other aspects of the original picture are 
picked up as correlates of these so that both names and sentences 
have both sense and reference. What makes it reasonable to say that 
we have two Jevels, that truth-value is to sentence as object named 
is to name, or that mode-of-presentation is to name as thought is to 
sentence, is that the principle of substitution holds at both levels. 
This principle unifies the ‘levels’ and makes it reasonable to use one 
term (‘sense,’ ‘reference’) across each level. We have seen the prin- 
ciple of substitution for reference at work in Frege’s arguments that 
thoughts cannot be the references of sentences. Frege later explicitly 
adopted the principle of compositionality for senses, and from this 
the principle of substitution for senses follows.*s 

In S#B, Frege seems to commit himself to the principle of com- 
positionality for reference as well, suggesting that ‘judgements 
are distinctions of parts within truth-values’ (S@B, p. 165). Frege 
later apparently contradicts this, noting that the reference of a part 
of an expression need not be a part of the reference of the whole 
expression — while ‘Sweden’ is a part of ‘the capital of Sweden’, 
Sweden is not a part of Stockholm, for example (‘Notes for Ludwig 
Darmstaedter’ (1919), NS, p. 275/PW, p. 255). However, careful exam- 
ination of his suggestion in S#B shows that already there he has 
hedged his bets so as to avoid this objection. He first says that the 
‘distinction of parts’ within a truth-value ‘occurs by a return to 
the thought’ so that there will be a ‘mode of analysis’ of the True 
(the False) for each true (false) thought. He notes, however, that 


65 There is a much controverted issue concerning whether compositionality for 
senses conflicts with Frege’s thesis that the same thought can be expressed in 
radically different ways. I do not myself think there is a conflict - metaphorically, 
the same thing can be divided into parts in many ways — but I will not discuss 
this issue here. 
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he has ‘used the word “part” in a special sense’, differing from its 
ordinary use. Normally, given the whole and the part, we would be 
able to determine a unique remainder, but given a truth-value and 
an object we cannot uniquely determine a concept — ‘2 is prime’ and 
‘2 is even’ are both true, yet ‘{ ) is prime’ and ‘( ) is even’ designate 
distinct concepts. Hence ‘a special term would need to be invented’ 
for this notion of part-hood (S&B, p. 165). 

In Frege’s later writings he does not continue to speak of word- 
referents as parts of truth-values; but the deepest point of the meta- 
phor, and so of the idea of compositionality for reference, is retained. 
This is the point that in judgement, the recognition of a thought as 
true, we are not directed merely to a thought and a truth-value, but 
also to the referents of the parts of the sentence, the objects which 
the sentence is about and the concepts which are applied to those 
objects.% These are what he metaphorically calls the ‘parts’ of the 
truth-value. Judgement is that act in which we are directed to truth, 
and it is thereby that act in which we are led to ask for the reference 
of our words. Judgement requires that we grasp thoughts as articu- 
lated in a way that directs us to objects and concepts. In Frege’s later 
writings he makes the same point by insisting that our sentences 
are about the objects and concepts which are the referents of the 
words we use. Only if our sentences are about objects and concepts 
can we express truths through them. 

In later writings (‘Logic’ (1897), NS, pp. 139-40/PW, pp. 128-9; 
‘Thoughts’ (1918-19), pp. 352-3) Frege builds on his argument that 
truth is not a property, to show that truth is indefinable.” He argues 
as follows. If truth were definable, we would have available some 
such definition as: 


(the thought that p) is true=q(the thought that p) 
where ¢ is some perhaps complex defining phrase, for example 


(the thought that p) is true=(the thought that p) 
corresponds to a fact. 


66 This is for the simplest case; in more complex cases we may be directed to the 
concepts which the sentence is about and the higher-level concepts which are 
applied to them. 

% Ricketts’s ‘Objectivity and objecthood’ is especially helpful on this argument. See 
also his ‘Logic and truth in Frege’, Aristotelian Society, Supplementary Volume, 
70 (1996), pp. 121-40. 
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To use such a definition in order to determine whether the thought 
that p was true, we would have to judge whether or not githe 
thought that p) — we would need to recognize this as true, or reject 
it as false. This would require yet another application of the def- 
inition, yet another judgement, and so on, resulting in an infinite 
regress. Consequently, the purported definition cannot be used, 
and so is no definition at all, and truth has to be recognized as 
indefinable. 

This has one important consequence which Frege does not expli- 
citly draw, however. Just as truth is not a property of thoughts, so 
there is no ‘relation of reference’ between senses and referents.* For 
if there were such a relation, truth would be a definable property of 
thoughts: 


the thought that p is true=the thought that p refers to the 
True. 


But if there is no relation of reference between senses and refer- 
ents, to say that the relation of thought to truth-value is that of 
sense to reference rather than of subject to predicate is at best to 
say something metaphorical and elucidatory of judgement and 
truth, both of which are indefinable, simple and quite ‘peculiar and 
incomparable’.° This highlights the fundamental place of judge- 
ment in all our talk of sense and reference. It is only in the context 
of judgement that the ‘relation’ of sense to reference is approached, 
not only for sentences, but for the words that make them up. It is 
only in the context of judgement, the striving for truth, that we 
become interested in the referents of our words. Here there is an 
echo of the context principle of G/7°— it is only in the act of grasping 
a complete thought and judging as to its truth that we take ‘the step 
from the level of thoughts to the level of reference (the objective)’ 
(S@B, p. 164). While Frege had earlier emphasized the objectivity of 
judgeable content, the point here is that it is only in judging that we 
move to the objective level of truth-evaluability, the level at which 
our thought makes contact with the referents of our words. The 
echo of the Context Principle here shows that Frege has not simply 


68 This point is made by Ricketts in ‘Objectivity and objecthood’. 
69 Joan Weiner’s work on the ‘elucidation’ of primitive terms is illuminating here. 
7° Towe this important point to Burge, ‘Frege on truth’. 
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abandoned his insight into the difference between sentences and 
names, judgeable and unjudgeable contents, but has relocated it in 
the context of a richer theory of the act of judgement. 

In S#B, Frege bases his argument on the claim that ‘p’ and ‘the 
thought that p is true’ say the same thing. In other writings, he 
extends this claim in two ways, each of which might seem prob- 
lematic. In the unpublished ‘Logic’ of 1897, he claims that ‘p’ and ‘it 
is true that p’ express the same thought (NS, p. 153/PW, p. 141; also 
Frege to Russell, 13 November 1904, WB, p. 245/PMC, p. 163); and 
in ‘Logic in mathematics’ (1914) he comes close to claiming that ‘p’ 
and ‘“p” is true’ are similarly equivalent. We discuss these in turn. 

Frege’s claim that ‘p’ and ‘it is true that p’ say the same thing 
might seem to be in conflict with his account of ‘indirect discourse’ 
contexts such as ‘Jones believes that p’. In such contexts, accord- 
ing to Frege, words do not stand for their ordinary referents, but 
rather for their ordinary senses, which are their ‘indirect referents’ 
(SWB, p. 159). Thus in ‘Jones believes that Smith is a fool’ the name 
‘Smith’ stands for its ordinary sense, and the subordinate sentence 
‘Smith is a fool’ stands for the thought that Smith is a fool. One 
might suppose that it is the business of the word ‘that’ to effect this 
transformation, so that ‘p’ in any clause of the form ‘that p’ stands 
for a thought.”! In that case, we would have to conclude that ‘p’ in 
‘jt is true that p’ stands for a thought, and it would be hard to see 
what work ‘it is true that’ could play other than to predicate truth 
of the thought. 

Yet a careful consideration of Frege’s long discussion of such 
cases in the second half of S¥B should dispel this worry. Frege 
nowhere says that ‘that’ (or even ‘the thought that’) automatically 
generates an indirect discourse context. Rather, he attends to the 
specific behaviour of each context in which a subordinate clause is 
involved. Of particular interest is his treatment of contexts of the 
form ‘S fancies that p’. He claims that in such contexts we have the 
simultaneous expression of two thoughts: ‘S believes that p’ and 
‘not-p’. He comments (S#B, p. 175): 


7 This appears to be the view of Terence Parsons in ‘What do quotation marks 
name? Frege’s theories of quotations and that-clauses’, Philosophical Studies, 42 
(1982), pp. 315-28. 
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In the expression of the first thought, the words of the subordinate clause 
have their indirect reference, while the same words have their customary 
reference in the expression of the second thought. This shows that the sub- 
ordinate clause in our original complex sentence is to be taken twice over, 
with different referents: once for a thought, once for a truth-value. 


Here the little word ‘that’ does not prevent the words in the subor- 
dinate clause from having their customary reference (albeit in add- 
ition to their indirect reference). 

Frege’s reasoning here is guided by two principles. First, if we 
cannot substitute words with the same customary reference within 
a larger sentential context, salva veritate, this shows that the words 
have their indirect reference; but if we can perform such substi- 
tutions then we should take the words to have their customary 
reference — this is the default position which failures of substitu- 
tion upset; the doctrine of indirect reference is introduced only to 
account for such failures. Second, if we find that a truth-functional 
context involving ‘p’ (such as ‘not-p’) is a consequence of a context 
‘(that p)’ we should take it that the words occurring in this context 
have their customary referents. This principle reflects the ancestry 
of his notion of thought in his earlier consequence-driven concep- 
tion of content. The two principles together account for his diagno- 
sis of ‘S fancies that p’. But they also imply that in the context ‘it 
is true that p’ words have their customary references, and no other. 
We can always substitute words with the same customary reference 
in this context salva veritate, so we have no grounds for taking the 
words to have other than their customary reference; and, since ‘it is 
true that p’ has ‘p’ as a consequence, we have a reason to take the 
words to have their customary reference. Even in the context ‘the 
thought that p is true’ we do not have a reference to a thought. This 
sentence says no more than ‘p’. 

In ‘Logic and mathematics’, Frege assimilates the case of ‘“p” is 
true’ to that of ‘the thought that p is true’: ‘to say of a sentence, or 
thought, that it is true is really quite different from saying of sea 
water, for example, that it is salt. In the latter case we add some- 
thing essential by the predicate, in the former we do not.’ He con- 
cludes that this shows ‘that truth is not a property of sentences or 
thoughts’, and ‘confirms that a thought is related to its truth-value 
as the sense of a sign is to its reference’ (NS, p. 252/PW, p. 234). This 
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discussion strongly suggests that, like ‘the thought that p is true’, 
“py” is true’ is equivalent in sense to p. 

Yet it may seem that Frege is wrong to assimilate ‘the thought 
that p is true’ and ‘“p” is true’ in this way. For he holds that truth 
is primarily ascribed to thoughts and only derivatively to the sen- 
tences that express them. (‘Thoughts’, pp. 353-4]. This suggests the 


following schema, using ‘~’ to indicate sameness of sense: 


the thought that p is true ~ p 


‘yp’ is true ~ ‘p’ expresses the thought that p, and (the 
thought that p) is true 


= ‘py’ expresses the thought that p, and p. 


Here it seems that ‘“p” is true’ has content over and above ‘p’, shown 
in the clause ‘“p” expresses the thought that p’. 

However, bearing in mind the figure-sign distinction drawn 
above, we must ask whether by ‘p’ we are to understand a figure or 


a sign. In the first case, the above schema becomes: 


*p* is true ~ *p* expresses the thought that p, and (the 
thought that p]) is true 


= *p* expresses the thought that p, and p. 


Here there is indeed additional content in the clause ‘*p* expresses 
the thought that p,’ since the use of a particular complex figure 
to express a particular thought is a matter of arbitrary choice. 
Indeed, there is an intelligible sense in which a property of truth 
for propositional figures has been explained here, although all the 
interesting work is done by the expression relation between fig- 
ures and thoughts. But in the second case (directly represented 
by the first schema above, given our decision to use quotation 
to name signs, not figures) the supposed additional content can 
be discounted; for the sentential sign ‘p’ expresses the thought 
that p essentially. Frege states in ‘Thoughts’ that he uses the word 
‘sentence’ (‘Satz’) in this sense, so that ‘the sense necessarily goes 
with the sentence’ (‘Thoughts’, p. 362; see also ‘Foundations of 
geometry, first series, I’, p. 277). Hence there is no conflict between 
his claim that truth is ascribed primarily to thoughts and deriva- 
tively to sentences, and his claim that “p’ is true’ and ‘p’ express 
the same thought. 
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I claimed above that, as a consequence of Frege’s thesis that truth 
is not a property of thoughts, there is no real relation between sense 
and reference. However, if this is so, what can we make of such 
claims as that name ‘a’ refers to object b, or that the sense of ‘a’ refers 
to b? I suggest that we take our cue from Frege’s argument that truth 
is not a property, since ‘“p” is true’, ‘the thought that p is true’ and 
‘p' say the same thing. In order to simplify the following exposition, 
let us adapt another of Sellars’s devices, and use ‘dot-quotation’ to 
abbreviate ‘the sense of the name ‘_’’ so that ‘eCaesare’ abbreviates 
‘the sense of the name ‘Caesar’’ Now consider ‘a’ and ‘the reference 
of eae,’ It is plausible that these expressions have not only the same 
reference, namely a, but also present this reference in the same way, 
that is in the way that ‘a’ presents a. Thus, we can view these two 
expressions as possessing not only the same reference but also the 
same sense. Furthermore, if we assume that the name ‘a’ is individ- 
uated as a sign and not as a figure, ‘a’ will have its sense essentially, 
and so we can conclude that all three expressions ‘a’, ‘the reference 
of “a’” and ‘the reference of eae’ express the same sense. Finally, 
since ‘“a” refers to b’ can be rephrased as ‘the reference of “a” =b,’ 
this expresses the very same thought as ‘a=b’. 

Frege at one point (‘Comments on sense and reference’, 1892-5) 
makes a similar suggestion in connection with his well-known dif- 
ficulties with talking about concepts.” He holds that ‘the concept 
®’ refers to an object, not a concept, because it is a complete expres- 
sion, and lacks the predicative nature of a concept-word. He notes 
that ‘the reference of the concept-word A’ is in the same boat, and 
concludes (NS, p. 133/PW, p. 122): 


Indeed, we should really outlaw the expression ‘the reference of the con- 
cept-word A’, because the definite article before ‘reference’ points to an 
object and belies the predicative nature of a concept. It would be better to 
confine ourselves to saying ‘what the concept word A refers to’, for this at 
any rate is to be used predicatively: ‘Jesus is, what the concept word “man” 


refers to’ in the sense of [in dem Sinne von] “Jesus is a man”! 


What is noteworthy for our purposes here is the suggestion that ‘is a 
man’ and ‘is, what the concept word “man” refers to’ are equivalent 
not only in reference but in sense. 


7 For more on this see Ricketts, chapter 6, this volume, §§5 and 6. 
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We can now return to our worries about Frege’s opening discus- 
sion of identity in S#B. At the end of that discussion, Frege left 
the initial question whether identity is a relation between names or 
between objects unresolved. Moreover, he gave no detailed account 
of the specific cognitive value of identity statements, which played 
such a central role in his argument. 

Our account of the so-called ‘reference-relation’ helps with the 
first of these worries. Frege had asked whether identity related 
objects or names, citing the Bs as holding the latter view. We saw 
that the formal system of Bs implicitly treats identity as relating 
objects, and that the project of G/ similarly requires that identity 
relate objects, not merely names. Frege’s later explanations of the 
identity sign sometimes seem to confirm that this is his view. For 
example, in Gg he introduces his identity sign in this way: ‘“T =A” 
shall denote the True if T is the same as A; in all other cases it shall 
denote the False’ (Gg, vol. I, §7, p. 11). In ‘Comments on sense and 
reference’, he states that ‘the relation of equality, by which I under- 
stand complete coincidence, identity, can only be thought of as hold- 
ing for objects, not concepts’ (NS, pp. 130-1/PW, p. 120}. Yet in his 
later writings Frege also makes statements that seem to fit better 
with the Bs view. Earlier in Gg, for example, he says that ‘if I wrote 
“(2+3=5)=(2=2)” ... I should only have designated the truth-value 
of “2+3=5"s denoting the same as “2=2”. (Gg, vol. I, §5, p. 9). And 
in ‘Comments on sense and reference’ he treats ‘The reference of the 
word “conic section” is the same as that of the concept-word “curve 
of the second degree’”’ and ‘The concept conic section coincides 
with the concept curve of the second degree’ as interchangeable (NS, 
p. 131/PW, p. 120). 

One might be disposed to dismiss such statements as hand- 
waving pedagogy in the context of informal exposition. But this 
thought is undercut by a striking example in which Frege seems to 
assert the Bs view in the midst of discussing the importance of dis- 
tinguishing use and mention. Frege opens ‘Function and concept’ 
(1891), the first published work in which he deploys the sense-refer- 
ence distinction, by criticizing views which confuse ‘form and con- 
tent, sign and thing signified’. He sees such confusion as underlying 
the view that ‘2+5 and 3+4 are equal but not the same’ — ‘difference 
of sign’ is transferred to ‘difference of thing signified’. Against this, 
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he says: ‘What is expressed in the equation ‘2-23+2=18' is that the 
right-hand complex of signs has the same reference as the left-hand 
one’ (‘Function and concept’, p. 138). 

In S#B the opening question as to whether identity is a relation 
between names or between objects is never actually answered. 
The apparent conflict is now easily resolved, however. The sen- 
tences ‘a=b’, ‘the reference of ‘a’=the reference of “b”’, and ‘the 
reference of eae=the reference of ebe’ not only have the same 
truth-value, they express the same thought. Moreover, in spite of 
linguistic appearances, none of these sentences states a relation 
between anything but the objects a and b, just as none of the sen- 
tences ‘p’, ‘“p”is true’ and ‘the thought that p is true’ expresses 
anything but p. 

We can now return to the worry raised by Frege’s initial intro- 
duction of sense as a response to the problem of identity. The 
problem was to explain how the two sentences ‘a=a’ and ‘a=b’ 
can differ in content, ‘cognitive value’, while expressing the same 
relation between the same things. The basic answer is that while 
the two names ‘a’ and ‘b’ have the same reference, they may dif- 
fer in sense, by presenting the same object in different ways. Frege 
explains at the end of SwB: ‘If we found ‘a=a’ and ‘a=b’ to have 
different cognitive values, the explanation is that for the cognitive 
value (Erkenntniswert) the sense of the sentence, viz., the thought 
expressed by it, is no less relevant than its reference, i.e. its truth- 
value |Wahrheitswert].2 When the sense of ‘a’ differs from that of 
‘b’, ‘the thought expressed in “a=b” differs from that of “a=a”... the 
two sentences do not have the same cognitive value. If we under- 
stand by “judgement” the advance from the thought to its truth- 
value... the judgements are different’ (S@#B, pp. 176-7). 

To fully appreciate Frege’s point here, we must recognize the 
intimate connections between judgement, inference and knowledge 
in his thought.” To judge is to recognize (anerkennen) the truth of a 
thought. The German term ‘anerkennen’, like its English translation, 


7 


a 


CP translates the second occurrence of ‘Erkenntniswert’ in this sentence as ‘for 
the purpose of acquiring knowledge.’ But I think it is important to see that Frege 
is both linking and contrasting truth-value (Wahrheitswert) and cognitive value 
(Erkenntniswert) here. 

™ Here again I follow Ricketts, especially ‘Logic and truth’. 
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points to a link between judgement and knowledge.’> Judgement is 
essentially oriented towards truth: the truth of the thought that is 
recognized to be true is internal to the act of judgement, as its goal. 
But truth is not the only goal of judgement. Judgement aims, finally, 
at knowledge, and for this truth is not enough. For the purposes of 
knowledge, ‘the thought expressed ... is no less relevant than [the] 
truth-value’. ‘Cognitive value’ (Erkenntniswert, value for know- 
ledge) and ‘truth-value’ (Wahrheitswert) are both species of ‘value’ 
in the sense of a goal or end.’° 

Inference, for Frege, is a process whereby we make judgements 
on the basis of other judgements; there is no such thing as infer- 
ence from a mere assumption or hypothesis. The role of inference 
is to justify some of our judgements on the basis of others. To say 
that one thought has another as a consequence, then, is to say that 
anyone who recognizes the first to be true would be in a position 
to justifiably recognize the second to be true, by an inference from 
the first. Thus inference, like judgement, is intrinsically ordered 
to truth and knowledge. This will imply, as a necessary condition, 
that if one thought has another a consequence, it is impossible for 
the first to be true and the second false; but it is implausible to 
attribute to Frege the idea that this is also a sufficient condition. 
For one thought to have another as its consequence, the drawing of 
the inference from the first to the second must justify the recog- 
nition of the truth of the second. But as we have seen, though for 
any two logical laws, it is impossible that the first be true and the 
second false, nonetheless some logical laws are basic and others 
not; such basic laws will not be consequences of non-basic laws on 
this account. 

Now, if judgement is the advance from a thought to a truth-value, 
when we advance from different thoughts to the same truth-value, 
our acts of judgement are different, and so the knowledge acquired 


75 The tightness of the link can be disputed; there is a question whether one can 
‘recognize the truth’ of a false thought — judge incorrectly. I assume here that this 
is possible. In this I disagree with Ricketts (‘Logic and truth’). See my ‘Judgment 
and truth in Frege’. 

Gottfried Gabriel and Hans Sluga have made clear the connection of ‘truth-value’ 
to neo-Kantian ‘value theory’. See Sluga, ‘Frege on meaning’, in H. J. Glock (ed_), 
The Rise of Analytic Philosophy (Oxford: Blackwell, 1997), and Gabriel, ‘Frege als 
Neukantianer’, Kantstudien, 77 (1986), pp. 84-101. 
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is different. Thus we can see how the difference in sense between ‘a’ 
and ‘b’ can translate into a difference in ‘cognitive value’ between 
‘a=a’ and ‘a=b’. Moreover, we can begin to see how to understand 
the specific difference in cognitive value, the difference in content, 
in consequences, between ‘a=a’ and ‘a=b.’ The question is, funda- 
mentally, why given ‘a=b’ we can infer from ‘Fa’ to ‘Fb,’ whereas 
given ‘a=a’ we cannot. 

Suppose that one has recognized the truth of ‘a=b’. One has 
thereby grasped a thought which has as parts two senses, eae, the 
sense of ‘a’, and ebe, and recognized the truth of that thought. Now 
suppose further that one has judged that Fa. Here one has grasped 
another thought, which has as a part eae, and recognized its truth. 
Further, suppose that one has also grasped the thought that Fb, 
which has as a part ebe. One can see here at least the beginnings of 
an explanation of how it is possible that all this should amount to a 
justification for the further recognition of the truth of the thought 
that Fb. For after all the two thoughts whose truth one has recog- 
nized are related in a familiar way to the third yet to be recognized 
as true, the first premise containing eae, the second linking this to 
ebe, and the conclusion replacing eae with ebe in the first. However, 
this purely formal explanation might seem insufficient; for after 
all the same could be said about any so-called inference of the form 
‘Fa’, ‘aRb’, therefore ‘Fb’. 

It is tempting to try to supplement this explanation in one of 
two ways. First, one might try to argue as follows. I have claimed 
that ‘a=b’ and ‘eae has the same reference as *be’ express the same 
thought. Consequently in judging that a=b we have judged that eae 
and ebe have the same reference, and it is this specific link that 
enables us to replace the one sense with the other and infer from 
the judgement that Fa to the judgement that Fb. But clearly this 
‘explanation’ is circular; it employs exactly the principle that it is 
intended to explain. Second, one might suggest that since eae and 
ebe give us the very same object, when we have grasped both senses 
properly we will be enabled to infer from the judgement that Fa to 
the judgement that Fb. But this move eliminates the need for the 
premise ‘a=b’ and ends up again reducing the content of ‘a=b’ to 
that of ‘a=a’. For Frege it is crucial that the same object can be given 
to us in different ways without our knowing that this is so, in other 
words without our knowing that a=b. 
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The proper response to this situation is to give up the search for an 
explanation of the difference in inferential potential between ‘a=a’ 
and ‘a=b’. The theory of sense and reference is misconceived if it is 
thought of as providing an explanatory account of the facts concern- 
ing inferences and identity. More generally, we should refuse to assign 
explanatory priority to any of the various concepts of truth, judge- 
ment, inference, thought, object, mode of presentation, naming and 
so on. This does not mean that the theory is left without a point or 
a purpose, however. For the theory displays in its categories — name, 
sentence, sense, reference, thought, truth-value — essential general 
structures of our acts of judging and asserting. These acts are taken as 
central — in accordance with the Context Principle. Thought, truth- 
value, sense, reference, are immanent, interdependent aspects of our 
cognitive activity. On this sort of view, the theory of sense and refer- 
ence, in providing the formal demonstration above that the inference 
‘a=b, Fa, therefore Fb’ need not be a mere case of repetition of the 
premise in the conclusion, makes clear the logical place which iden- 
tity judgements can occupy. It does not provide a demonstration that 
this place is filled. We fill that place by taking identity as a primitive 
sign whose sense and reference we grasp in employing it in accord- 
ance with the principle of substitution that governs it. 

Thus we should not view the theory of sense and reference as 
explaining the phenomena governing the inferential interrelations of 
identity judgements. Nor should we, however, treat inferential rela- 
tions among thought contents as primary, expecting this to secure 
for us a world of objects. Rather, we should simply take it that to 
speak of inferential relations involving identity statements, and to 
speak of the objects to which we refer and the senses through which 
we refer to them, are different ways of saying the same things. This 
is the ultimate resolution of the problem of identity. While Frege 
pointed the way to such a resolution, however, he never managed to 
follow it out systematically. 


Q PROBLEMS AND PROSPECTS 


Frege claims at times that the theory of sense and reference provides 
an explanatory account of important features of thought and lan- 
guage. In a letter to Jourdain, he writes that ‘the possibility of our 
understanding sentences which we have never heard before rests 
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evidently on this, that we construct the sense of a sentence out of 
parts that correspond to the words. ... Without this, language in 
the proper sense would be impossible’ (Frege to Jourdain, 1914, WB, 
p. 127/PMC, p. 79). Similarly, in correspondence with Peano, he seeks 
to ‘explain how it is possible that identity should have a higher cog- 
nitive value than a mere instance of the principle of identity’, and 
adds that ‘my distinction between sense and reference comes in in 
an illuminating way’ (Frege to Peano, undated, WB, p. 196/PMC, 
p. 127, my emphasis]. 

Frege’s explanation of the possibility of understanding new sen- 
tences is spelled out in his unpublished ‘Logic in Mathematics’ of 
1914 (NS, 243/PW, 225): 


It is marvellous what language achieves. By means of a few sounds and 
combinations of sounds it is able to express a vast number of thoughts, 
including ones which have never before been grasped or expressed by a 
human being. What makes these achievements possible? The fact that 
thoughts are constructed out of building-blocks [Gedankenbausteinen]. 
And these building-blocks correspond to groups of sounds out of which the 
sentence which expresses the thought is built, so that the construction of 
the sentence out of its parts corresponds to the construction of the thought 
out of its parts. And as we take a thought to be the sense of a sentence, so 
we may call a part of a thought the sense of that part of the sentence which 
corresponds to it.7” 


Frege appeals here to his principle of compositionality for senses, 
made explicit in the last sentence. However, he puts a particular 
construction on that principle, shown in his metaphor of ‘build- 
ing blocks’. This metaphor suggests a conception of the parts out of 
which the thought is ‘constructed’, as independent of and prior to 
that thought. The Context Principle, however, requires a different 
conception of the relation of part to whole, according to which, as 
Aristotle puts it, ‘a whole is necessarily prior to its parts’ (Politics, 
1253a20). Thus, the drive for an explanatory use of the sense-refer- 
ence distinction leads away from the Context Principle here. 

One possible motivation for the attempt to provide an explanatory 
account of the difference in inference potential between ‘a=a’ and 
‘a=b’ is the worry that, if we fail to do so, we will be left with a picture 
of thoughts as individuated solely by their logical interconnections, 


77 The translation is Dummett’s (IFP, p. 262). 
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and so with a coherentism which cannot explain the way in which 
truth is independent of sense. Purely on the basis of the inferential 
interconnection of thoughts we cannot fund a conception of these 
thoughts as being determinately about specific objects. By treating 
name-sense as the ‘mode of presentation’ of an object, we might 
hope to avoid such a coherentism and establish an independent link 
between language and the world. In this way our model of sense 
will capture the normative dimension of the responsibility of our 
judgements and assertions to the world, of truth. The Bs model dealt 
with this by building the objects about which we judge directly into 
the contents of judgement, but failed to respect the inferential pro- 
prieties governing the contents of our judgements. The new model 
retains an intimate link between the thought which we judge true 
or false and the objects about which we think, without threaten- 
ing to disturb the facts about inference. In this scheme, however, 
the link to the world becomes explanatorily fundamental — name- 
sense, in presenting us with objects, is the underlying phenomenon 
which explains our capacity to judge in truth-evaluable ways, and 
truth-evaluability becomes the fundamental phenomenon in terms 
of which norms of inferential propriety are to be explained.’ 


78 T have neglected a crucial element of Frege’s account here, namely the con- 
cepts which we apply to the objects about which we think. The unpublished 
‘Comments on sense and reference’ establish that Frege intended to apply the 
sense-reference distinction to functional expressions such as predicates, as well 
as names and sentences (NS, pp. 128-36/PW, pp. 118-25). The reference of a func- 
tional expression is a function from argument-referents to value-referents, so that 
in the case of a predicate, the reference is a concept, or function from objects to 
truth-value. Any discussion of Frege’s account of the truth of thoughts must take 
into consideration not only the objects that the thoughts are about but also the 
concepts that those thoughts involve. There is a debate, however, over the nature 
of the senses of functional expressions. Dummett takes them to be modes of pres- 
entation of functions, while Geach takes them to be functions from argument- 
senses to value-senses. See Michael Dummett, Frege: Philosophy of Language 
(London: Duckworth, 1973) (hereafter FPL), and IFP; Peter Geach, ‘Names and 
identity’, in S. Guttenplan (ed.), Mind and Language (Oxford: Clarendon Press, 
1975); for an illuminating discussion see Peter Sullivan, ‘The functional model of 
sentential complexity’, Journal of Philosophical Logic, 21 (1992), pp. 91-108. 

There is much to say on this issue, but space does not permit an extended 
discussion. I will only offer a brief suggestion here: the two competing interpret- 
ations derive from the two sources of the notion of sense — the idea of thoughts 
as inferentially individuated sentential contents, and the idea of name-senses 
as modes of presentation of objects. Emphasis on the first idea leads to Geach’s 
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Once again, however, the drive to put the sense-reference dis- 
tinction to explanatory work leads to a certain backing away from 
the Context Principle. Names function in language by giving us 
objects, and although every object must be given in a particular 
way, it is not obvious that this involves any link to judgement or 
thought. As G/ would lead us to predict, this involves Frege in a 
residual form of psychologism. When we seek to found the notions 
of sense and thought on the idea of ‘modes of presentation’, taking 
this to be prior to and explanatory of the use of names in a system 
of inferentially interrelated sentences, these ‘modes of presentation’ 
become hard to distinguish from the psychological representations 
or ideas (Vorstellungen) accompanying the use of words. The worry 
then arises that an object is, after all, given to different individuals 
in different ways, even if those individuals use the same word for 
that object.79 

Paradoxically, this psychologizing of sense arises in part from a 
move designed to secure the objectivity of thoughts. Frege tended to 
see the shareability and communicability of thoughts as intelligible 
only on a model in which thoughts are transcendent entities inde- 
pendent of all human activities of judging, asserting or thinking. In 
the ‘Logic’ of the 1880s this idea is already prefigured: ‘What is true 
is true independently of the person who recognizes it to be true. 
What is true is therefore not a product of a mental process of inner 
act; for the product of one person’s mind is not that of another’s’ 
(NS, p. 3/PW, p. 3, my emphasis). Frege’s favoured metaphor for 
understanding, ‘grasping’ thoughts, also emphasizes this independ- 
ence: ‘What is grasped, taken hold of, is already there and all we 
do is take possession of it’ (‘Logic’ (1897), NS, p.149/PW, p. 137). In 
‘Thoughts’ (1918-19] he speaks of thoughts as occupying a ‘third 


interpretation while emphasis on the second supports Dummett’s. The necessity 
of seeing these positions as competing and exclusive is questionable, however. 
The appearance of necessity derives from the seeming need to choose one of these 
ideas as explanatorily more basic. This choice does not have to be forced if we 
conceive of thoughts and senses as immanent in the activity of judging rather 
than transcendent Platonic entities. 

79 The thought that Frege falls into psychologism in trying to make the notion of 
name-sense do explanatory work derives from John McDowell’s ‘On the sense and 
reference of a proper name’, Mind, 86 (1977), pp. 159-85. My discussion is inspired 
by this thought of McDowell’s as well as by his Mind and World (Cambridge 
Mass.: Harvard University Press, 1996). 
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realm’ distinct from the external world of things and the internal 
world of ideas (‘Thoughts’, p. 363).8° 

Yet this conception of thoughts as existing in magnificent iso- 
lation from human activities of judging, speaking and acting in 
the world raises the worry that these same thoughts might have 
nothing to do with the world of objects. Hypostasized thoughts 
may stand in ideal logical relations to one another, but our capacity 
to recognize them as true or false is rendered mysterious by this 
picture. The idea that ‘modes of presentation’ of objects are con- 
stituents of thoughts can seem to provide the needed explanation 
and grounding of the truth-evaluability of thoughts. But modes of 
presentation, ways of being given, inevitably are modes of presenta- 
tion to us, ways of being given to us. Taken as explanatorily basic 
they cannot be in turn elucidated in terms of inferential relations 
between the thoughts in which they occur, and our conception of 
them, if it is to have any content, drifts in a psychologistic direction. 
Thus we end up with a view of sense involving a curious mismatch 
between sentence-senses, substantial ‘thoughts’, objects occupying 
a ‘third realm’ of their own and name-senses, insubstantial ‘modes 
of presentation’, which are either nothing at all in their own right, 
or become reduced to occupants of the inner world of ideas. Frege is 
driven on the one hand to make thoughts, and so senses, into some- 
thing too objective, and the other hand, senses, and so thoughts, 
into something too subjective. 

Thus Frege’s psychologizing of sense shows itself in his wavering 
over the objectivity of sense. On the official view, each sign in a lan- 
guage has a sense which is objectively determined by the structure 
of the language and which is shareable by all who have a sufficient 
mastery of the language. The sense of an expression is contrasted 
with the representation associated with it: the latter is private, sub- 
jective, and can vary from speaker to speaker, whereas the former 
‘may be the common property of many people, and so is not a part 


8° Beaney calls this view of thoughts ‘semainomenalism’. He sees it as a departure 
from Frege’s earlier view of contents, ‘best characterized ... as “states of affairs”, 
constituents of the temporal first realm’ (FMS, p. 217). This reading of the early 
notion of content reflects the way in which objects figure as parts of such con- 
tents. However, the inferential individuation of such contents points in another 
direction. The discussion of the objectivity of content in 1880s ‘Logic’ prefigures 
many of the features of the later explicit conception of a ‘third realm’. 
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or a mode of the individual mind’. Frege argues that ‘one can hardly 
deny that mankind has a common store of thoughts which is trans- 
mitted from one generation to another. In the light of this one need 
have no scruples in speaking simply of the sense’ (S#B, p. 160}. Yet 
he takes away with one hand that which he gives with the other. 
In a much-discussed footnote to the passage in which he holds that 
anyone who has mastered the language can grasp the sense of a 
word, he admits that ‘opinions as to the sense may differ’ (S@B, p. 
158), and in the same paragraph in which he claims that we may 
speak of ‘the sense’ he adds that ‘It might perhaps be said: Just as 
one man connects this idea, and another that idea, with the same 
word, so also one man can associate this sense and another that 
sense.’ His response is surprisingly weak: ‘But there still remains a 
difference in the mode of connection. They are not prevented from 
grasping the same sense; but they cannot have the same idea.’ Here 
he appeals to the objectivity of sense as an entity, but does not try 
to defend its objectivity as a feature of language. But both forms of 
objectivity are needed if the fact that a ‘common store of thoughts’ 
is transmitted from generation to generation is to be intelligible. 
The idea of a ‘common store of thoughts’ is threatened when the 
sense of our words is reduced to the interpretation placed on them 
by each individual speaker. 

In his late essay, ‘Thoughts’ (Der Gedanke}, both the subjectiv- 
izing, psychologizing aspect of Frege’s thought about sense and 
the objectivizing, hypostasizing aspect are on display. Frege first 
explains a thought as ‘something for which the question of truth 
can arise’ (‘Thoughts’, pp. 353—4).** He then takes up the expression 
of thoughts by sentences (‘Thoughts’, pp. 355-7), and particularly the 
fact that the thought expressed by a given use of a sentence may 
depend on the circumstances in which the sentence is uttered, as in 
the case of sentences involving indexicals like ‘today’, ‘yesterday’, 
‘here’ or ‘there’. Frege mentions specifically the case of the first- 
person singular pronoun: ‘The same utterance containing the word 
“1” in the mouths of different men will express different thoughts 
of which some may be true, others false’ (/Thoughts’, p. 358). He adds 


st Given his account of judgement as ‘the recognition of the truth of a thought’ we 
can see here the ancestry of the notion of thought in Bs’s notion of ‘judgeable 
content’. 
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that ‘the occurrence of the word “I” in a sentence gives rise to fur- 
ther questions’ (‘Thoughts’, p. 358). 

He considers an example: ‘Dr Gustav Lauben says, “I was 
wounded”. Leo Peter hears this and remarks some days later, “Dr 
Gustav Lauben was wounded”. Does this thought express the 
same thought as the one Dr Lauben uttered himself?’ Frege moves 
from this to a discussion of proper names, remarking that ‘know- 
ledge of the language is a special thing when proper names are 
involved’. He suggests that different people will express different 
thoughts using the sentence ‘Dr Lauben was wounded’, insofar as 
they possess different identifying information about Dr Lauben 
and so associate different senses with the name ‘Dr Lauben’. In 
such cases, he says, ‘as far as the proper name “Dr Gustav Lauben” 
is concerned,’ they ‘do not speak the same language’. This is due 
to the fact that ‘with a proper name, it is a matter of the way that 
the object so designated is presented. This may happen in differ- 
ent ways, and to every such way there corresponds a special sense 
of a sentence containing the proper name.’ It is only through a 
stipulation on our part that we can assure ‘that for every proper 
name there shall be just one associated manner of presentation of 
the object so designated’ (‘Thoughts’, pp. 358-9). He remarks that 
there are occasions on which it is important that such a stipula- 
tion be fulfilled. 

Yet it is hard to see how to guarantee the fulfilment of such a 
stipulation, given his preceding argument. That argument turned 
on the thought that speakers possessing differing knowledge of Dr 
Lauben would associate different modes of presentation with the 
name ‘Dr Lauben’. Here the sense, as mode of presentation, already 
takes on a highly subjective cast, and it is hard to avoid the idea 
that each individual might associate his or her own sense with each 
word, so that the public language of communication would split into 
a multiplicity of idiolects. When Frege returns to ‘I’ this thought is 
reinforced (‘Thoughts’, p. 359): 


Now everyone is presented to himself in a special and primitive way, in 
which he is presented to no one else. So, when Dr Lauben has the thought 
that he is wounded, he will probably be basing it on this primitive way in 
which he is presented to himself. And only Dr Lauben himself can grasp 
thoughts specified in this way. 
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Here, Frege admits that there may be modes of presentation, and so 
thoughts, which are unshareable and incommunicable. With this, 
it is hard to see any difference remaining between ‘mode of pres- 
entation’ and subjective ‘idea’ or ‘representation’ (Vorstellung). The 
psychologizing of sense is complete. Even though Frege goes on to 
say that Dr Lauben can communicate a closely associated thought, 
using ‘I’ in the publicly accessible sense of ‘the speaker’, once an 
incommunicable sense has been let in, the fact (if it is a fact) that 
some senses are shareable becomes a mysterious and contingent 
feature of human psychology. 

Frege recognizes that there is a problem here. Immediately after 
this discussion he raises ‘a doubt’: ‘Is it at all the same thought which 
first that man expresses and then this one?’ (‘Thoughts’, p. 360). In 
response to this, he argues for a distinction between thoughts and 
subjective representations (Vorstellungen). His ground for this is 
that ‘representations are something we have’, which ‘need an owner’, 
and have ‘only one owner’, whereas ‘other people can assent to the 
thought that I express’, so that ‘I am not its owner’. This shareabil- 
ity and communicability of thoughts is equally required if there 
is to be any possibility of real disagreement of dispute (‘Thoughts’, 
pp. 360-3). At this point, Frege introduces the idea of a ‘third realm,’ 
in which thoughts are to reside. I have to ‘acknowledge thoughts as 
independent of me’ if I am to acknowledge that ‘others can grasp 
them just as much as I’ and so also to acknowledge ‘a science in 
which many can be engaged in research’ (‘Thoughts’, p. 368). Unlike 
a representation, ‘we do not have a thought’, rather we grasp a 
thought in thinking, but the thinker ‘is the owner of the think- 
ing, not the thought’ (‘Thoughts’, pp. 368-9]. Frege’s argument here 
emphasizes the objectivity of thoughts as necessary for the explan- 
ation of shared human intellectual activity. Yet this argument is 
too little, too late; it really bypasses the doubt it was supposed to 
address, namely how this is possible, if thoughts are made up out of 
apparently subjective modes of presentation of objects. 

The conception of thoughts, the items which we recognize as 
true in judging, as transcendent entities occupying a third realm, 
attempts to ground the objectivity of the norms which govern our 
acts of judging in a set of mythical objects. Yet these thought-objects 
have to bear a double explanatory burden, since our judgements 
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are appraised normatively both in terms of their relation to other 
judgements and in terms of their relation to the world. We may feel 
forced to choose a direction of explanatory priority — either we take 
sentences, thought, judgement, truth and inference as explanator- 
ily prior, or we take naming, objects and the ways in which they 
are given as prior. On the first option we take heed of the Context 
Principle and focus on the third realm of logically interconnected 
thoughts. But we risk coherentism — we are unable to provide a 
satisfactory account of the independence of truth from inferential 
articulation. On the second option, we try to secure this independ- 
ence through appeal to our being given a shared world of objects, of 
reference; but this ends up, through neglect of the context principle, 
plunging us into psychologism and so undercutting any satisfying 
account of logical norms. Frege’s thought exhibits fundamental ten- 
sions which can be explained as aspects of an oscillation between 
these two options. I will conclude by examining two such tensions, 
one having to do with our grasp of thoughts and senses, the other 
with the relation of sense to reference. 

Frege’s conception of thoughts as objects is implicit in his attempt 
in Bs to state criteria of identity for judgeable contents, when taken 
together with GI's account of name-hood, and so object-hood, in 
terms of occurrence in identity contexts. Thus, in Bs, sentences can 
flank the identity sign, and judgeable contents can be ‘determined in 
different ways’. This would suggest a conception of modes of presen- 
tation of judgeable contents. Dummett argues on this basis against 
the idea that thoughts, like the early ‘judgeable contents’, are to be 
individuated in terms of their consequences. Dummett calls this 
the ‘map-reference view of language’ (IFP, pp. 43-5), and complains 
that this view ‘demands the introduction of a third feature of sen- 
tences, one which stands to the sense of a sentence as sense stands 
to reference’. Thus we would be forced ‘to acknowledge a third fea- 
ture of sentences, which we might call their significance: the sig- 
nificance of a sentence would consist in the particular manner in 
which it indicated a specific thought’. For Dummett this is funda- 
mentally anti-Fregean: 


the whole point of Frege’s notion of sense is that there is no place for such 
a conception ... A proper name, for example, stands for an object; and the 
particular manner in which it does this is its sense ... there is no room 
for a further notion of the particular way in which the sense of the name 
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is picked out, because everything that belongs to the manner in which 
the expression functions to determine a referent is part of its sense. And 
what goes for a complex proper name also goes for a sentence. The sentence 
stands for its truth-value; and the particular manner in which it deter- 
mines one or other of the two truth-values is the thought it expresses. 


Dummett conceives of the core notion of sense as that of mode of 
presentation, and concludes that, as a thought is the sense of a sen- 
tence and a truth-value is its reference, a thought must be a mode 
of presentation of a truth-value. However, Frege never says this. On 
the other hand, in the unpublished ‘Logic’ of 1897 he comes very 
close to the conception of significance which Dummett castigates 
as clearly ‘not Frege’s’. 

Under the heading ‘Separating a thought from its trappings’ Frege 
discusses ways in which the same thought can be presented linguis- 
tically in different forms, using Bs’s example of active and passive 
voice, as well as S#B’s example of ‘p’ and ‘it is true that p’. He then 
goes on to say: 


The distinction between what is part of the thought expressed in a sentence 
and what only gets attached to the thought is of the greatest importance for 
logic. The purity of the object of one’s investigation is not of importance 
only to the chemist. How would the chemist be able to recognize, beyond 
any doubt, that he has arrived at the same results by different means, if 
the apparent difference of means could be traced back to impurities in the 
substances used? There is no doubt that the first and most important dis- 
coveries in a science are often a matter of recognizing something as the 
same again [Wiederkennungen]. However self-evident it may seem to us 
that it is the same sun which went down yesterday and rose today, and 
however insignificant this discovery may seem to us, it has certainly been 
one of the most important in astronomy and perhaps the one that really 
laid the foundations of the science. It was also important to recognize that 
the morning star is the same as the evening star, that three times five is 
the same as five times three. 


Here he has segued from the discussion of thoughts expressed in 
different verbal forms to the discussion of objects given in different 
ways. His reference to ‘Wiederekennungen’ (reidentifications) ech- 
oes Gi’s description of numbers as ‘self-subsistent objects that can 
be recognized as the same again’ (selbstandige, wiedererkennbare 
Gegenstédnde) (GI, §56, p. 68), and S#B’s example of the ‘reidentification 
[Wiedererkennung] of a small planet or comet’ (SB, p. 155), and even 
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his example of the rising sun is borrowed from S@B’s opening para- 
graph. He concludes that in logic ‘the first and most important task 
is to set out clearly what the objects to be investigated are. Only if 
we do this shall we be able to recognize the same as the same: in 
logic too, such acts of recognition probably constitute the funda- 
mental discoveries’ (NS, pp. 152-4/PW, pp.141-3).°2 Frege doesn’t 
speak explicitly of ‘modes of presentation of thoughts’, but talk 
of thoughts as ‘objects’ which have to be ‘recognized as the same’ 
clearly suggests the idea. Dummett is right to see a tension here, 
but it is a tension within Frege’s thought, not between somebody’s 
misunderstanding of Frege and Frege. This tension arises from a 
potential mismatch between the two notions which generate the 
level of sense: the notion of mode of presentation and the notion of 
inferentially articulated content. This mismatch becomes serious 
when we hypostasize senses as entities. 

This potential mismatch is also evident in a related view of 
Frege’s which Dummett sees as in need of revision: Frege’s theory 
of indirect sense. As discussed above, Frege held that in indirect 
discourse contexts, words have as their ‘indirect reference’ their 
customary sense. He further held that in such contexts words have 
an ‘indirect sense’, presumably a mode of presentation of their cus- 
tomary sense. Here, though, we have exactly the notion of a way in 
which the sense of an expression is picked out, for which Dummett 
said there was no room in Frege’s account. Dummett therefore pro- 
posed a revision of Frege’s account: in indirect discourse contexts 
the sense of a word remains its customary sense; it is only its refer- 
ence which is changed (FPL, pp. 266-9). That this is a real revision 
in Frege’s view is shown by his appeal to the doctrine of indirect 
senses (and indeed a whole hierarchy of doubly indirect senses, tri- 
ply indirect senses and so on) in dismissing a paradox of Russell 
about classes of propositions (Frege to Russell, 28 December 1902, 
WB, pp. 236-7/PMC, pp. 153-4]. In this discussion Frege shows that 
his conception of thoughts as occupants of a ‘third realm’ is at the 
root of the idea of indirect sense — thoughts, as objects, can be given 


82 Similarly, in ‘Concept and object’, and in correspondence with Husserl, Frege 
speaks of the necessity of ‘recognizing a thought as the same again’ (wiederzuer- 
kennen). (‘Concept and object’, p. 185, fn. 7; Frege to Husserl, 9 December 1906, 
WB, p. 105/PMC, p. 70). 
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in different ways just as much as numbers can. Dummett’s worries 
about this notion have their source in the dubiousness of the idea 
that ‘modes of presentation’ can be constituents of objects which 
can be ‘given in more than one way’.* 

At the same time, Frege’s conception of thoughts as objects, com- 
bined with the thesis that word-senses are the ‘building blocks’ out 
of which thoughts are constructed, results in a hypostasization of 
name-senses which opens up the question of the representational 
link between such senses and their references, a question which is 
out of place when name-senses are thought of as ‘modes of being 
given’ the reference. The intelligibility of this question entails that 
there can be sense without reference, and so thoughts without truth- 
value. Yet, as Dummett and Ricketts*+ have pointed out, Frege’s 
commitment to the possibility of sense without reference brings 
with it an ineliminable use of the truth-predicate and undercuts the 
tenability of the claim that ‘p’, ‘“p” is true’ and ‘the thought that 
p is true’ are everywhere interchangeable. For if ‘p’ is a sentence 
containing a name which has sense but no reference, ‘p’ expresses 
a thought, but has no truth-value. In this case, therefore, ‘p’ is nei- 
ther true nor false, but ‘“p” is true’ and ‘the thought that p is true’ 
are false. Here ‘true’ and ‘false’ appear to function as genuine predi- 
cates. This is not a merely inconvenient consequence of Frege’s 
acceptance of sense without reference; it undercuts the very basis of 
his account of the ‘peculiar and incomparable’ act of judgement by 
reintroducing the notion of truth as a property of thoughts. 

Ricketts sees this problem as arising from Frege’s theory of gen- 
erality (‘Generality’, pp. 184-5). He points out that Frege’s account 
of the generality of a universally quantified sentence amounts to 
this: ‘Vx®x’ implies all its instances, all sentences of the form ‘@n’ 
where ‘n’ is a name. Hence, if we deny any instance ‘@n’ we will be 
committed to denying the general statement ‘Vx.x’. However, this 
poses a serious problem when we admit descriptions of the form 
‘The ’ as proper names, as Frege does. For suppose, as is plausible, 


83 A similar set of concerns motivates David Bell’s discussion in ‘Thoughts’, Notre 
Dame Journal of Formal Logic, 28 (1987), pp. 36-50. 

84 Michael Dummett, FLP, ILP, also: ‘Truth’, in Truth and Other Enigmas 
(London: Duckworth, 1978). Thomas Ricketts, ‘Generality, meaning and sense 
in Frege’, Pacific Philosophical Quarterly, 67 (1986), pp. 172-95 (hereafter 
‘Generality’). 
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that if ‘®(The )’ is true, then there is exactly one ¥. Then whenever 
this condition is not met, we cannot affirm ‘(The '¥)’ — so it would 
seem that we should deny it. But this means that we will have to 
deny the generalization ‘Vx ®x’ as well, even if this is a logical truth 
like ‘Vx(x =x)’. 

Frege’s solution to this problem is to deny that ‘®(The ¥)’ implies 
that there is exactly one Y; this is not a consequence of the first 
claim, but a presupposition of our use of the name ‘The ¥’. When 
this presupposition fails, the name ‘The ¥’ has no reference, and the 
entire sentence ‘®(The '¥)’ lacks a truth-value. We do not assert that 
®(The '¥), but we do not deny it either, and so the account of gen- 
erality is preserved; but in saving the account of generality, we are 
forced to admit that there can be sense without reference, thought 
without truth-value. 

Ricketts’s diagnosis of the situation is persuasive but incom- 
plete.’s’ Frege applies his doctrine of presupposition not only to 
definite descriptions but to genuine proper names: ‘that the name 
“Kepler” designates something is just as much a presupposition for 
the assertion 


Kepler died in misery 


as for the contrary assertion.’ (SB, p. 168). Ricketts’s argument will 
not provide a clean explanation of this case unless we suppose that 
Frege held a description theory of the sense of all proper names. If 
we try to run Ricketts’s explanation directly, we will have to put, in 
place of the claim that there is exactly one ¥, the explicitly metalin- 
guistic claim which Frege introduces: 


‘Kepler’ designates something, i.e. 4x(‘Kepler’ designates x). 


Here ‘designates’ appears as a relation between ‘Kepler’ and an 
object. However, we have to ask whether we are speaking of ‘Kepler’ 
as a figure, or as a sign, a figure in use. Is the presupposition of 
the assertion that Kepler died in misery, really (1) 4x(‘Kepler’ desig- 
nates x], or (2) 4x(*Kepler* designates x]? In the first case, we have 
employed a ‘designation relation’ between a sign-in-use and its refer- 
ence. But, as I argue above, the doctrine that truth is not a property 


85 The argument that follows is inspired by McDowell's discussion in ‘Truth-value 
gaps’. 
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of thoughts implies that there is no such relation. To admit such a 
relation is precisely to admit as well a real property of truth for sen- 
tential signs, and so also for the thoughts which those signs essen- 
tially express. If we do not admit such a relation, I have argued, then 
to assert that ‘n’ designates x is simply to assert that n=.x. In that 
case, the supposed presupposition would reduce to the bare logical 
truth ‘Ax(Kepler =x)’. 

On the other hand, in the second case, we have only a designation 
relation between figures and objects. But, even if there is no designa- 
tion relation between signs and references, or between name-senses 
and references, there is surely no reason for Frege to deny that there 
is such a relation between figures and references. For it is after all an 
empirical fact that we use the figure *Kepler* to designate Kepler, 
this point was central to the opening argument of S#B. As in the 
case of the truth-predicate for figures discussed above, though, the 
proper analysis of the designation relation for figures is: 


*a* designates b=*a* expresses eae and eae designates b. 


Here given that senses essentially designate their references, the 
second clause adds nothing, and all the interesting work goes into 
the expression relation between figures and name-senses. But what 
is important for our purposes is that the admission of such a rela- 
tion does not bring with it a need for sense without reference. To 
deny that *Odysseus* designates something in this sense, or to 
claim that *Odysseus was set ashore at Ithaca while sound asleep* 
is neither true nor false in this sense, need not imply that we have 
sense without reference, or a truth-valueless thought. For after all 
no such conclusion follows from the claim that *Suessydo” fails to 
designate something, or that *Suessydo saw tes erohsa ta Acahti 
elihw dnuos peelsa* lacks a truth-value. 

Thus, if we understand Frege’s doctrine of presupposition along 
the lines of (2), we can defend his account of generality without hav- 
ing to accept truth as a real property of thoughts or designation 
as a real relation between name-senses and objects. Frege, however 
would object to this solution, for it would require assimilating the 
case of *Odysseus* to that of *Suessydo* — both would have to lack 
not only reference, but also sense. And yet, isn’t it obvious that the 
two cases differ in that we understand the sentence ‘Odysseus was 
set ashore at Ithaca sound asleep’? Don’t we grasp in this a thought, 
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which will ‘remain the same whether “Odysseus” refers to some- 
thing or not’ (S@B, p. 163)? 

To this, the proper answer is that, if by ‘grasping a thought’ we 
mean an act which is preparatory to judging, recognizing as true, 
then if *Odysseus* lacks a reference, we have not here ‘grasped a 
thought’. Our inner experiences may be indistinguishable in this 
case from those which we have when grasping a thought, but to sup- 
pose that this guarantees that we have grasped a thought is to slide 
once again into a form of psychologism. In thus taking sense to be 
transparent to the ‘grasping’ mind, we threaten to reduce it to the 
level of a mere mental ‘representation’. We must accept that we can 
be under the illusion of having grasped a thought, and so of being in 
a position to ask a question which we can proceed to answer. 

Jim Conant, in ‘The search for logically alien thought’,** has 
pointed out that Wittgenstein, in the Tractatus, saw clearly the 
need to repudiate this residual element of psychologism in Frege’s 
thought. 


Frege says: Every legitimately constructed proposition must have a sense; 
and I say: Every possible proposition is legitimately constructed, and if it 
has no sense this can only be because we have given no meaning to some 
of its constituent parts. 


(Even if we believe that we have done so).*’ 


It is a tribute to the ‘great works of Frege’** that even if they did 
not reach fully to this Tractarian insight, they were capable of 
inspiring it. 


86 James Conant, ‘The search for logically alien thought: Descartes, Kant, Frege, 
and the Tractatus’, Philosophical Topics, 20 (1991), pp. 115-80. 

87 Ludwig Wittgenstein, Tractatus Logico-Philosophicus (London: Routledge and 
Kegan Paul, 1922), 5.4733. 
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8 On sense and reference: 
a critical reception 


As influential as Frege’s distinction between sense and reference 
has been in shaping nearly all contemporary work in the philosophy 
of language — as well as considerable portions of the philosophy of 
mind — many of its most prominent critics and proponents alike 
have, it seems to me, failed adequately to understand it. In con- 
sequence, they have failed adequately to assess its originality and 
philosophical importance. While often important and insightful in 
their own right, their interpretations are too often structured by 
commitments and concerns different from, or even alien to, those 
that originally motivated Frege. There is, in particular, a widespread 
failure to appreciate the central and controlling role that Frege’s 
concern with and distinctive understanding of logic played in moti- 
vating and shaping the distinction. Epistemological considerations 
are over-emphasized at the expense of logical ones, thus preventing 
us from fully understanding the issues that led Frege to draw the 
distinction in the first place and, so, from adequately assessing its 
significance. 

Once we accord Frege’s concern with logic its proper place, we 
see that the central issues raised by the phenomena that led him 
to distinguish sense from reference are best understood as pri- 
marily logical and only secondarily as epistemological. For Frege, 
we are obliged to distinguish sense from reference to do justice to 
differences between sentences that cannot sensibly be accommo- 
dated by a theory of reference alone — differences, nevertheless, that 
logic obliges us to recognize. The considerations that govern the 
logical appraisal of our assertions or judgements require an appeal 
to something over and above their referential truth conditions. The 
challenge is to provide an account of the contents of our assertions 


293 


294 WILLIAM TASCHEK 


and judgements — and, in turn, of the semantic properties of our 
sentences — that does adequate justice to this fact. 

In what follows, after briefly elaborating and defending this per- 
spective on the origin and role of Frege’s distinction, I shall consider 
the critical reception the distinction has received in twentieth- 
century philosophy of language. Necessarily, my approach will be 
selective, for the critical literature generated by Frege’s distinction 
is too massive and theoretically diverse to permit an adequate, uni- 
fied and comprehensive treatment.' My focus will be on a some- 
what artificially circumscribed debate the central concern of which 
is whether an adequate theory of meaning obliges or even permits 
appeal to Frege’s notion of sense. 

Two broad traditions have dominated this debate, a critical one 
concerned to demonstrate the semantic irrelevance (if not incoher- 
ence} of the notion, and a defensive neo-Fregean backlash. The crit- 
ical tradition has its origins in the work of Bertrand Russell and 
finds its latest expression in certain of the so-called direct reference 
theorists. For better or worse, the literature here has concentrated 
almost exclusively on the question of sense for singular terms — in 
particular, proper names (though, more recently, also for indexicals).* 
Perforce, my own discussion will follow this lead. 


t The more significant and regrettable lacunae include discussion of (i) the impact 
of Frege’s distinction on the work of Carnap and Church, and how their inter- 
pretations of the distinction have played out in the development of intensional 
logic and formal semantics; (ii) the relevance of Quine’s various animadversions 
against meaning and related notions to the theoretical usefulness and/or coher- 
ence of Frege’s notion of sense; (iii) the distinctive issues raised for a theory of 
sense by indexical expressions; and, not unrelatedly, (iv) the motivations for, and 
viability of, that variety of neo-Fregeanism that insists on the object-dependent 
nature of the sense of most proper names and all indexical expressions. 

For an overview of the central issues raised by indexicals for Frege’s theory of 
sense see John Perry, ‘Frege on demonstratives’, Philosophical Review, 86 (1977), 
pp. 474-97; Gareth Evans, ‘Understanding demonstratives’, in Collected Papers 
(Oxford: Oxford University Press, 1985), pp. 291-321 (originally in H. Parret and J, 
Bouveresse (eds.), Meaning and Understanding (Berlin: Walter de Gruyter, 1981)); 
David Kaplan, ‘Demonstratives’, in J. Almog, J. Perry and H. Wettstein (eds.), 
Themes from Kaplan (New York: Oxford University Press, 1989), pp. 481-614. 
Most recently, especially in the United States, the relevant issues tend to get raised 
in the context of a broader concern with the semantics of propositional attitude 
ascriptions and theories of mental content generally. Given the role that senses 
play in Frege’s own discussion of attitude reports, the reasons for this are, perhaps, 
obvious. We cannot, however, do justice to the full range of concerns raised by this 
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According to the neo-Fregean, once we correctly understand the 
considerations that led Frege to introduce his distinction, we shall 
see that the conception of sense attacked by the Russellians — an 
essentially description-theoretic conception — is not one to which 
Frege was committed. Moreover, these considerations, when prop- 
erly understood, succeed in showing that an adequate theory of 
meaning cannot get by solely on the resources provided by a theory 
of reference and, so, will inevitably find itself obliged to appeal to 
some notion of sense. Michael Dummett has been the most influ- 
ential expositor and defender of Frege’s views on sense in the twen- 
tieth century, and though there are prominent neo-Fregeans who 
differ with him on important points, my discussion will focus on 
the neo-Fregean position as Dummett develops it. 


I THE LOGICAL BASIS OF SENSE 


Frege’s approach to logic was shaped in fundamental ways by his 
understanding of judgement, assertion and inference, and by the 
way he took these practices to be constitutively subject to logical 
appraisal. Assertion and inference are, by their nature, subject to 
assessment as correct or incorrect. The notion of correctness con- 
stitutive of assertion is inextricably bound up with the notion of 
truth: an assertion is correct, in the first instance, just in case what 
is asserted is true. But, for Frege, to be subject to assessment as true 
or false is also and immediately to be subject to logical assessment. 
To make an assertion is to aim at saying something true and to 
commit oneself to the truth of what one has said in such a way as to 
be subject to a determinate range of logical evaluations. To under- 
stand an assertion is to appreciate what, in making the assertion, 
the speaker has thereby committed herself to. 

For Frege, then, the principles of logic determine standards that 
constitutively govern those of our cognitive and linguistic prac- 
tices that concern themselves essentially with truth, standards we 
cannot opt out of and still take ourselves to be making assertions 
or drawing inferences.‘ To articulate these principles, the logician 


literature. Nevertheless, there is substantial overlap, and much of what we discuss 
below will be relevant to those concerns. 

+ As Frege puts the matter in the Preface to Gg, the laws of logic ‘are the most general 
laws, which prescribe universally how one should think if one is to think at all’. 
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must provide a systematic account of all, but only those features 
of our assertions in virtue of which they are subject to appraisal in 
whatever logically relevant ways they are. This will require first that 
she distinguish between assertions proper and what is asserted — 
their contents. Two assertions will differ in their logically rele- 
vant contents just in case they differ in their potential for logical 
appraisal. An assertion’s potential for logical appraisal is fixed by 
the way in which its content articulates the conditions under which 
that assertion is to be counted true. For Frege, then, it is what one 
asserts — the content of one’s assertion — that is in the first instance 
true or false and simultaneously the locus of inferential potential. 
The next step for the logician is to provide an account of the logi- 
cal complexity of these contents — a systematic account of the logi- 
cally relevant ways in which assertoric contents may differ. Frege’s 
conception of logical complexity was fundamentally compositional. 
Substituting, within a sentence, one expression for another with the 
same logically relevant content must leave unchanged the logically 
relevant content of the sentence as a whole. In the Begriffsschrift, 
before drawing his distinction between sense and reference, Frege 
identified the logically relevant contents of sentences with what he 
there called ‘judgeable contents’ (beurteilbare Inhalte). He identified 
these in turn with just those objective circumstances the obtaining 
or not of which determines the truth or falsity of the relevant asser- 
tion. He called the logically relevant content of (monadic} predicate 
expressions ‘concepts’ and proceeded, in effect, to identify concepts 
with functions from appropriate arguments to judgeable contents. 
Frege was aware that this way of viewing matters faces a prima 
facie difficulty when it comes to expressing the identity of contents. 
If two expressions a and b possess the same content, and if we take 
the content of ‘=’ to be an ordinary relation, then, by composition- 
ality, the sentence ‘a=b* must have the same judgeable content as 
the sentence "a=a’. Frege took it as obvious, however, that ‘a=b* 
and ‘a=a" express different judgeable contents. Given his insistence 
that judgeable content concerns only what is logically relevant, to 
suppose that such sentences differ in judgeable content is just to 
suppose that they differ in some logically relevant way — which, of 
course, they do. An assertion of "a=a" cannot, for example, always 


5 See Bs, especially the Preface and §§1-11. 
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be substituted salva validitate in any inference in which an asser- 
tion of "a=b’* occurs as premise. To maintain his identification of 
judgeable contents with objective circumstances, Frege found him- 
self obliged to distinguish the circumstances the obtaining of which 
would make each of these sentences true. Frege suggested that we 
understand the content of ‘=’ in such a way that sentences like "a= b’ 
do not, in fact, express a relation between the contents of a and b 
but, rather, between the expressions themselves. Since the metalin- 
guistic circumstance that a has the same content as b differs from 
the metalinguistic circumstance that a has the same content as a, 
Frege has, it seems, successfully avoided the problem. 

By 1891, Frege became dissatisfied with his Begriffsschrift views 
and with the treatment of identity sentences to which they seemed 
to commit him. It is noteworthy, however, that in ‘Function and con- 
cept’ — in which he concludes for the first time in print that we must 
distinguish the sense of a sentence from its reference — Frege takes 
as his starting point not the difficulty with identity-statements that 
led to his Begriffsschrift proposal but, rather, a generalization of it.* 
Consider, for example, the concept that would, for Frege, constitute 
the content of the predicate expression ‘( | is the second planet from 
the Sun’. Now consider the names ‘Hesperus’ and ‘Phosphorus’, 
which both have the planet Venus as their content. Since no func- 
tion, and so no concept, can have different values for the same argu- 
ment, the value of our concept for the argument Hesperus must 
be the same as its value for the argument Phosphorus. In the con- 
text of the Begriffsschrift, this means that the circumstance that is 
required to obtain in order for the sentence 


(1) Hesperus is the second planet from the Sun 


to be true is the same as the circumstance that is required to obtain 
in order for 


(2) Phosphorus is the second planet from the Sun 


to be true. Insofar as Frege’s notion of circumstance is clear at all, 
this seems just as it should be: (1) and (2) should be assigned the same 
referential truth conditions. For Frege, though, it is also clear that 
logic obliges us to distinguish the judgeable content of an asser- 
tion of (1) from that of (2): an assertion of (1) cannot be substituted 


6 ‘Function and concept’, CP, pp. 137-56, see esp. p. 145. 
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salva validitate in any inference in which an assertion of (2) occurs, 
nor vice versa. Consequently, judgeable contents cannot be circum- 
stances: judgeable contents, individuated by appeal to logical consider- 
ations, cannot be the values of concepts for appropriate arguments.’ 

Frege came to appreciate the inadequacy of his Begriffsschrift 
solution in part, no doubt, by recognizing how easy it is to generalize 
the difficulty with identity sentences to other — perhaps, even, to all 
other — sentence forms. His Begriffsschrift proposal for resolving this 
difficulty is plausible only if the particular metalinguistic circum- 
stances hypothesized to be the real contents of identity sentences 
genuinely reflect what logic obliges us to take such sentences to be 
about. Clearly, though, it would be quite implausible to generalize 
the Begriffsschrift’s metalinguistic strategy across the board. Doing 
so would deprive nearly every sentence of its ordinary significance, 
of its capacity to express, as Frege might say, ‘proper knowledge’.’ By 
reflecting on the general case, Frege came to see that, if we are to do 
justice to the truth conditions of identity sentences and to the role 
they play in our inferences, we have no serious choice but to sup- 
pose that the constituent names contribute just those objects that 
we ordinarily take them to designate to the truth conditions of the 
sentences in which they occur. What Frege realized, in effect, is that 
two sentences, despite having the same referential truth conditions, 
may still differ in ways that logic obliges us to acknowledge. 

As Frege now saw matters, an adequate account of the differences 
and similarities between assertoric contents that logic obliges us to 
acknowledge will require an appeal not only to features that it is 
the business of a theory of reference to articulate, but also to fea- 
tures that require the resources of a theory of sense.? While it is up 


~N 


Eventually, of course, for reasons he outlines in detail in ‘On sense and refer- 
ence’, CP, pp. 157-77, Frege identified the values of concepts for appropriate argu- 
ments with truth-values. For useful discussion of these issues, see Tyler Burge, 
‘Frege on truth’, in L. Haaparanta and J. Hintikka (eds.), Frege Synthesized 
(Dordrecht: Reidel, 1986), pp. 97-154. 

See Frege’s discussion in the first paragraph of ‘On sense and reference’, CP, 
pp. 151-2, where, in criticizing the Begriffsschrift solution to the identity problem, 
he writes, ‘In that case the sentence a=b would no longer refer to the subject mat- 
ter, but only to its mode of designation; we would express no proper knowledge by 
its means. But in many cases this is just what we want to do.’ 

As he remarked in a letter to Husserl (PMC, pp. 61-4), his Begriffsschrift notion of 
a judgeable content involved a confused conflation of what he now held must be 
distinguished in terms of his notions of sense and reference. 


oo 


© 


On sense and reference: a critical reception 299 


to the theory of reference to articulate the conditions that must be 
satisfied in order for a sentence to be true, it belongs to the theory 
of sense to articulate what a speaker grasps when, by understand- 
ing the sentence, she grasps these conditions.” For it is in virtue of 
this understanding that a speaker incurs the inferential commit- 
ments she does by asserting the sentence. When asserting a sen- 
tence, a speaker’s commitment to its truth, to the satisfaction of its 
referential truth conditions, cannot be divorced from her inferential 
commitments. 

The need to distinguish between sense and reference mani- 
fests itself first, for Frege, in relation to sentences. The need to 
extend the distinction to the level of sub-sentential expressions is 
a consequence of his continued commitment to compositionality. 
Accordingly, two coreferential sub-sentential expressions will dif- 
fer in sense if the sentence that results from substituting one for 
the other has different logical properties from the original, despite 
having the same truth-value. They differ in sense if they present 
their shared reference in different ways such that it is by grasping 
this difference that a speaker appreciates the different inferential 
properties of sentences containing them. In general, then, Frege 
views the sense of a sub-sentential expression as a way of thinking 
about its reference — or, if one prefers, a way in which the expres- 
sion presents the reference to the speaker. Nothing is relevant to 
individuating these ways of thinking (or ‘modes of presentation’) 
except what is distinctive about the contribution the expressions 
make to the logical properties of the sentences in which they occur. 
To grasp the sense of an expression, then, is to be able to think of 
its reference in the relevant sort of way — a way that enables one to 
appreciate the logical properties of the sentence containing it. 

If the critical tradition has not always adequately appreciated that 
Frege was led to introduce his notion of sense on the basis of strictly 
logical considerations, at least some of the blame for this must lie 
with Frege himself. For nowhere does he explicitly and systemat- 
ically explain why he distinguishes the thoughts expressed by sen- 
tence pairs of the sort that puzzled him. Instead, he assumes that 
his readers will have little trouble appreciating why he distinguishes 
thoughts (or, earlier, judgeable contents) where he does. And even 


© See Gg, §32, pp. 221-2. 
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in those passages where he is more expansive, he tends to appeal to 
criteria that advert to very general features of our epistemic and lin- 
guistic practice, while relying on his readers to appreciate the under- 
lying logical relevance of those features. 

Moreover, in the scattered passages in which he takes up these 
matters, Frege tends to rely on two prima facie different criteria, 
thereby further complicating the interpreter’s task. On the one 


hand, there are a variety of passages that make it evident that Frege 
holds that 


(A) Two sentences express different thoughts whenever it 
is possible for a speaker competent in the use of both 
sentences to extend his knowledge by coming correctly 
to believe what would be expressed by the (literal) 
utterance of one, despite his already knowing the truth 
of what would be expressed by the (literal) utterance of 
the other." 


But there are at least an equal number of passages that support his 
holding the following criterion: 


(B) Two sentences express different thoughts whenever 
it is possible for a speaker competent in the use of 
both sentences to believe what would be expressed by 
the (literal) utterance of one while, without changing 
her mind, failing to believe — either disbelieving or 
suspending judgement on — what would be expressed by 
the (literal) utterance of the other.” 


While the possibilities adverted to in (A) and (B) are indeed differ- 
ent, a careful reading and comparison of the passages in which he 
deploys these criteria (many of which overlap) make it clear that 
Frege intended them to be understood as issuing from the same, 
more fundamental, underlying considerations. The ultimate source 
of both possibilities lies in the fact that the sentences at issue differ 
in their logical potential. 


™ See, for example, the passage from ‘Function and concept’ mentioned earlier; the 
famous opening passage from ‘On sense and reference’, and the ‘Dr Lauben’ dis- 
cussion in ‘Thoughts’, CP, pp. 358-6o. 

™ See, for example, the important and illuminating ‘Aphla’ and ‘Ateb’ passage from 
an undated letter from Frege to Philip Jourdain (PMC, pp. 78-80) or, again, the 
opening passages from ‘On sense and reference’. 


On sense and reference: a critical reception 301 


This is easiest to see with respect to (B}, at least once the rele- 
vant notion of possibility appealed to there is clarified. Given Frege’s 
well-known anti-psychologism, this cannot be a matter of mere psy- 
chological possibility. The notion at issue here is best understood 
normatively. Frege would not, however, have concerned himself 
with merely pragmatic permissions and restrictions. The notion is 
best understood in a sense appropriate to purely logical concerns. 
Properly understood, then, (B) says that two sentences will differ in 
the thoughts they express whenever a speaker may, without violat- 
ing any logical norms, believe what is expressed by the utterance 
of one while failing to believe — either suspending judgement on or 
believing the negation of — what is expressed by the utterance of the 
other. This amounts to no more than saying that two sentences differ 
in the thoughts they express if they differ in their logical potential. 

Many interpreters, however, focus on (A), taking it or some variant 
of it to capture best the issues of central concern to Frege. Viewing 
matters this way, the possibility adverted to in (B), if considered at 
all, is taken to be secondary to or consequent upon that adverted 
to in (A). In any case, the explicitly epistemic orientation of (A) is 
doubtless a major reason why for so many interpreters it is obvious 
that Frege introduced the notion of sense primarily in the service of 
epistemic considerations. 

I do not mean to deny that differences in sense are epistemically 
significant. There is certainly no denying that Frege appeals to 
epistemic notions in the various passages from which (A) is drawn. 
Nevertheless, we should not allow this to mislead us into overlook- 
ing the more fundamental role played by logical concerns of the 
sort already discussed. If we say that sentences differ in their cogni- 
tive significance whenever they admit of the epistemic possibilities 
adverted to in (A), then the only differences in cognitive signifi- 
cance of interest to Frege are those that arise because the sentences 
differ in some straightforward logical respect. 

Consider, for example, the famous opening passage of ‘On sense 
and reference’ (CP, p. 157) where Frege asserts that true sentences 
of the form a=b differ in ‘cognitive value’ (Erkenntniswert) from 
counterpart statements of the form a=a, and that the former ‘often 
contain valuable extensions of our knowledge’. To see how we 
can account for this difference in ‘cognitive value’ or such ‘valu- 
able extensions of one’s knowledge’ by appealing only to logical 
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differences between such sentences, consider a case in which we 
would ordinarily say that a subject, while already knowing that 
a=a, comes to learn that a=b. Suppose that prior to acquiring this 
new knowledge, our subject also already knows that Fa, that Gb, 
and that ( Vx)(Fx & Gx} > Mx). Also assume that she disbelieves that 
Fb |i.e., believes that -Fb), while suspending judgement on whether 
Ga, or whether Ma, or, for that matter, on whether MD. Prior to 
learning that a= b, our subject’s system of beliefs is cognitively defi- 
cient in a number of obvious respects. Moreover, it is evident that 
no amount of purely logical reflection will enable her to appreci- 
ate this deficiency: though some of her beliefs are false, she cannot 
be accused of having logically inconsistent beliefs, nor can she be 
accused of having overlooked any logical implications.'} It is easy 
to see, however, that by coming to learn that a=b, our subject will 
immediately be in a position to overcome these deficiencies. Not 
only is she poised to acquire new knowledge — the knowledge that 
Fb, that Ga, and that Ma — but, with respect to Fb, she is ina position 
to free herself from a false belief. Indeed, were she not to change her 
mind about Fb, she would be subject to serious logical censure — 
she would justly be accused of having inconsistent beliefs. And, 
depending on the circumstances, were she to fail to come to believe 
that Fb, that Ga, and hence that Ma, she might also be subject to 
logical censure — though the censure here would be less serious (fail- 
ing to draw an obvious inference). 

My suggestion, then, is that when Frege speaks of different sen- 
tences having differing ‘cognitive value’ (despite having the same 


3 Given that a=b, I am willing to grant that our subject’s belief that Fa and her 
belief that -Fb are metaphysically incompatible — they cannot both be true. But 
acknowledging this in no way suffices to ground an accusation of inconsistency 
in the sense relevant to the logical appraisal of beliefs, assertions, etc. While 
metaphysically incompatible, her beliefs are not logically inconsistent. 

Strictly speaking, of course, logic obliges our subject only to correct the incon- 
sistency in her beliefs. So she must either give up her false belief that —Fb or her 
correct belief that Fa. If we assume, for the sake of the example, that our subject 
is more strongly committed to the latter belief than to the former, the cognitive 
value of coming to believe that a=b cannot be denied. But even if we refrain from 
assuming any specific preferential commitments in her prior beliefs, coming to 
learn that a=b (despite already believing that a=a) can be counted a valuable cog- 
nitive achievement just in virtue of the opportunity it affords one for correcting 
cognitive deficiencies of the sort exemplified in the example — whether or not any 
particular subject takes advantage of this opportunity. 
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referential truth conditions), or of how coming to learn the truth 
of what is expressed by one such sentence may issue in a ‘valu- 
able extension of our knowledge’, despite one’s already knowing the 
truth expressed by the other, we do best to understand him as hav- 
ing in mind the possibility of significant cognitive improvements 
of just these sorts. And to make sense of such cognitive improve- 
ments, we need only recognize that different sentences, despite hav- 
ing the same referential truth conditions, may have different logical 
properties. 


2 THE TRADITIONAL RUSSELLIAN 


Few today will deny that the most enduring and influential tradi- 
tion critical of Frege’s doctrine of sense was inspired by the work 
of Bertrand Russell. Indeed, for better or worse, Russell’s under- 
standing of, and reaction to, Frege’s distinction has structured in a 
number of crucial respects the discussion that was to follow, both 
critical and defensive. While Russell himself denied that any coher- 
ent theoretical role could be found for the notion of sense, this did 
not, as we shall see, prevent those more sympathetic to the notion 
from trying to appropriate what they took to be Russell’s insights 
while retaining a full-fledged sense-reference distinction. 

The guiding idea of the Russellian tradition is the view that the 
semantic content expressed by the assertoric use of an indicative 
sentence is to be thought of as a piece of (truth evaluable} informa- 
tion — in a sense to be examined below.’ Thus, for the Russellian, 
the possibilities that led Frege to distinguish the thoughts expressed 
by puzzling sentence pairs will be of genuine semantic relevance 
only if they expose the need to distinguish between the information 
content semantically encoded by each sentence. The traditional 
Russellian, as I shall call him - exemplified most clearly by Russell 
himself — allows that these possibilities do in fact show that the 
relevant sentences encode different information and, so, agrees with 
Frege that the sentences differ in a semantically relevant way. He 


's Foraclear expression of this point of view, see the opening pages of Nathan Salmon, 
‘Reference and information content: Names and descriptions’, in D. Gabbay and 
R. Guenthner (eds.), Handbook of Philosophical Logic (Dordrecht: Reidel, 1990), 
pp. 409-61. 
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denies, however, that accommodating this fact requires anything 
like a theory of sense. 

The neo-Russellian, on the other hand — as exemplified by cer- 
tain of the so-called direct-reference theorists (the most prominent 
of which are, perhaps, Nathan Salmon and Scott Soames) — denies 
that differences in cognitive significance of the sort that concerned 
Frege suffice to show that distinct information is semantically 
encoded by the relevant sentences. Since the relevant sentences 
are not taken to encode different information, there is no semantic 
difference for a theory of sense to explain. 

The Russellian’s focus on and understanding of the notion of 
information content is guided by something like the following 
line of reasoning. His interest, from the outset, is on the sorts of 
possibility adverted to in (A) above. What would account for the 
possibility that someone might extend his or her knowledge sim- 
ply by coming correctly to believe what is expressed by one sen- 
tence, despite already knowing the truth expressed by some distinct 
sentence, except for the fact that the two sentences semantically 
encode different information about the world? And how can two 
sentences encode different information about the world unless they 
require, in order to be true, that different conditions be satisfied 
by the world? Accordingly, sentences will differ in their informa- 
tion content just in case they differ in their referential truth condi- 
tions — either because they are about different features of the world 
or because they represent the same features as involved with each 
other in different ways.’ 

It is now obvious why, for the traditional Russellian, it makes 
no sense to appeal to a level of semantic description distinct from 
the referential when attempting to explain the semantic differences 
between sentences of the sort that puzzled Frege. For the traditional 
Russellian, the challenge that Frege took himself to be faced with — 
the challenge of explaining how two sentences with the same refer- 
ential truth conditions can nevertheless differ in some semantically 


6 This way of understanding information content is closely tied to both the trad- 
itional and neo-Russellian’s view that the semantic contents of sentences are 
structured propositions the constituents of which include the very objects, prop- 
erties, propositional functions or other ‘features’ of the word whose ‘involvement’ 
with each other is relevant to the truth of the relevant sentences. 
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relevant way — will seem deeply confused. He will simply not admit 
that two sentences can differ in the information they semantically 
encode and yet fail to differ in their referential truth conditions. So 
there is nothing for a theory of sense to explain. 

Traditional Russellians must suppose that Frege failed to iden- 
tify the correct referential truth conditions of the sentence pairs 
he found puzzling. Since the relevant sentences are assumed to 
differ in the information they convey, what is required is an alter- 
native referential analysis — one that captures, without residue, all 
of the semantically relevant differences. In effect, the traditional 
Russellian is committed to a strategy similar to the one Frege him- 
self deployed in the Begriffsschrift.” 

Russell’s theory of definite descriptions is, in large measure, an 
alternative implementation of just such a strategy. A central aim of 
that theory is to show how one can capture the semantic differences 
between pairs of sentences of the sort that concerned Frege directly 
in terms of a difference at the level of reference — or its Russellian 
counterpart, meaning — and thus, without any need to appeal to 
a notion like sense.'® Russell, for example, agreed with Frege that 
someone could extend her knowledge by coming to believe what 
was expressed by a sentence like 


(3) The author of Waverly was Scottish 


despite already correctly believing what is expressed by 


(4) The author of Ivanhoe was Scottish. 


1” The traditional Russellian is not, of course, obliged to adopt the particular, essen- 
tially metalinguistic analysis offered there. 

8 At least as important for Russell, of course, was his view that it was obviously 
possible for sentences containing non-denoting descriptions to be meaningful. 
Given the framework within which he was operating, this would not be possible 
if we assume that the semantic role of a definite description is simply to refer 
to some particular object — that is, if we assume that definite descriptions are 
logically proper names. So either it is a mistake to suppose that such sentences 
are meaningful after all — an option Russell was unwilling to consider — or we 
must analyse sentences containing definite descriptions in a way that shows 
how they can indeed be meaningful despite the fact that there is no one object 
that a contained description picks out. The theory of descriptions was in part 
designed to do precisely this. See Bertrand Russell, Logic and Knowledge: Essays 
1901-1950, ed. R. C. Marsh (London: Allen and Unwin, 1956), and Introduction 
to Mathematical Philosophy (London: Allen and Unwin, 1919), pp. 167-80. 
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But as is shown by the following (simplified) representations of 
their Russellian truth conditions, Russell took these sentences to 
be about different features of the world: 


(3) (Ax)(Wx & (Vy)[Wy > x=y)) & Sx) 
(4) (Ax)(Zx & (Vy]{ly > x=y)) & Sx). 


According to Russell, these two sentences say of distinct proper- 
ties — the property of being the author of Waverly and the property 
of being the author of Ivanhoe, respectively — that each is uniquely 
instantiated by an object that also instantiates the property of being 
Scottish. 

Russell’s general strategy was motivated by his view that we can 
make no sense of semantically relevant differences in cognitive 
significance except in terms of differences in information content 
(and, so, differences in referential truth conditions). The detailed 
implementation of the strategy, however, was determined in large 
measure by Russell’s specific epistemic commitments. For a speaker 
to talk about — indeed, even to think about — a specific object, she 
must, according to Russell, know what object she has in mind. This 
means she must be able epistemically to isolate that object from 
all others; her knowledge must uniquely determine the intended 
object.2° Any difference in the cognitive significance of two sen- 
tences that, according to Frege, involve predicating the same thing 
of the same object is best accounted for, according to Russell, by 
a difference in the knowledge by means of which the speaker is 


‘9 Notice that neither sentence concerns itself directly or essentially with Sir 
Walter Scott. No individual is mentioned. Scott does not, as Russell himself 
would put it, occur as a constituent in either of the propositions expressed by 
these sentences. 

See Bertrand Russell, ‘Knowledge by acquaintance and knowledge by descrip- 
tion’, in Mysticism and Logic (Totowa, N.J.: Barnes and Noble, 1917), pp. 152-67, 
esp. p. 159, and The Problems of Philosophy (Oxford: Oxford University Press, 
1959}, ch. 5, pp. 46-59. The claim that in order to talk or think of a particular 
object — that is, in order for a particular object to be the immediate object of a 
propositional attitude — one must know which object one is talking or thinking 
about may seem innocent enough. Indeed, on some readings it is surely truistic. 
Troubles arise, as we shall see, only with particular accounts of what is involved 
in, or required to count as, ‘knowing which object’. One will be tempted by what 
I believe are the problematic accounts as soon as one views the requisite know- 
ledge as something one can possess independently of, and prior to, having any 
particular propositional thoughts concerning that object. 
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enabled, in each case, to think about that object. But how are we to 
think of this knowledge in order to understand both how it enables 
speakers epistemically to isolate the relevant object, and how differ- 
ences in such knowledge can differentially affect the information 
content of the sentences in which they appear? How indeed, except 
in terms of cognitively transparent, uniquely individuating descrip- 
tive conditions that are directly incorporated into the referential 
truth conditions of the relevant sentences. 

In the case of sentences containing definite descriptions, 
Russell’s theory brilliantly accommodates these various demands. 
But the adequacy of his strategy ultimately depends on whether, 
and how satisfactorily, it can be generalized to accommodate puz- 
zling sentence pairs other than those containing co-denoting defi- 
nite descriptions. Two sentences that differ at most in containing 
distinct, co-designating proper names can also differ in cognitive 
significance. For the traditional Russellian’s strategy to work for 
such sentences, he will also have to deny that they have the same 
referential truth conditions, and he will be obliged to offer plausible 
alternative referential analyses. 

Given the theory of descriptions and its motivations, it comes 
as no surprise that Russell proposed that we view ordinary proper 
names as, in effect, convenient abbreviations for underlying definite 
descriptions. Names that differentially affect the cognitive signifi- 
cance of sentences in which they appear must abbreviate different 
descriptions. And so the substitution of one such name for another 
in a sentence will result in a sentence with different referential 
truth conditions from the original. 

Of course, in order to avoid reintroducing, at a different level, 
the very problem that Russell’s alternative referential analysis was 
intended to solve, the descriptors of these underlying descriptions 
must themselves contain no expressions which — though intuitively 
picking out the same feature of the world as some other possible 
expression — might, nevertheless, differentially affect the cogni- 
tive significance (and, so, information content) of the sentences in 
which they appear. In effect, this is to require that these descriptors 
contain only logically proper expressions, the references of which 
are always only features of the world with which we are immedi- 
ately acquainted. Indeed, it turns out, on Russell’s view, that the 
information semantically encoded by any sentence we understand 
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can directly concern only items with which we are, in his sense, 
acquainted. And one will count as being acquainted with some 
feature of the world X, in the sense required, only if X exists and, 
for any feature of the world Y, if one is also acquainted with Y, 
and X is the same feature as (a different feature from) Y, then it is 
impossible for one to fail to recognize that they are the same (dif- 
ferent). Reflection, however, suggests that we can be acquainted in 
this sense only with such allegedly epistemically intimate items 
as sense data, universals, and the like. Since, on Russell’s view, 
our talk and thought never directly concerns objects with which 
we cannot be acquainted, it will never directly concern tables and 
chairs, our friends, lovers, or family members, not even our own 
hands and feet! 

The difficulties facing any such proposal are familiar. The ontol- 
ogy of sense data and the variety of foundationalist epistemology 
that goes with it are, at best, highly tendentious and most likely 
untenable. Moreover, the notion of acquaintance that Russell needs 
if his generalized proposal is to have any chance at plausibility 
is notoriously difficult, if not impossible, to spell out and defend 
coherently. Finally, like Frege’s own Begriffsschrift proposal, the 
alternative referential analyses to which Russell would be com- 
mitted, even assuming they can be specified coherently, manifestly 
fail to do justice to what we ordinarily take such sentences to be 
essentially about — at least in the case of ordinary proper names and 
indexical expressions. 

The extent of this last failure was forcefully revealed by a set 
of detailed and devastating considerations advanced in the early 
1970s by a number of different philosophers. Especially influential 
here was Kripke’s Naming and Necessity, in which he demonstrates 
just how poorly any essentially description-theoretic approach to 
the semantics of proper names does justice to various fundamental 
semantic, metaphysical and epistemological intuitions associated 
with our use of proper names.” It is important to realize, however, 
that Russell’s view that ordinary proper names are disguised or 


2 In ‘Knowledge by acquaintance’, p. 159, Russell puts the matter this way: ‘Every 
proposition which we can understand must be composed wholly of constituents 
with which we are acquainted.’ (Russell’s emphasis). 

» Saul Kripke, Naming and Necessity (Cambridge, Mass.: Harvard University Press, 
1980). For a useful overview of the separate epistemic, metaphysical and semantic 
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abbreviated definite descriptions was not the only, nor perhaps even 
the primary, object of criticism in Naming and Necessity. Kripke’s 
arguments were also directed at Frege’s view that ordinary proper 
names possess a sense. The view that arguments like Kripke’s suc- 
ceeded in undermining not only the traditional Russellian’s position 
but also Frege’s played an important role in motivating the approach 
that I earlier called neo-Russellian. 


3 CLEARING THE WAY FOR THE NEO-RUSSELLIAN 


That arguments marshalled against Russell’s proposal should have 
been taken in turn to prove fatal to Frege’s doctrine of sense is not 
that surprising. For the conception of sense under attack was the 
familiar — and at the time widely accepted — description-theoretic 
conception. Like Russell, description theorists with respect to sense 
saw little chance of accounting for the differential contribution that 
distinct co-referring names can make to the cognitive significance 
of sentences in which they occur except in terms of differences 
in the cognitively transparent descriptive conditions that speak- 
ers competent in the use of the names associate with them. They 
shared with Russell not only the view that for a speaker to talk 
about a particular object she must be able epistemically to isolate it 
from all other objects, but also the view that to epistemically isolate 
an object (at least one with which she is not acquainted), a speaker 
must be able to describe it uniquely. Accordingly, an object will 
count as the reference of a given name in virtue of its satisfying the 
associated uniquely individuating descriptive conditions.”3 

Despite its overwhelming popularity at the time, proponents of 
the description theory of sense rarely bothered to spell it out in much 
more detail than I have done here. A central difficulty concerns 
precisely how we are to understand the ‘association’ between name 


arguments to be found in Naming and Necessity, see Nathan Salmon, Reference 
and Essence (Princeton, N.J.: Princeton University Press, 1981), pp. 23-32, and 
more recently Scott Soames, Beyond Rigidity: The Unfinished Semantic Agenda 
of Naming and Necessity (New York: Oxford University Press, 2002), esp. 
pp. 18-54. 

If no object satisfies the conditions, then according to this view the name has 
no reference — though, consistently with Frege’s repeated claims, the name may 
still be said to have a sense. Sentences containing such a name may still count as 
meaningful, as expressing thoughts. See note 13 above. 
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and descriptive conditions to which it appeals. The most straight- 
forward interpretation — the suggestion that the sense of a name 
is always equivalent to the sense of some definite description — is 
also the most problematic. First of all, it is not clear how to under- 
stand this suggestion without its collapsing into the traditional 
Russellian proposal. In that case, if anything like Russell’s theory of 
descriptions provides a correct account of the semantic role of defi- 
nite descriptions, any differences in cognitive significance between 
co-designating names will be accounted for by differences in the 
referential truth conditions of the sentences in which they appear. 
The presumed need for a theory of sense would evaporate. 

Secondly, if we are obliged to take some specific uniquely iden- 
tifying description, say “the ®’, to be equivalent in sense to some 
name n, then we shall, it seems, be obliged to view the sentence "n 
is the ®* as equivalent in sense to "The ® is the ®’ and so, presum- 
ably, as necessarily true and knowable a priori. But virtually any 
uniquely identifying description that an ordinary speaker is likely 
to associate with a name at her disposal is such that she would 
ordinarily regard the relevant instances of ‘n is the ® as only con- 
tingently true and knowable only a posteriori. It would seem, then, 
that none of the uniquely identifying descriptions that an ordin- 
ary speaker might associate with the names at her disposal will be 
legitimate candidates for giving the sense of those names. 

To avoid the first problem, the description theorist must explain 
how to view the semantic role played by the descriptive conditions 
associated with a name in such a way that any difference in descrip- 
tive conditions that are satisfied by the same object are not reflected 
in a difference in the referential truth conditions of sentences con- 
taining the relevant names. At the same time, though, his account 
must allow that the difference in descriptive conditions is directly 
reflected in differences in the thoughts expressed by sentences con- 
taining the names. He must do this, however, in a way that avoids 
the second problem.4 

There are various ways in which advocates of a description- 
theoretic approach to sense have attempted to avoid these problems. 


24 Tt is not implausible to think that David Kaplan’s distinction between charac- 
ter and content was in part introduced to accomplish precisely this. See Kaplan, 
‘Demonstratives’. 
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Perhaps the most common - at least with respect to the second 
issue — was to adopt some variety of what has come to be called the 
cluster version of the description theory. According to this view, 
roughly, an object counts as the reference of a name not in virtue 
of its uniquely satisfying some one specific description but, rather, 
by its uniquely satisfying some sufficient number of descriptions 
that the speaker has associated with the name.’ But even if we 
suppose that this idea can be developed in a way that avoids the 
two problems just mentioned, difficulties remain that raise serious 
doubts about the ultimate tenability of any description-theoretic 
conception of sense for proper names. By reflecting on our ordin- 
ary practice in using names, Kripke, in effect, shows that to be able 
to use a proper name to refer successfully to a particular object, it 
is neither necessary nor sufficient that the speaker associate any 
(non-circular) uniquely identifying description with the name.”* 

What Kripke’s discussion helps us to see is that the assumption 
that in order to refer to a particular object one must be able epistem- 
ically to isolate it from other objects — on at least the description- 
theoretic understanding of what this involves — cannot be supported 
by a close examination of our actual name using practice. On the 
one hand, names are often successfully used by speakers who have 
very little descriptive knowledge of their references and, in many 
cases, certainly not enough to form a correct uniquely identifying 
description. On the other hand, even when a speaker does associate 
what she takes to be a uniquely identifying description of the refer- 
ence of a name at her disposal, the object satisfying the description 
(or a sufficient number of descriptions in the associated cluster) may 
not be the object to which she succeeds in referring when using the 
name. Indeed, a speaker may successfully refer to an object by her 
use of a name even though no object uniquely satisfies the associ- 
ated description(s). 


25 The cluster theory is often (I think mistakenly) credited to Wittgenstein on the 
basis of the ‘Moses’ discussion in remark 79 of Ludwig Wittgenstein, Philosophical 
Investigations (New York: Macmillan, 1953). The view was first deployed in con- 
nection with the problems raised in the text by John Searle, ‘Proper Names’, 
Mind, 67 (1958), pp. 166-73. 

26 The proscription against circular descriptions is explained and defended in 
Kripke, Naming and necessity, pp. 68-70. 
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A speaker’s ability to use a name (one and the same name) to refer 
to a particular object is typically something that will remain stable 
across considerable variations in both the number and accuracy of her 
beliefs about that object — in any case, considerably more variation 
than description theorists can permit. Moreover, different individuals 
can be competent in the use of the same name - in the sense that they 
could use that name to communicate successfully with each other 
about its reference — despite significant differences in their knowledge 
and beliefs about the reference — again, more differences than descrip- 
tion theorists can allow. But if this is right, then it is not plausible 
to suppose that the intra- and inter-personally stable compositional 
contribution that a proper name makes to the propositional content 
(whether information content or thought) semantically expressed by 
sentences containing it must consist in or be fixed by the descriptive 
information that speakers associate with the name. 

Critics of description-theoretic approaches came to realize that 
it was implausible to assume that the circumstances that enable a 
speaker to count as a competent user of aname — specifically, the cir- 
cumstances responsible for making one object rather than another 
the name’s reference — are exhausted by facts about her individual, 
cognitively transparent, descriptive resources. Rather, whether a 
speaker counts as competent in the use of a name will often essen- 
tially be a matter of her being situated in a context (social and/or 
physical) that relates her in the right sort of way to the name’s ref- 
erence. How best to understand this contextual involvement is a 
matter of considerable dispute.?”7 But what is important — indeed, 
revolutionary — about this way of thinking is the recognition that 
factors external to and, in an important sense, independent of a 
speaker’s individual cognitive resources may play an essential 


>7 If it is not in virtue of their possessing the same, or sufficiently similar, uniquely 
individuating descriptive knowledge of its (purported) reference that speakers 
count as competent in the use of aname, then in virtue of what do they so count? It 
was in connection with this question that the so-called ‘causal theory of reference’ 
was introduced. In offering the considerations he does, Kripke cautiously says that 
he does not intend to be providing a causal theory of reference but, rather, a ‘bet- 
ter picture than the picture presented by the received views. See Kripke, Naming 
and necessity, pp, 93-6. Michael Devitt, however, is not so modest and proposes in 
Designation (New York: Columbia University Press, 1981) to articulate and defend 
just such a theory. This is not the place to attempt to survey, yet alone to assess, 
the various ways in which this ‘theory’ gets interpreted and deployed. 
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enabling role vis-a-vis her ability to refer to a particular object using 
a name. Once we acknowledge that a speaker’s contextual situation 
might play such an enabling role, we are free to unburden the com- 
petent name user of the particular epistemic responsibilities with 
which description theorists have saddled her. 


4 THE NEO-RUSSELLIAN ALTERNATIVE?® 


On the basis of considerations such as these, the neo-Russellian con- 
cedes that Russell was wrong to hold that ordinary proper names 
are best viewed as disguised or abbreviated definite descriptions. 
Nevertheless, he takes these considerations to provide powerful 
support for the more fundamental Russellian idea that, in provid- 
ing an account of the content semantically conveyed by a sentence, 
there is no need or room for a theory of sense over and above a the- 
ory of reference. 

According to the neo-Russellian, arguments like Kripke’s help 
us to see that it is only the reference of a name that remains stable 
across the intra- and inter-personal diversity of descriptive beliefs 
held by competent users of that name; and so it is only their ref- 
erences that names can plausibly be taken to contribute compos- 
itionally to the information content semantically expressed by the 
sentences in which they occur. For the neo-Russellian, then, the 
substitution of distinct but co-referring names within a sentence 
will, with a few exceptions, result in a sentence that semantically 
expresses the same propositional content — which is to say, the same 
information content — as the original sentence. But what, then, of 
the considerations that led both Frege and the traditional Russellian 
to suppose that these sentences express different contents? 

The neo-Russellian admits that a speaker can acquire new infor- 
mation when she comes to believe what is conveyed by the utter- 
ance of a sentence with the same referential truth conditions as a 
distinct sentence whose content she already believes. He will insist, 
however, that this does not show that the relevant sentences seman- 
tically encode different information. Rather, he points out, the 


28 Much of the material in this section derives from a more expanded discussion 
in William Taschek, ‘Frege’s puzzle, sense, and information content’, Mind, 101 


(1992), pp. 767-91. 
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acquisition of new information may well be the result of seman- 
tically irrelevant psychological or pragmatic factors. And once it is 
shown that this is in fact the case, there will be no call for an inde- 
pendent theory of sense. Thus, for example, one of the leading neo- 
Russellians, Nathan Salmon, proposes: 


To be sure ‘a=b’ sounds informative, whereas ‘a=a‘ does not. Indeed, an 
utterance of "a=b" genuinely imparts information that is more valuable 
than that imparted by an utterance of ‘a=a". For example, it imparts non- 
trivial linguistic information about the sentence ‘a=b* that it is true, and 
hence that the names a and b are co-referential. But this is pragmatically 
imparted information ... If Frege’s strategy is ultimately to succeed, a fur- 
ther argument must be made to show that the information imparted by 
“a=b’ that makes it sound informative is, in fact, semantically encoded.” 


As the neo-Russellian views matters, then, to account for the char- 
acteristic appearance of a difference in information content, with 
respect to sentence pairs of the sort that puzzled Frege, one need 
only suppose that the utterance of one of the sentences pragmatic- 
ally imparts information that is not imparted by an utterance of the 
other; it is not required that the two sentences semantically encode 
different information. 

This kind of proposal, however, immediately faces two general — 
and ultimately related — difficulties. The first arises as follows. To 
remain true to his Russellian starting point, the neo-Russellian 
cannot allow the content semantically expressed by the assertoric 
utterance of a sentence to be individuated by criteria any more 
fine-grained than those that individuate pieces of information. 
Consequently, he is committed to claiming that what is asserted 
when a competent and rational speaker assertively utters, say, 


(7) Superman is Superman 


or 
(6) Superman can fly 

(with the primary intention of asserting the proposition seman- 

ticly encoded in these sentences) will be precisely the same as what 


she would have asserted were she, respectively, to have assertively 
uttered 


29 Nathan Salmon, Frege’s Puzzle (Cambridge, Mass.: MIT Press, 1986}, pp. 78-9. 


On sense and reference: a critical reception 315 


(8) Clark Kent is Superman 


or 


(9) Clark Kent can fly. 


But most competent speakers of English share, and feel deeply com- 
mitted to, the intuition that someone can without logical incon- 
sistency assert what is semantically expressed by (7) or (6) while 
asserting the negations of (8) or (9) respectively, viz., 


(10) Clark Kent is not Superman 


(tr) Clark Kent cannot fly. 


It is difficult to see, though, how the neo-Russellian can avoid cred- 
iting such a person with making logically inconsistent claims. After 
all, for the neo-Russellian, asserting what is expressed by (10) or (11) 
will involve asserting the negation of precisely what one would have 
asserted were one to have asserted, respectively, what is expressed 
by (7) and (6). 

Moreover, on the neo-Russellian view, we are precluded from 
assuming that someone can assert what is (semantically) expressed 
by (7) or (6) without (indeed, without thereby) asserting what is 
expressed by (8) or (9) — again, contrary to the deeply felt intuitions 
of most competent speakers of English. According to their view, 
then, if we say of someone that she both asserts what is expressed 
by (7) or (6) but does not assert what is expressed by (8) or (9), we, it 
seems, must be credited with inconsistency! There is, however, sim- 
ply no precedent in our ordinary practice of attitude ascription for 
crediting such ascriptions with inconsistency. 

Neo-Russellians are aware that their views have these counter- 
intuitive consequences, and they have, in a variety of ways, made 
serious efforts to explain them away. The usual strategy is to argue 
that our offended intuitions are themselves the inevitable result of 
confusions bred of various sorts of pragmatic exigency and, thus, 
ought to possess no authority vis-a-vis our semantic theorizing.*° It 
would take us too far afield to attempt to outline, let alone assess, all 
these efforts here. For present purposes, it is enough to appreciate the 


3° For an especially rigorous articulation of this strategy, see Soames, Beyond 
Rigidity, ch. 6, p. 1331-46. Unfortunately Soames’s important book appeared well 
after this paper was originally sent to the editors of this Companion. For various 
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source and nature of these counter-intuitive consequences — specif- 
ically the fact that they concern logical relations between assertoric 
contents — and to recognize that if their position is to be sustained, 
the neo-Russellian must successfully explain these intuitions away. 
We shall be returning to these issues again shortly. 

The second sort of difficulty that neo-Russellian’s face concerns 
whether or not it is plausible to suppose that we can adequately 
explain the sorts of cognitive achievements that concerned Frege 
by appealing only to the acquisition of information that is pragmat- 
ically imparted. Reflection, I submit, suggests that it is not. In the 
first place, coming to have metalinguistic beliefs of the sort gestured 
at by neo-Russellian proposals like Salmon’s does not appear to be 
necessary for significant cognitive achievements of the kind that 
concerned Frege.3! Even if we were to assume that possessing the 
kind of metalinguistic concepts and elementary semantic know- 
ledge presupposed by their proposal is, as a general fact, necessary 
to count as a competent speaker, the neo-Russellian has offered no 
compelling reasons to believe that whenever we credit a speaker 
with cognitive achievements of the sort at issue we are obliged to 
assume that she has deployed those concepts and knowledge by 
coming to have the relevant metalinguistic beliefs. If not, then the 
acquisition of new information (understood in the Russellian way) — 
whether pragmatically imparted or semantically encoded — is not 


reasons, it proved unfeasible to try to incorporate a critical discussion of the novel 
arguments and proposals that Soames there offers in defence of what I’m here 
calling neo-Russellianism. Some of the concerns raised here apply equally well 
and straightforwardly to Soames’s proposals. But an adequate critical appraisal 
of other aspects of Soames’s discussion would require additional discussion, for 
which unfortunately there was no room. 

When attempting to explain differences in cognitive significance of the sort 
that led Frege to distinguish the thoughts expressed by distinct referentially iso- 
morphic sentences, it is, of course, open to neo-Russellians to appeal to any type 
of information that may be, more or less systematically, pragmatically imparted 
by such sentences. In particular, they need not — though they often do — appeal 
to metalinguistic information. Soames, for example, in Beyond Rigidity does not 
propose that the information that is pragmatically imparted, and that is stand- 
ardly confused with the information semantically encoded, is best thought of 
as metalinguistic. Nevertheless, in my critical discussion I focus my attention 
on the sort of metalinguistic information that Salmon appeals to in the passage 
quoted above. It should be clear, though, how analogous arguments to those I give 
can be deployed vis-a-vis other proposals about what the relevant pragmatically 
imparted information might be. 


w 
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what is relevant to the differences in cognitive potential of the sort 
that puzzled Frege. 

Given our discussion in §1, none of this should come as a surprise. 
For there, recall, we saw that differences in the cognitive signifi- 
cance of distinct but referentially isomorphic sentences interested 
Frege only insofar as he took them to manifest underlying logical 
differences in the contents being expressed. If we grant that the con- 
tents semantically expressed by the relevant sentences do indeed 
differ in some logically relevant way, then what our last reflections 
show is the very unsurprising fact that a speaker’s understanding of 
a sentence — in particular, her appreciation of the logical properties 
of its content — does not require, yet alone consist in, the speaker’s 
‘taking in’ any information (metalinguistic or otherwise) that the 
sentence makes merely pragmatically available. Failure to attend 
to or take in the relevant pragmatically available information need 
not preclude grasp of the relevant logical properties. But grasp of the 
relevant logical properties is all that is required to explain the rele- 
vant differences in cognitive potential. 

Moreover, even in those cases where we can assume that the 
speaker has taken in the relevant metalinguistic information, it is 
hard to see how the acquisition of such information by itself is ever 
sufficient to account adequately for the sorts of cognitive achieve- 
ment of interest to Frege. Suppose, for example, that Lois already cor- 
rectly believes what is expressed by the following two sentences: 


(7) Superman is Superman 

(6) Superman can fly. 
Ordinarily, we would say that were she now to come to believe what 
is expressed respectively by the sentences 


(8) Clark Kent is Superman 


and 
(9) Clark Kent can fly 


this would involve a significant cognitive achievement. According 
to a neo-Russellian, this might consist in Lois’s coming to acquire 
some new, pragmatically imparted, metalinguistic information: 
presumably, in the case of (8), the information that ‘Superman’ and 
‘Clark Kent’ refer to the same thing; and in the case of (9), some- 
thing like the information that the reference of ‘Clark Kent’ can 
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fly. But now why should acquiring such information be deemed 
valuable? 

One might, of course, be interested in metalinguistic matters 
for their own sake; but any value accorded the acquisition of such 
metalinguistic information based on an interest of this sort cannot 
do justice to the importance we ordinarily attach to the cognitive 
achievements at issue here.3? Presumably, then, it cannot be for its 
own sake that the acquisition of such information will be deemed 
of cognitive value in a sense relevant to Frege. It would seem, then, 
that acquiring metalinguistic information of the sort at issue can be 
deemed valuable, on whatever occasions it is, only because possess- 
ing such information, together with a rudimentary knowledge of 
semantics, will enable one to come to believe something else (typi- 
cally, something non-metalinguistic) with a prior and independ- 
ently acknowledged cognitive value. But now the problem should 
be evident. For what might this something else be except, in the 
first case, the belief that Clark Kent is Superman and, in the second 
case, the belief that Clark Kent can fly? Isn't this precisely what we 
would expect someone with the relevant metalinguistic beliefs plus 
the relevant rudimentary knowledge of semantics to conclude? But 
if this is right, then we shall be obliged to credit (8) and (9) with the 
cognitive values that they possess neither in virtue of their intrin- 
sic information content — for that is the same as the information 
expressed, respectively, by (7) and (6) — nor in virtue of some prag- 
matically grounded accompanying information — for, in the cases 
at hand, that can play at best an instrumental role in enabling Lois 
to acquire these new beliefs. But, of course, once this is granted, no 
good reason remains for distinguishing the contents expressed by 
(8) and (9) from the contents of these new beliefs. 

What these last reflections help us to see is that the neo-Russelli- 
ans have not, in fact, successfully addressed the real challenge that 
led Frege to introduce his notion of sense. Their strategy is premised 
on the assumption that Frege, like themselves, always took differ- 
ences in cognitive significance to manifest differences in infor- 
mation content, and that his error was to mistake pragmatically 


32 The reader should be reminded of the misgivings Frege voices in ‘On sense and 
reference’ about his earlier metalinguistic proposal for dealing with the problem 
of identity statements in the Begriffsschrift — especially his remark that, if the 
content of an identity sentence were construed in the metalinguistic way he had 
earlier proposed, we would express no proper knowledge by its means. 
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imparted information for semantically encoded information. But if 
there is anything in Frege’s theoretical apparatus that can plausibly 
be supposed to manifest a concern with information content — as 
that notion is understood by the Russellian — it is not his theory of 
sense, but his theory of reference. For Frege, differences in Russellian 
information are best viewed as differences in referential truth con- 
ditions.23 What Frege took himself to notice, though, was that des- 
pite having the same referential truth conditions — that is, despite 
semantically encoding the same information — two sentences might 
nevertheless differ in logically relevant ways. The challenge to which 
Frege’s notion of sense was a response was to account for that pos- 
sibility. If the neo-Russellian wants genuinely to engage with Frege, 
he will have to concern himself more directly with this challenge. 
To do this, the neo-Russellian must say more about the relation- 
ship between information content and logic. This, I suggest, is the 
real lesson to be learned from the first of the two difficulties just 
examined. The neo-Russellian has, so far as I can tell, two options, 
neither of which seems very attractive. He might, for example, try 
to deny that there can be any difference in the logical properties of 
two contents that are not a direct reflection of differences in infor- 
mation.4 But if the neo-Russellian takes this route, then — since he 
is unwilling to admit that the relevant sentence pairs encode differ- 
ent information — he is forced to claim that our ordinary practice of 
logically appraising assertion and belief is systematically muddled. 
If there are no logical differences between what is semantically 
expressed by the utterance of two sentences that encode the same 
Russellian information content, then when a person competently 
asserts both that Superman can fly and that Clark Kent cannot fly, 
we must be literally wrong to suppose —as we standardly do-that the 
claims she makes are logically consistent.3> Consequently, accept- 
ing the present proposal would require a radical reconception of the 


33 I am, of course, ignoring here important differences between the ontology of 
Frege’s theory of reference and the ontology of the Russellian’s theory of informa- 
tion content. These differences do not, however, affect the present point. 

34 This is doubtless what the traditional Russellian should want to say at this point. 
And to the extent that he does, he will at least have managed to engage directly 
with Frege’s challenge. Unfortunately, this does nothing to mitigate the other 
problems the traditional Russellian faces. 

35 Any such argument will be plausible, of course, only to the extent that one finds 
it plausible to suppose that merely pragmatic exigency can support a systematic 
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nature and epistemology of logic and, so, of the sort of normative 
control that we ordinarily take logic to have over our cognitive and 
linguistic practices. Articulating and defending such a reconception 
would certainly involve a direct engagement with Frege’s challenge, 
but I am not aware of any neo-Russellian who has attempted to do 
so with any plausibility. 

The neo-Russellian has an alternative — one that will not oblige 
him to call into question the standards by means of which we ordi- 
narily assess the consistency or inconsistency of our assertions and 
beliefs. He can claim that it is not (or not solely) in virtue of their 
contents — of what we assert or of what we believe — that our asser- 
tions and beliefs are subject to logical appraisal in the ways that we 
ordinarily take them to be. In other words, to preserve our ordinary 
assessments of consistency and inconsistency, the neo-Russellian 
must radically sever the connection between the considerations 
he takes to be relevant to the individuation of contents and those 
he takes to be relevant to the logical appraisal of our assertions 
and beliefs. But if this is the route the neo-Russellian proposes to 
take, we have the right to demand of him, first, an account of the 
considerations he thinks are relevant to individuating content — an 
account that explains why it should not be in virtue of their con- 
tents that our assertions and beliefs are subject to logical appraisal 
in the ways that they are — and, second, an account of that in virtue 
of which our assertions and beliefs are subject to logical appraisal — 
an account that explains why these should not be relevant to the 
individuation of content. Without addressing these issues, the neo- 
Russellian has offered no serious challenge to Frege. For if Frege is 
right, it is precisely in virtue of the logical features of our asser- 
tions and beliefs, as these are manifest in our standard practice of 
(inter- as well as intra-subjective) logical appraisal, that it makes 
whatever sense it does to distinguish what-is-asserted from the 
asserting — that is, to credit our assertions with having objective 
contents at all. 


practice of inconsistency of the sort to which the neo-Russellian appears to be 
committed. As a general methodological point, however, it would seem that any 
semantic theory that commits one to supposing that a certain very common lin- 
guistic practice has speakers systematically contradicting themselves, contrary 
to virtually all native speakers’ pre-theoretical intuitions, ought to be adopted 
only as a last resort. 
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Whatever one thinks of the prospects for adequately respond- 
ing to these demands, I hope it is clear by now that the real issue 
between Frege and the neo-Russellian has little to do with questions 
of sameness or difference of information content — at least not when 
it is individuated in the way Russellians individuate it. Rather, it 
has to do with much more profound issues about the nature of logic 
and, in particular, with how best to understand its normative status 
vis-a-vis our cognitive and linguistic practice. What Frege realized 
was that if we are to make sense of the normative demands that 
we ordinarily take logic to place on this practice, we must acknow- 
ledge that two assertions, or two beliefs, may differ in logically rele- 
vant ways despite the fact that they have the same referential truth 
conditions. Adequately accounting for this is exactly the challenge 
to which Frege took himself to be responding when he introduced 
his theory of sense. If Iam right, the neo-Russellian has not yet so 
much as engaged with this challenge let alone met it. 


5 A NEO-FREGEAN ALTERNATIVE 


While the positive side of the neo-Russellian program faces daunt- 
ing challenges, the critical side — directed against a specifically 
description-theoretic understanding of the sense of proper names — 
remains unaffected. Not surprisingly, a central feature of the neo- 
Fregean reaction to this critique is their insistence that nothing in 
the considerations that led Frege to introduce sense, nor anything 
about the work to which Frege puts the notion, commits him to a 
description-theoretic understanding of sense as it applies to proper 
names. Indeed, our discussion in §1 should already have made this 
abundantly clear. But even though neo-Fregeans reject the specific- 
ally description-theoretic commitments of their predecessors, most 
nevertheless retain the view that the notion of sense is to be under- 
stood primarily in epistemic terms. In particular, they continue to 
assume that for a speaker to be competent in the use of a name she 
must possess some determinate procedure or capacity for epistemi- 
cally isolating an object as the reference of the name. According to 
these neo-Fregeans, the description theorists’ approach failed primar- 
ily because they did not recognize the possibility of non-descriptive 
modes of identification or discrimination. As we shall see, however, 
by continuing to view the role of sense in these essentially epistemic 
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terms, neo-Fregeans themselves end up imposing conditions on the 
individuation of sense that are neither required nor warranted by 
Frege’s central (logical) concerns — conditions, moreover, that face 
difficulties strikingly similar to those faced by their description- 
theoretic predecessors. 

To see what I have in mind, consider Michael Dummett’s 
reconstruction of Frege’s arguments for introducing the notion of 
sense.3° As Dummett views matters, a theory of sense aims to pro- 
vide, for each expression in the language, an adequate account of 
what a speaker knows just insofar as she understands that expres- 
sion. And what a speaker knows when she understands an expres- 
sion is, according to Dummett’s reading of Frege, its reference.’ 
What Frege argued, then, according to Dummett, is that it makes 
no sense to suppose that there could ever be bare knowledge of 
the reference of an expression. In the case of proper names, this 
amounts to saying that it is unintelligible to suppose that we can 
provide a complete account of a speaker’s knowledge of the refer- 
ence of some name n by means of an ascription of what Dummett 
calls ‘predicative knowledge’ — that is, by means of an ascription 
of the form "S knows, of a, that n refers to it’) where a occurs 
transparently. Rather, the availability of any such ascription pre- 
supposes that the speaker possesses knowledge the proper ascrip- 
tion of which would take the form, "S knows that a is ®, where 


36 My discussion of Dummett draws primarily from the following: ‘Frege’s distinction 
between sense and reference’, in Truth and Other Enigmas (London: Duckworth, 
1978), pp. 116-44; Frege: Philosophy of Language (London: Duckworth, 1973 }, esp. 
pp. 81-203; ‘What is a theory of meaning?’ parts I and II, in The Seas of Language 
(Oxford: Oxford University Press, 1993), pp. I-93, though see esp. the Appendix 
to part I, and The Logical Basis of Metaphysics (Cambridge, Mass.: Harvard 
University Press, 1991), ch. 5, pp. 105-40. 

This way of putting the matter can be misleading. For familiar reasons, Dummett 
typically resists saying that understanding a sentence consists in knowing its 
reference, that is, knowing its truth-value, preferring instead to say that under- 
standing a sentence — grasping its sense — consists in possessing (roughly) a way 
of knowing its truth-value. As grasp of the sense of a sentence is, on Dummett’s 
view, derived from a grasp of the senses of its constituent expressions, we must 
understand grasping the sense of sub-sentential expressions accordingly. A more 
accurate representation of his view here, then, will be that understanding a name 
d consists in possessing a way of knowing its reference. Understanding a predi- 
cate F will consist in possessing a way of knowing whether or not something sat- 
isfies it. When combined, they provide us with a way of knowing the truth-value 
of the sentence Fa. 


w 
x 


On sense and reference: a critical reception 323 


a occurs obliquely — what Dummett calls ‘propositional know- 
ledge’. According to Dummett, to count as competent in the use of 
a name, the sorts of propositional knowledge that a speaker needs 
to possess must provide her with a method or procedure for recog- 
nizing an object as the reference of the name.* But it follows from 
none of this, Dummett insists, that the relevant propositional 
knowledge must always be such as to provide a speaker with the 
sort of uniquely individuating descriptive knowledge presupposed 
by description theorists.3° 

To the extent that it is convincing, the argument so far estab- 
lishes that for a speaker to associate a reference with a name, she 
must attach some sense or other to it — which, if Dummett is right, 
means that she must have some way of, or procedure for, recogniz- 
ing an object as the reference of the name. It does not, however, 
provide any reason to suppose that different speakers must attach 
the same sense, the same way of recognizing an object, to any one 
name. Nor, in fact, does it even show that a single speaker must, 
when she uses the same name on different occasions, attach the 
same way of recognizing its reference. But why then should we take 
the sense of a name — conceived so as to tolerate such widespread 
inter- and intra-subjective variability — to be any part of what is 
semantically conveyed by the assertoric utterance of a sentence in 
which the name occurs rather than, say, merely part of a subject- 
ive psychological mechanism by which speaker’s attach a semantic 
value to the name? In short, it would be implausible to view sense, 
so conceived, as possessing the sort of objectivity that was essential 
to Frege’s conception of it. 

Dummett is fully aware of these limitations and sees Frege as 
offering a second argument that complements the first and fills the 
gaps. This second argument concerns how we must understand 
what is involved in knowing the reference of a name if we are to 
make sense of the use of language in communicating knowledge. 


38 Of course, to support the idea that different names of the same object can have 
different senses, we need also to assume that for any object there can be distinct 
backings of propositional knowledge sufficient to provide a speaker with distinct 
procedures for recognizing that object, and that it is possible for a speaker with 
two such procedures not to recognize that they target the same object. 

39 See Dummett, Frege: Philosophy of Language, ‘pp. 97-8, 110-11, and ‘What is a 
theory of meaning?’, p. 24. 
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To avoid the shortcomings of the first argument, we need rea- 
sons to suppose that for different speakers to count as competent 
in the use of the same name they must attach the same sense to it. 
For only then is it plausible to suppose that the sense of a name is 
something semantically conveyed by the utterance of a sentence 
containing it, rather than a merely subjective accompaniment. As 
Dummett views matters, these reasons are provided as soon as 
we acknowledge that the semantic content of a sentence is to be 
identified with what any speaker competent in the use of that sen- 
tence would come to know in recognizing the truth of what she 
understands when she understands a competent utterance of the 
sentence. And this is something we are obliged to acknowledge if 
we are to understand the use of language in communication. For, 
it is evident that it will not suffice for a hearer to count as hav- 
ing understood an assertoric utterance of a sentence of the form 
“a=b’ if the content she ascribes to it is the same as the content of 
the knowledge she would possess simply in virtue of knowing the 
truth of what is expressed by a corresponding sentence of the form 
"a=a’, or vice versa. More generally, to have communicated suc- 
cessfully, the content assigned to a sentence upon hearing it must 
be the same as the content expressed by the competent assertion 
of that sentence; and, for this, it is not enough that the contents 
assigned by speaker and hearer merely possess the same referential 
truth conditions.*° 

Since the extra-linguistic knowledge that any competent 
speaker will possess simply in virtue of knowing the truth of what 
is expressed by a sentence of the form ‘a=a’ is distinct from the 
extra-linguistic knowledge that she will possess simply in vir- 
tue of knowing the truth of what is expressed by a corresponding 


4° Plainly, it is a necessary condition on the acquisition of knowledge by testimony 
that one correctly understand the assertion of the speaker. If what one takes 
some speaker to have asserted has the same referential truth conditions as what 
he in fact did assert, this will not, other things being equal, suffice for the trans- 
mission of knowledge, for this is insufficient for understanding. So, for example, 
if Jimmy comes to believe that Clark Kent can fly directly on the basis of Lois’s 
having asserted ‘Superman can fly’ — the former being what he took her to have 
asserted — Jimmy’s new true belief would not count as knowledge. For an illumin- 
ating discussion of the important role considerations about knowledge transmis- 
sion play in motivating the semantic importance of a notion of sense, see Richard 
Heck, ‘The sense of communication’, Mind, 104 (1995), pp. 79-106. 
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sentence of the form ‘a=b’, we must suppose that these sentences 
differ in the content they semanticly express. Add compositional- 
ity, and we can now be assured that the contribution b makes to 
the semantic content of the sentences in which it occurs must not 
only be distinct from that made by a - despite the fact that they 
have the same reference — but must also be something the grasp of 
which is common to speakers who share a competence in the use 
of these names. If, as Dummett suggests, grasping the sense of a 
name consists in possessing a procedure for recognizing an object 
as its reference, then it would seem that sharing a competence in 
the same name will have to consist in possessing the same recog- 
nitional procedure." 

Though Dummett has more to say about these matters, I can 
now state my principal misgiving: to the extent to which they are 
persuasive, it follows from neither of Dummett’s arguments, either 
taken by themselves or together, that to be competent in the use of 
a name a speaker must possess a procedure for correctly recognizing 
an object as the reference of the name — let alone the same procedure 
as other speakers competent in the use of the same name. There are, 
moreover, independently compelling reasons — reasons analogous 
to those raised against the description theorist — for supposing that 
possession of any such a procedure is not required. 

Consider again the first argument Dummett offers on Frege’s 
behalf. What is there in the idea that predicative knowledge pre- 
supposes propositional knowledge — insofar as the idea is at all 
plausible — that by itself obliges us to assume that propositional 
knowledge of the sort necessary to underwrite an ascription of the 
form ‘S knows, of a, that n refers to it’ must provide the speaker 
with such a procedure? For many, the only sort of propositional 
knowledge that is always relevant to underwriting the legitimacy 
of ascriptions such as 


(i) "S knows, of a, that n refers to it’ 
is plausibly the sort of propositional knowledge we attribute by 
means of some ascription of the form 


(ii) "S knows that n refers to b’ 


4" See Michael Dummett, The Interpretation of Frege’s Philosophy (London: 
Duckworth, 1981), pp. 186-7. 
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where b occurs obliquely and refers to the same object that a does 
in (i).42 Such a proposal avoids the difficulties facing any assumption 
that understanding a name might consist in a bare knowledge of its 
reference — for a speaker competent in the use of the distinct co-re- 
ferring names n and m, may know that n refers to b even though she 
does not know that m refers to b. It also avoids the shortcoming that 
Dummett’s first argument faced — for knowledge of the sort ascribed 
by a particular instance of the form (ii) is, plausibly enough, just the 
sort of propositional knowledge (if any) that we should expect any 
competent user of the name n to possess. 

Though Dummett seems inclined to accept much of this, he 
wants to insist that in order correctly to ascribe knowledge of the 
sort represented by (ii) - where the truth of such an ascription suf- 
fices for competence in the use of a name - we are obliged to sup- 
pose that the subject of such ascriptions possesses a procedure for 
recognizing an object as the reference of the name. But why? As far 
as Ican tell, Dummett believes that we are so obliged, for otherwise 
we shall not be able adequately to distinguish knowledge of the sort 
ascribed by instances of (ii) from knowledge of the sort that would 
be ascribed by corresponding instances of 


(iii) S knows that ‘n refers to b’ is true. 


And while Dummett is surely right that knowledge of the latter 
sort is insufficient for knowledge of the first sort — and, so, is insuf- 
ficient for understanding a name - this fact alone does not establish 
that knowledge of the first kind involves possession of a recogni- 
tional capacity of the sort Dummett proposes. Additional substan- 
tive assumptions are clearly necessary. In Dummett’s case, these 
additional assumptions derive, I believe, from his verificationism 
together with his commitment to a particular (itself verification- 
ist-inspired) understanding of what has come to be known as the 
‘manifestation requirement’ — roughly, the claim that knowledge of 
meaning must be fully manifest in linguistic practice.47 Dummett’s 
discussion of these issues is too rich and complex to do it full justice 


# In the standard case, the substituend for b will be a used instance of the name 
mentioned by the substituend for n — for example: Van knows that ‘Gottlob’ refers 
to Gottlob. 

4 See the Preface to Dummett, The Seas of Language, pp. xii-xv, but also ‘What is 
a theory of meaning?’, pp. 37-8, 46-7, 52, 9I-2. 
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here. Nevertheless, by carefully reflecting on our ordinary name- 
using practice, a strong case can, I believe, be made to show that pos- 
sessing knowledge of the kind ascribed by instances of (ii) — at least 
where this is taken to ascribe competence in the use of a name — 
neither requires, nor is guaranteed by, the possession of a procedure 
for recognizing some object as the reference of the name.‘4 

An examination of our standard practice of using names reveals, 
I suggest, that there is little more plausibility in supposing that 
competent name users always possess a procedure for recognizing 
some object as the reference of a name they use — or, when they 
take themselves to have such a procedure, that the object (if any) 
identified by its deployment must in fact be the reference of the 
name — than there was in supposing that speakers must be able to 
individuate descriptively the reference of the names they are com- 
petent to use. Consider such names as ‘Isaac Newton’, ‘Kurt Godel’, 
‘Richard Feynman’, ‘Kosovo’ or, for that matter, the names of many 
non-famous, ordinary persons or places, picked up here and there 
in conversation. Many people whom we would ordinarily unhesi- 
tantly regard as competent in the use of such names not only fail to 
possess uniquely individuating descriptive knowledge of their refer- 
ences (as Kripke showed), but also fail to possess — indeed, would 
deny possessing — a procedure enabling them correctly to recognize 
(or otherwise uniquely identify) their references. 

Whether or not someone takes an object he is presented with to 
be the reference of aname he is competent to use will surely depend 
both on his current beliefs and on the manner in which the object 
is presented. But no matter how an object is presented, it seems 
always possible that an individual’s beliefs may be such that he has 
good reasons for failing to recognize the object so presented as the 
reference of a name he uses, without this in any way undermining 
his claim to competence in the use of that name. Nor is it plausible 
to suppose that, whenever a speaker is competent in the use of the 
name, he must possess a set of beliefs that guarantees that there is 
some way of presenting the reference to him such that he cannot 
reasonably fail to recognize the object so presented as the reference 


44 Moreover, I believe, the reasons we have for accepting this are ultimately more 
compelling than any reasons we might have for accepting Dummett’s additional 
verificationist assumptions — but this is not something I will try to defend here. 
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of the name. But if this is right, then it cannot be required for a per- 
son to be competent in the use of a name that she possess a proce- 
dure for recognizing the reference of that name as its reference. 

Needless to say, a great deal depends on what Dummett takes to 
constitute possessing a procedure for recognizing an object as the 
reference of a name — where this counts as grasping the sense of the 
name — and, in particular, on how such procedures are individuated. 
Unfortunately, Dummett is not as forthcoming on this matter as 
one might wish. There may be some plausibility in supposing that 
any person whom we are willing to grant competence in the use of a 
name n may be said to possess a capacity for recognizing (or identify- 
ing) an object as the reference of that name — where such recognition 
will be manifest in her being able to assert truthfully and with war- 
rant a sentence of the form ‘d is n’, where d is a demonstrative (or, 
when demonstration is out of the question, a non-circular uniquely 
individuating description). It may be plausible, for example —- though 
I doubt that even this much is true — that any competent user of a 
name n, simply in virtue of possessing the kind of rationality and 
the very general sorts of epistemic prowess that we would expect 
any language user to possess, will have the capacity to acquire, 
either through instruction or directed inquiry, enough knowledge 
to enable her with warrant to acknowledge of the reference of the 
name, when presented to her, that it is n. But possessing this general 
capacity (even if we assume that every speaker has it) surely cannot 
be counted as grasping the sense of any particular name, for pre- 
cisely the same general capacity would be deployed in coming to be 
able to recognize the reference of any name.* 


45 [can think of two ways in which one might try to narrow the description of this 
capacity so as to overcome this objection. On the one hand, one might suppose 
that the description of an instance of the general capacity that counts as grasping 
the sense of a particular name will make essential reference to the referent of 
the name. But even if this could be motivated in a non-ad hoc way, it would not 
individuate capacities sufficiently finely. For such descriptions will not distin- 
guish the senses of distinct coreferential names. On the other hand, one might 
suggest that the relevant instance of the general capacity is to be determined by 
reference to the speaker’s beliefs concerning n’s reference, the beliefs, say, that 
would form the starting point of any instruction or inquiry. But this individuates 
capacities too finely, for not only will different speakers who share a competence 
with a given name have different beliefs concerning the reference, but the beliefs 
that an individual speaker has will themselves change substantially over time. 
It might help here if we could suppose that for every name there is a canonical 
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The description theorist’s principal mistake, then, was not to 
have had an overly restrictive view of the epistemic resources by 
means of which speakers can cognitively isolate objects, but rather 
to have insisted at all that competence with a name is grounded in 
possessing some specific, independent means of epistemically iso- 
lating the object that is in fact its reference from all other objects. 
And this is a mistake that neo-Fregeans of the Dummettian mould 
also make. After all, isn’t it intuitively obvious that in many cases 
one’s ability to isolate some object cognitively — to think about just 
that object and not any other — depends upon one’s ability to use a 
name with that object as its reference rather than vice versa?‘ If this 
is right, then distinguishing knowledge of the sort ascribed by cor- 
rect instances of (iii) from knowledge of the sort ascribed by correct 
instances of (ii) - where the latter are taken to ascribe competence 
in the use of a name — cannot require that competent name users 
possess the sort of recognitional capacity that Dummett appears to 
presuppose. 

Moreover, once we think about the procedures that individual 
speakers might actually have (or take themselves to have} for rec- 
ognizing an object as the reference of a name in their repertoire, it 
is obvious that these can vary greatly between speakers — speakers, 


set of beliefs about its reference that any speaker competent in the use that name 
possesses, and which will be different for all names differing in sense — even 
co-referring names. But, so far as I can tell, there is no good reason to suppose 
that this is the case. 

46 This claim may appear to be inconsistent with the seemingly truistic principle 
that competence with a name requires knowing its reference. But whether or 
not one will accept this principle — indeed, its very status as truistic — depends 
crucially on what one takes to be involved in knowing the reference of a name. 
Our conclusion above is inconsistent with the principle only if one adopts cer- 
tain non-obligatory views about what counts, in this context, as knowing the 
reference — substantive views that, when made explicit, drain the principle of its 
truistic status. For a person to count as competent in the use of a name, he must 
be able to use it in sentences to say true and/or false things about its reference. Of 
course he could not do this if he could not in some sense discriminate the object 
that is in fact its reference from all others. But this, so far as I can tell, exhausts 
whatever truth there is to the principle. Nothing, then, precludes us from sup- 
posing that the relevant discriminative capacity is something the speaker may 
possess only in virtue of having mastered the name. If so, then mastering a name 
need not require the speaker to possess independent epistemic capacities of the 
sort Dummett supposes, but will depend instead on the speaker's being properly 
situated in a physical and/or social environment that relates her in an appropriate 
way to the reference. See the end of §3. 
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for example, with substantially different background beliefs — all of 
whom we would ordinarily regard as competent users of the same 
name. The procedures that individual speakers use can also change 
substantially as they acquire new beliefs about the reference and/or 
about related features of the world. Thus, even in those cases where 
speakers can be said to possess a procedure for recognizing an object 
as the reference of a name they use, the proposal that this is what 
their grasping the sense of the name consists in does not cohere well 
with the considerations Dummett raises in the second argument he 
attributes to Frege. 

Dummett is surely right that any account of sense that allows for 
the sort of widespread inter- and intra-subjective diversity that we 
have been considering will be of a notion that fails to possess the 
kind of objectivity Frege insisted upon and, as such, will fail to con- 
tribute to an adequate understanding of linguistic communication. 
But unless Dummett can avoid the criticisms just raised, his own 
proposal also fails in precisely this regard. 

Though Dummett’s second argument lends no direct support to 
his specific proposal concerning the sense of proper names, it does, I 
believe, establish that an adequate account of the semantic content 
of a sentence must satisfy Frege’s demand for objectivity. Just how 
best to understand that demand is not, however, altogether clear. 
Here, of course, I can only scratch the surface of this very large 
and controversial topic. What will emerge, though, is that a proper 
understanding of Frege’s demand requires that logical considerations 
be brought back into the forefront of our understanding of sense. 

It often seems as though Frege takes the objectivity of thoughts to 
be evidenced by — perhaps, in some sense, even to consist in — their 
distinctive inter-subjective availability.4” For example, we often find 
him claiming that while two individuals can never have one and the 
same pain, they may very well entertain one and the same thought. 


47 From the outset, it is important to note that the objectivity Frege insisted upon 
was always in the first instance the objectivity of thoughts. Indeed, his most 
compelling arguments for their objectivity — viz., those involved in his criticisms 
of psychologism — depend essentially on the fact that it is thoughts that are his 
primary object of concern. There is no direct way in which these arguments can 
be reconstructed where the sole focus of concern is the senses of sub-sentential 
expressions. Needless to say, Frege does also insist that the senses of sub-senten- 
tial expressions are objective too, but their objectivity is essentially derivative 
from their being possible constituents of thoughts. Appreciating this is, I believe, 
essential to understanding the issue at stake for Frege. 
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But remarks like this can easily be unsatisfying, and potentially 
quite misleading. Isn’t there, after all, a fairly straightforward sense 
in which both you and I can have the same pain — the same pain 
type? And so, why isn’t our entertaining the same thought also sim- 
ply a matter of our having mental states of the same type? 

This is the point, unfortunately, where many Fregeans are 
tempted to appeal directly to Frege’s view that thoughts are them- 
selves mind-independent objects. The difference between our enter- 
taining the same thought and our feeling the same pain will then be 
explained by saying, in the case of thoughts, that our distinct men- 
tal states count as being of the same type by virtue of their standing 
in an appropriate relation to the same mind-independent object — 
the thought — whereas in the case of pains, there is no such object 
to which our mental states are related and in virtue of which they 
count as being of the same type. According to this way of under- 
standing the matter, the objectivity of thoughts would seem simply 
to consist in their being mind-independent objects. 

This suggestion, however, is not very satisfying. It faces a var- 
iety of familiar difficulties — not the least of which are how, on this 
picture, we are supposed to understand the nature of these mind- 
independent thoughts, and how, given that nature, we are to under- 
stand the special relation between our minds and thoughts in virtue 
of which the latter become the transparent contents of our think- 
ing. And even though it is true that thoughts are, for Frege, objects, 
it is noteworthy that whenever he attempts to explain and defend 
his claim that thoughts are objective — where, notice, the relevant 
contrast is always with the subjective contents of mental states he 
generically calls ‘ideas’ — he never directly appeals to their status as 
objects in the manner just suggested. Frege seems instead to have 
thought that the objective status of thoughts is fully revealed in just 
those features of our cognitive and linguistic practice that manifest 
their constitutive connection with truth and, so, with logic. The 
distinctive sense in which thoughts may be shared — that is, the 
sense in which you and I may be said to have the same thought but 
not the same pain — is revealed by reflecting on these practices. 


48 For an excellent discussion of these and related issues see Thomas Ricketts, 
‘Objectivity and objecthood: Frege’s metaphysics of judgement’, in L. Haaparanta 
and J. Hintikka (eds.), Frege Synthesized: Essays on the Philosophical and 
Foundational Work of Gottlob Frege (Dordrecht: Reidel, 1986), pp. 65-95. 
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To see what is at issue here, reflect briefly on how, in the most 
straightforward cases, we use language to communicate agreement 
and disagreement in judgement. Suppose that both you and I share 
a language, and that you assertively utter a sentence S. Your utter- 
ance is sincere, and you intend your words to be taken literally. If I 
understand your utterance, I find myself immediately in a position 
to agree or disagree with what you have said.*° Suppose I find that 
I agree and, moreover, that J now want to assert that about which 
we agree. The most straightforward way to do this will usually be 
for me also to utter S assertively. It is clearly Frege’s view that to 
count as agreeing — to count as having asserted the same thing — we 
must each, in uttering S, express the same thought. And for this, as 
we have already seen, it will not suffice if what we express merely 
has the same referential truth conditions. Sentences with the same 
truth conditions can vary significantly in their inferential poten- 
tial; and a difference in inferential potential can suffice to under- 
mine a genuine agreement. 

Alternatively, suppose that we disagree. Suppose, that is, that 
I believe the negation of what I correctly understand you to have 
asserted. The most straightforward way for me to make manifest 
our disagreement would be for me assertively to utter "=S*. Here 
again, we would not count as disagreeing in the relevant sense — 
what I asserted would not count as the contradictory of what you 
asserted — unless we both attached the same thought to S. Nor will 
it suffice for my assertion to contradict yours if S, as each of us uses 
it, merely has the same referential truth conditions. 

To agree or disagree, we must, in the sense relevant to Frege’s con- 
cern with their objectivity, entertain the same thought. And what is 
required for this is fundamentally different from anything that may 
be required in order correctly to say that we feel the same pain. Any 
sense in which we may be said to agree (or disagree} in the pain we 
feel is fundamentally different from the sense of agreement (or dis- 
agreement} involved when you and I both assert the same thought (or 
one of us asserts the negation of the thought asserted by the other). 
For our assertions to express genuine agreement or disagreement in 
judgement, they must be viewed as sharing, either wholly or in part, 


49 For simplicity, I ignore the possibility of simply suspending judgement. I am also 
assuming that S does not contain any relevant indexical devices. 
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truth-evaluable contents possessing the same inferential potential. 
In the example, the thought I associate with S is true just in case 
the thought you associate with S is true; and whatever logical rela- 
tionships my thought bears to other thoughts — whether my own or 
another’s — so must yours, and vice versa. When Frege insists that 
thoughts are objective and not subjective, his intention is to draw 
attention to a fundamental contrast between the contents constitu- 
tive of such mental states as judgements — which, in aiming at the 
truth, are essentially subject to normative governance by the princi- 
ples of logic — and the contents constitutive of such mental states as 
pains, imagings, aesthetic feelings, etc. (i.e. of ideas) — which are not. 
In other words, to insist that thoughts are objective and not sub- 
jective is just to insist that thoughts, but not the contents of ideas, 
are by their nature subject to evaluation as true or false and, so, 
to comparative logical assessment. Thoughts count as objective, in 
the sense relevant to Frege, precisely in virtue of this (constitutive} 
capacity to stand in determinate Jogical relations to other thoughts, 
no matter who may be entertaining them or at what time. The only 
notion of sameness relevant to Frege’s insistence on the objectivity 
of thoughts (or, for that matter, thought-constituents) is the notion 
to which we are obliged to appeal in order to make sense of these 
logical relations. And there is simply no relevant analogue to this in 
the case of pains or other mental states whose contents Frege would 
regard as subjective. 

In order for what one asserts to stand in relations of agreement 
or disagreement — or, more generally, logical relations — to what 
another speaker asserts by uttering the sentences he does, it is not, 
of course, essential that we actually be speaking the same language. 
All that is required is that we attach the same thoughts to the rele- 
vant sentences. But if we are speaking the same language, and if 
we are using the same sentences in the manner suggested above, 
then — assuming the compositionality of sense — to make sense of 
the possibilities of agreement and disagreement just noted, we shall 
have to attach the same sense to the sub-sentential expressions out 
of which the sentences are formed. The trouble, then, with a con- 
ception of sense that permits widespread inter- and intra-subjective 
variability in the senses that speakers attach to the sub-sentential 
expressions in their languages is that it threatens to seriously under- 
mine our conception of sense as objective in this way. It threatens to 
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cripple our ability to make sense of and do justice to our common, 
everyday judgements of agreement and disagreement as they con- 
cern what we and our fellow speakers say. More generally, it pre- 
cludes our being able to make sense of and do justice to our ordinary 
assessments regarding what logical relations hold between our own 
assertions and those of others. 


6 TOWARD A MORE LOGICAL APPROACH TO SENSE 


These last considerations bring us right back to our starting point — 
the idea that Frege introduced the notion of sense in the first 
instance to subserve purely logical considerations, and that ques- 
tions of sense identity and difference are ultimately to be answered 
by the constitutive demands we take logic to place on our cognitive 
and linguistic practice — demands that the resources provided by a 
theory of reference alone cannot accommodate. Accordingly — given 
Frege’s commitment to compositionality — two coreferential sub- 
sentential expressions will differ in sense only if what is expressed 
by the sentence that results from substituting one for the other has 
different logical properties from the original. Nothing belongs to 
the sense of a sub-sentential expression except the systematic con- 
tribution it makes to the logical properties possessed by the sen- 
tences in which it occurs. 

On the present proposal, then, grasping the sense of a proper name 
will consist in grasping the contribution the name makes to the 
logical properties of the sentences in which it appears — a contribu- 
tion not exhausted by the name’s having the reference it has. Once 
we give logical considerations proper pride of place over epistemic 
considerations in our understanding of sense, a principal rationale 
for supposing that grasping the sense of a name must consist in 
or require possessing a capacity to isolate its reference epistemi- 
cally - either of the sort proposed by the description theorist or by 
the Dummett-inspired neo-Fregean — loses much of its attraction. 
And this is just as well, for it should be quite clear by now that no 
such capacity is in fact required. 

This leaves us with two large and intimately related questions. 
First, how exactly are we to understand the contribution a particu- 
lar name (or, for that matter, any other sub-sentential expression) 
makes to the logical properties of the sentence in which it occurs? 
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For example, when the substitution of distinct coreferential names 
alters the logical properties of the sentences in which they occur, 
how are we to think about the differential contribution these names 
make? And second, in what does the capacity to grasp this con- 
tribution consist? Since in order to be credited with a capacity to 
grasp this contribution, it is not required that a speaker possess an 
independent capacity to individuate epistemically the reference of a 
name she is competent to use, what is required? 

While the issues raised by these questions are much too large and 
complicated to be addressed adequately here, I can provide some 
indication of the theoretical options open to us and, so, of the shape 
answers to these questions might take once we adopt the logic-based 
conception of sense being proposed here. As soon as we acknow- 
ledge that it is primarily logical and not epistemic considerations 
that are central to the individuation of thoughts, serious difficulties 
arise for an all too common assumption concerning the shape that 
an adequate answer to our questions must take. The problem I have 
in mind arises as soon as one assumes that, in order adequately to 
answer them, the account we give of the contribution made by a 
particular sub-sentential expression to the thoughts expressed by 
the sentences in which it occurs must provide what I shall call a 
compositional explanation of what is semantically distinctive 
about those thoughts. In the context of our logic-based reorientation 
of the notion of sense, those who suppose that providing a theory 
of sense commits us to engaging in the explanatory project I have 
in mind will insist that we compositionally explain the distinctive 
logical properties of the sentences in which they occur by appeal- 
ing to what is distinctive about the senses associated with different 
sub-sentential expressions. In particular, they will view differences 
in the logical potential of otherwise referentially isomorphic sen- 
tences as resulting from specific differences in the senses of the 
sub-sentential expressions making up the two sentences.°° 

Explanatory strategies of this sort are committed to viewing the 
senses of sub-sentential expressions as explanatorily prior to the 


3° T am not clear whether it is the temptation to make this assumption that has 
encouraged adoption of one or another of the epistemic approaches to sense that 
we have been discussing or vice versa. In any case, this assumption and epistemic 
approaches to sense seem to be natural bedfellows, and once one gives up on the 
one, the attraction of the other is substantially diminished. 
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logical properties of the sentences in which they occur. But an appeal 
to differences in the senses of sub-sentential expressions will afford 
us a genuine explanation of differences in the logical properties of 
the sentences in which they occur only if we are offered a substan- 
tive account of the notion of sense that tells us what precisely is 
involved when expressions differ in sense — an account, moreover, 
that does this independently of an appeal to the very logical differ- 
ences (or anything that depends upon them) that such differences in 
sense are invoked to explain compositionally. Moreover, we must 
be shown how differences of the sorts thus specifiable are — indeed, 
how they can be — determinative of the logical properties of the sen- 
tences containing them. 

While I know of no decisive argument to show that a satisfactory 
account of sense meeting these requirements is impossible, I also 
know of none that is on offer. And I am deeply sceptical that any 
such account is likely to be forthcoming." However, even if I am 
right about this, it would be premature to suppose that the demand 
for a theory of sense is unsatisfiable and so misguided. For while an 
adequate theory of sense must, I believe, have something to say in 
response to the two questions with which we began, once we adopt 
the approach to sense suggested here, we find that a compositional- 
explanatory approach is not obligatory.” 


st For a more detailed discussion of some of the reasons for my scepticism here, 
see William Taschek, ‘On ascribing beliefs: Content and context’, Journal of 
Philosophy, 95 (1998), pp. 323-53. 

52 Tt is tempting to suppose that Frege himself was engaged in just the sort of com- 
positional explanatory project that Iam criticizing. From this perspective, Frege’s 
introduction of the notion of sense will be understood as a sort of theoretical 
posit: There must be something about referentially isomorphic sentence pairs 
such as Fa and Fb that explains why they express different thoughts. But the only 
difference is that one has b where the other has the distinct but coreferential a. 
So it must be that b possesses some semantic property different from that pos- 
sessed by a in virtue of which the sentences express different thoughts. Call this 
property the ‘sense’ of these expressions. Whether in fact Frege conceived of his 
theory of sense in these compositional-explanatory terms is not something I am 
concerned to settle here — though I think there are good reasons to be suspicious. 
After all, apart from a few familiar metaphors concerning modes of presentation 
and the like, Frege had surprisingly little to say about how exactly we are to con- 
ceive of the senses of individual words. Given this silence, we certainly cannot 
credit him with having tried very hard to provide a compositional explanation 
of how the senses of distinct but coreferential names differentially contribute to 
determining the logical properties of the sentences in which they appear. 
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If, as I have been suggesting, the sense of a name is to be thought 
of as the contribution it makes to the logical properties of the sen- 
tences in which it occurs, then a theory of sense for a language 
containing that name will answer our first question if the logical 
properties of any sentence in which the name figures are made evi- 
dent from what the theory states. But now it would seem that a 
theory of meaning broadly of the sort originally recommended by 
Davidson, and endorsed more recently by John McDowell and David 
Wiggins — that is, a theory of meaning possessing the shape of a 
truth theory more or less in the style of Tarski — may well supply the 
resources for accomplishing precisely this.53 

A theory of this form will serve as an adequate theory of sense 
if, for each sentence of the object language, there is a canonically 
derived T-sentence the right-hand side of which specifies the content 
of — the thought expressed by — the sentenced mention the left-hand 
side5+ The right-hand sentence will count as content-specifying in 
this sense just in case it can in turn be used as the content clause 
of a true (oblique or de dicto) ascription of what is said when a com- 
petent speaker of the object language utters the mentioned object 
language sentence. And, as I have argued elsewhere, a sentence can 
only be so used if, when occurring as the content clause in such 
an ascription, it possesses logical properties corresponding to those 
possessed by the mentioned object language sentence.® In any case, 
given our discussion so far, if the right-hand sentence of any canon- 
ically derived T-sentence possesses not only the same referential 
truth conditions as the mentioned object language sentence but also 
corresponding logical properties, then we have no reason to deny 


33 See, for example, the essays in Donald Davidson, Inquiries into Truth and 
Interpretation (Oxford: Clarendon Press, 1984}, especially those in the first 
section; John McDowell, ‘On the sense and reference of proper names’, Mind, 
86 (1977), pp. 159-85; and David Wiggins, ‘Meaning, truth-conditions, proposi- 
tion: Frege’s doctrine of sense retrieved, resumed, and redeployed in the light of 
certain recent criticisms’, Dialectica, 46 (1992), pp. 61-90. 

s4 The requirement that the derivation be ‘canonical’ is to avoid irrelevant detours 
through logical equivalences that the deductive apparatus will doubtless make 
possible and, thus, to avoid its appearing that all of the logical equivalents of a 
sentence have the same sense as it does. See Wiggins, ‘Meaning’, p. 66, fn. 6; also 
see Scott Soames, ‘Truth, meaning, and understanding’, Philosophical Studies, 
65 (1992), p. 34, fn. 11, for a more sceptical reaction. 

ss See my discussion of the ‘logic requirement’ in ’On ascribing beliefs’. 
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that the right-hand sentence exhibits the thought expressed by the 
object language sentence. 

For such a theory to address the first of our two questions, it 
must enable us to appreciate the contribution that names make to 
the logical properties of the sentences in which they occur. And 
if, for the time being, we allow ourselves a host of simplifying 
assumptions, it is fairly easy to see how such a theory might do 
this. For each name in the object language, a theory of the kind 
under consideration will have as axioms instances of something 
like the following form: 


(n) ‘v’ refers top 


where pt may — indeed, perhaps, typically will — be replaced by the 
very name mentioned to the left (but see below). These axioms 
will be essential to the canonical derivations of T-sentences for 
any sentence of the object language in which the name is used. 
The role the axiom plays in the canonical derivation of the rele- 
vant T-sentences makes evident not only the contribution the 
name makes to the referential truth conditions of the sentences in 
which it appears but also and simultaneously the contribution the 
name makes to the inferential properties of the sentences in which 
it appears. At least it will do so as long as we properly restrict the 
allowable substituends for p in axioms that deal with coreferential 
names. 

Suppose, for example, that ‘n’ and ‘m’ are coreferential names. 
‘Fn’ and ‘Fm’ have the same referential truth conditions but differ 
in logical properties. In our theory, the axioms dealing with these 
names will be something like the following: 


‘n’ refers ton 
‘m’ refers to m. 


The canonically derived T-sentence for ‘Fn’ and ‘Fm’, respectively, 
will then be something like: 


‘Fn’ is T iff Fn 
‘Fr’ is T iff Fm.5° 


56 Since we are assuming that the identity ‘n=m’ expresses an extra-linguistic fact 
and, so, will not appear among the axioms of our theory, there will be no canon- 
ical derivation of the T-sentences ‘“Fn” is T iff Fm’ or ‘“Fm” is T iff Fn’. 
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Our axioms guarantee that the logical properties of the sentences 
on the right-hand side of the canonically derived T-sentences cor- 
responds precisely to those of the corresponding object language 
sentences. For the axioms to guarantee this, it is not, of course, 
essential that the same name be used on the right of ‘refers to’ as 
gets mentioned on the left. What is essential is that the name that 
does get used, apart from referring to the same thing as the men- 
tioned name, be distinct (or contextually distinguishable)’ from 
whatever name is used in the other axiom. But once this restriction 
is in place (appropriately generalized and systematically coordinated 
with the other axioms), it should be clear how the role our axioms 
play in canonical derivations of T-sentences will make the contri- 
bution the object language names make to the logical properties of 
the sentences in which they appear as evident as one has any right 
to demand — given our rejection of the compositional explanatory 
project. It does so by how it makes evident the different ways those 
names contribute to the referential truth conditions of the sen- 
tences in which they appear. And so a theory incorporating axioms 
of the sort under consideration appears to provide — assuming the 
rest of the theory is in order — a perspicuous non-compositional- 
explanatory answer to the first of our two questions. 

Needless to say, a compelling defence of a proposal of this sort — 
even restricting our concern to how such a theory might handle 
proper names — would require considering a variety of more diffi- 
cult cases than those in which the mere substitution of distinct co- 
referring names results in sentences with different logical properties 
from the original. Nevertheless, enough has been said, I believe, to 
suggest that something along the lines suggested here offers a prom- 
ising way of systematically capturing and representing precisely 


87 While I believe that it might not yield a pragmatically perspicuous theory, I am 
inclined to think that there are no substantive semantic reasons for thinking that 
even the same name could not (at least on occasion) be used on the right-hand 
side of both of these axioms. This will be permitted, though, only if the use of 
this name as it occurs in the one axiom can be systematically distinguished from 
the use of the name as it occurs in the other in such a way that we can keep track 
of the distinction in our canonical derivations where, as a result of this keeping 
track, the metalanguage sentences appearing on the right-hand side of canoni- 
cally derived T-sentences will be understood to have appropriately different logi- 
cal properties from the metalinguistic sentence appearing on the right-hand side 
of the counterpart T-sentence canonically derived using the other axiom. 
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those features of sentences that Frege introduced the notion of sense 
to capture. Moreover — and, perhaps, most importantly — it does so 
in a way that reveals how addressing this task does not — contrary 
to what is so often taken for granted — require that one assume the 
burdens of the compositional explanatory approach.* 

According to the picture I have been sketching, to grasp the sense 
of a proper name is to grasp the contribution it makes to the lo- 
gical properties of the sentences in which it occurs. In what does 
the capacity to grasp this contribution consist? A fully adequate 
positive answer to this question is clearly beyond the scope of this 
discussion. Nevertheless, notice that once we abandon the com- 
positional explanatory point of view, we are free to give a different 
kind of answer than we would be expected to give were we still 
under the spell of that approach. For an account of sense to play a 
compositional explanatory role, we would need to be able to spe- 
cify the sense of an expression independently of any given thought. 
Grasping a sense — in particular, grasping the contribution a par- 
ticular name makes to the logical properties of the sentences in 
which it occurs — would have to be viewed as a distinctive instance 
of a capacity that can be specified independently of our grasping the 
sense of any sentence in which that name appears, e.g. a capacity to 
cognitively isolate the reference. 

On the present proposal, however, we are under no obligation to 
suppose that the capacity a speaker has to grasp the contribution a 
name makes to the logical properties of the sentences in which it 
occurs is specifiable in this way at all. Rather, on the present view, 
possessing such a capacity will consists in whatever it is about an 
individual in virtue of which it is correct to include an axiom of the 
appropriate sort in a truth theory capable of serving as an adequate 
theory of sense for her language. But the considerations relevant 
to this judgement include nothing more nor less than the sorts of 


88 A prima facie challenge to this approach — not obviously insurmountable — is pro- 
vided by Kripke’s ‘Paderewski’ example in ‘A puzzle about belief’, in A. Margalit 
(ed.), Meaning and use (Dordrecht: Reidel, 1979). Such cases suggest that the 
content semantically expressed by different utterances of a sentence containing 
the same name may nevertheless differ in their logical properties. See Taschek, 
‘On ascribing beliefs’, for further discussion. Another difficulty concerns how 
to treat non-referring proper names — what will their axioms look like? See §8 of 
McDowell, ‘On the sense and reference of proper names’, for one suggestion. 
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consideration relevant to correctly interpreting his speech. And we 
have little reason to hope that in the case of proper names these can 
be reduced to a neat formula, epistemic or otherwise. 

The phenomena that led Frege to introduce his distinction 
between sense and reference reveal that the considerations that gov- 
ern the logical appraisal of our assertions and judgements require 
an appeal to something over and above their referential truth con- 
ditions. Sentences with the same referential truth conditions can 
differ in their logical properties. But how are we to understand this? 
How best are we to provide an account of the semantic content of 
our sentences that does adequate justice to this fact? The epistemic 
approach to sense — combined, as it typically is, with the composi- 
tional explanatory point of view — leads us down a blind alley. Once 
logical considerations are given their proper place in our under- 
standing of Frege’s concerns, the challenge to which his doctrine of 
sense was a response is no less than the challenge to make sense of 
the relationship between logic and meaning — indeed, between logic 
and our thought and talk generally. While we have made consider- 
able headway understanding these issues over the last century, the 
challenge itself remains unmet. Indeed, while it is still far from 
clear what would constitute adequately meeting this challenge, 
I hope the considerations offered here point us in a more fruitful 
direction. 


RICHARD HECK 


9 Frege and semantics 


I FREGE AND THE JUSTIFICATION OF LOGICAL LAWS 


In recent work on Frege, one of the most salient issues has been 
whether he was prepared to make serious use of semantic notions 
such as reference and truth. Those not familiar with this debate are 
often surprised to hear of it. Surely, they say, Frege’s post-1891 writ- 
ings are replete with uses of ‘true’ and ‘refers’. But no one wants 
to deny that Frege makes use of such terms: Rather, what is at issue 
is how Frege understood them; more precisely, what is at issue is 
whether Frege employed them for anything like the purposes for 
which philosophers now employ them. What these purposes are, or 
should be, is itself a matter of philosophical dispute, and, although 
I shall discuss some aspects of this issue, my goal here is not to 
address it directly. My purpose here, rather — one of them, anyway — 
is to argue that Frege did make very serious use of semantic con- 
cepts: In particular, he offered informal mathematical arguments, 
making use of semantic notions, for semantic claims. For example, 
he argues that all of the axioms of the Begriffsschrift — the formal 
system! in which he proves the basic laws of arithmetic — are true, 
that its rules of inference are truth-preserving, and that every well- 
formed expression in Begriffsschrift has been assigned a reference 
by the stipulations he makes about the references of its primitive 
expressions. 

Let me say at the outset that Frege was not Tarski and did not 
produce, as Tarski did, a formal semantic theory, a mathematical 


' Frege, like Tarski after him, does not clearly distinguish a formal language from a 
formal theory formulated in that language. I shall use ‘the Begriffsschrift’ to refer 
to the theory, and ‘Begriffsschrift’, without the article, to refer to the language. 
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definition of truth.? But that is not of any significance here. One does 
not have to provide a formal semantic theory to make serious use 
of semantic notions. At most, the question is whether Frege would 
have been prepared to offer such a theory, or whether he would have 
accepted the sort of theory Tarski provided (or some alternative], 
had he known of it. On the other hand, the issue is not whether 
Frege would have accepted Tarski’s theory of truth, or Gédel’s 
proof that first-order logic is complete, as a piece of mathematics; it 
is whether he would have taken these results to have the kind of sig- 
nificance we (or at least some of us} would ascribe to them. Tarski’s 
argument in ‘The concept of truth in formalized languages’ shows 
that all axioms of the calculus of classes are true; the completeness 
theorem shows that every valid first-order schema is provable in 
certain formal systems. The question is whether Frege could have 
accepted Tarski’s characterization of truth, or Gédel’s character- 
ization of validity, or some alternative, as a characterization of truth 
or validity. 

The issue is sometimes framed as concerning whether Frege was 
interested in justifying the laws of logic. But it is unclear what it 
would be to ‘justify’ the laws of logic. On the one hand, the ques- 
tion might be whether Frege would have accepted a proof of the 
soundness of first-order logic as showing that every formula prov- 
able in a certain formal system is valid. Understood in this way, 
the question is no different from that mentioned in the previous 
paragraph. Another, more tendentious way to understand the issue 
is as concerning whether Frege believed the laws of logic could be 
justified ex nihilo, whether an argument in their favour could be 
produced that would (or should) convince someone antecedently 
sceptical of their truth or, worse, someone sceptical of the truth of 
any of the laws of logic. 

If this is what is supposed to be at issue,+ then let me say, as 
clearly as I can, that neither I nor anyone else, so far as I know, has 


2 A. Tarski, ‘The concept of truth in formalized langauges’, in]. Corcoran (ed.), Logic, 
Semantics, and Metamathematics (Indianapolis: Hackett, 1958), pp. 152-278. 

3 Burton Dreben was fond of making this point. 

4 This notion of justification does seem to be the one some commentators have 
had in mind: See T. Ricketts, ‘Generality, sense, and meaning in Frege’, Pacific 
Philosophical Quarterly, 67 (1986), pp. 172-95, and J. Weiner, Frege in Perspective 
(Ithaca, N-Y.: Cornell University Press, 1990), p. 277. 
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ever held that Frege thought logical laws could be justified in this 
sense. Moreover, so far as I know, no one now does think that the 
laws of logic can be justified to a logical sceptic — and, to be honest, 
I doubt that anyone ever has5 

So in so far as Frege, or anyone else, thinks the laws of logic can 
be ‘justified’,° the justification envisaged cannot be an argument 
designed to convince a logical sceptic. But what then might it be? 
This is a nice problem, and a very old one, namely, the problem 
of the Cartesian Circle. I am not going to solve this problem here 
(and not for lack of space), but there are a few things that should 
be said about it.” The problem is that any justification of a logical 
law will have to involve some reasoning, which will depend for 
its correctness on the correctness of the inferences employed in it. 
Hence, any justification of the laws of logic must, from the point of 
view of a logical sceptical, be circular. Moreover, even if one were 
only attempting to justify, say, the law of excluded middle, no argu- 
ment that appealed to that very law could have any probative force. 
But, although these considerations do show that no such justifica- 
tion could be used to convince someone of the truth of the law of 
excluded middle, the circularity is not of the usual sort. One is not 
assuming, as a premise, that the law of excluded middle is valid: 
If that were what one were doing, then the ‘justification’ could 
establish nothing, since one could not help but reach the conclu- 
sion one had assumed as a premise. What one is doing, rather, is 
appealing to certain instances of the law of excluded middle in an 
argument whose conclusion is that the law is valid. That one is 
prepared to appeal to (instances of) excluded middle does not imply 
that one cannot but reach the conclusion that excluded middle is 


5 [have heard it suggested that Michael Dummett believes something like this. But 
he writes: ‘[T]here is no sceptic who denies the validity of all principles of deduct- 
ive reasoning, and, if there were, there would obviously be no reasoning with him’ 
(M. Dummett, The Logical Basis of Metaphysics (Cambridge, Mass.: Harvard 
University Press, 1991), p. 204). 

Note that I am not here intending to use this term in whatever sense Frege him- 
self may have used it. Iam not concerned, that is, with whether Frege would have 
said (in translation, of course), ‘It is (or is not) possible to justify the laws of logic.’ 
Iam concerned with the question whether Frege thought that the laws of logic can 
be justified and, if so, in what sense, not with whether he would have used (a trans- 
lation of) these words to make this claim. Some commentators have displayed an 
extraordinary level of confusion about this simple distinction. 

There is now a fairly extensive literature on this problem. 
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valid: A semantic theory for intuitionistic logic can be developed in 
a classical metalanguage, and that semantic theory does not vali- 
date excluded middle. So the mere fact that one uses instances of 
excluded middle in the course of proving the soundness of classical 
logic need not imply that the justification of the classical laws so 
provided is worthless. If one were trying to explain why the law 
of excluded middle is valid, for example, a justification of it that 
employed instances of that very law might suffice.* 

That would be one way of understanding what justifications of 
logical laws are meant to accomplish: They answer the question 
why a given logical law is valid. It suggests another. The objection 
that justifications of logical laws are circular depends upon the 
assumption that their purpose is to show that the laws are true (or 
the rules, truth-preserving). It will be circular to appeal to instances 
of the law of excluded middle in a justification of that very law only 
if the truth of instances of the law is what is at issue. But justifi- 
cations of logical laws need not be intended to demonstrate their 
truth. We might all be agreed, say, that every instance of the law 
of excluded middle is, as it happens, true but still disagree about 
whether those instances are logical truths.» The purpose of a jus- 
tification of a law of logic might be, not to show that it is true, but 
to uncover the source of its truth, to demonstrate that it is indeed 
a law of logic. It is far from obvious that an argument that assumed 
that all instances of excluded middle were true could not informa- 
tively prove that they were logically true.*° 


8 The discussion in this paragraph is heavily indebted to Dummett, The Logical 
Basis of Metaphysics, pp. 200-4. It is also worth emphasizing, with Jamie 
Tappenden, ‘Metatheory and mathematical practice in Frege’, Philosophical 
Topics, 25 (1997), pp. 213-64, that an explanation of a fact need not amount to a 
reduction to simpler, or more basic, facts. 

For example, intuitionists accept all instances of excluded middle for quantifier- 

free (and, indeed, bounded) formulae of the language of arithmetic, on the ground 

that any such formulae can, in principle, be proved or refuted. Now imagine a 

constructivist who was convinced, for whatever reason, that every statement 

could, in principle, either be verified or be refuted. She would accept all instances 
of excluded middle as true, but not as logical truths. 

0 More generally, if one is to accept a proof that a particular sentence is logically 
true, one will have to agree that the principles from which the proof begins are 
true and that the means of inference used in it are truth-preserving. But one 
need not agree that the principles and means of inference are logical: The proof 
does not purport to establish that it is logically true that the particular sentence 
is logically true, only that it is logically true. And in model-theoretic proofs of 
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There is reason to suppose that Frege should have been interested 
in giving a justification at least of the validity of the axioms and 
rules of inference of the Begriffsschrift. Consider, for example, the 
following remark: 


I became aware of the need for a Begriffsschrift when I was looking for the 
fundamental principles or axioms upon which the whole of mathematics 
rests. Only after this question is answered can it be hoped to trace success- 
fully the springs of knowledge upon which this science thrives." 


Frege’s life’s work was devoted to showing that the basic laws of 
arithmetic are truths of logic, and his strategy for doing this was to 
prove them in the Begriffsschrift. But no derivation of the basic laws 
of arithmetic will decide the epistemological status of arithmetic 
on its own: It will simply leave us with the question of the epis- 
temological status of the axioms and rules used in that derivation. 
It thus must be at least an intelligible question whether the axioms 
and rules of the Begriffsschrift are logical in character. What other 
question could remain? 

The discussion that follows the passage just quoted reinforces these 
points. Frege first argues that epistemological questions about the 
source of mathematical knowledge are, at least in part, themselves 
mathematical in character, because the question what the fundamen- 
tal principles of mathematics are is itself mathematical in character. 


In order to test whether a list of axioms is complete,” we have to try and 
derive from them all the proofs of the branch of learning to which they 
relate. And in doing this it is imperative that we draw conclusions only in 
accordance with purely logical laws. ... The reason why verbal languages 
are ill suited to this purpose lies not just in the occasional ambiguity of 
expressions, but above all in the absence of fixed forms for inferring. ... 
If we try to list all the laws governing the inferences which occur when 
arguments are conducted in the usual way, we find an almost unsurvey- 
able multitude which apparently has no precise limits. The reason for 
this, obviously, is that these inferences are composed of simpler ones. And 


validity, one routinely employs premises that are obviously not logically true, 

such as axioms of set theory. 

Frege, ‘On Mr Peano’s conceptual notation and my own’, in CP, p. 235 (362). (In this 

chapter page numbers in parentheses refer to the original publication of Frege’s 

writings.) 

™ Note that Frege uses this term in a way that is close to, but not identical to, how 
it is standardly used nowadays. 
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hence it is easy for something to intrude which is not of a logical nature 
and which consequently ought to be specified as an axiom. This is where 
the difficulty of discerning the axioms lies: for this the inferences have to 
be resolved into their simpler components. By so doing we shall arrive at 
just a few modes of inference, with which we must then attempt to make 
do at all times. And if at some point this attempt fails, then we shall have 
to ask whether we have hit upon a truth issuing from a non-logical source 
of cognition, whether a new mode of inference has to be acknowledged, or 
whether perhaps the intended step ought not to have been taken at all.3 


Much of this passage will seem familiar, so strong is the echo of 
remarks Frege makes in the Preface to Begriffsschrift regarding the 
need for a formalization of logic.’ But the most interesting remark 
is the last one, which addresses the question what we should do 
if at some point we find ourselves unable to formalize the proof 
of a theorem previously proven informally. The most natural next 
step would be to try to isolate some principle on which the proof 
apparently depended, which principle would then be a candidate 
to be added to our list of fundamental principles of mathematics. 
Once we had isolated this principle, call it NewAx, there would be 
three possibilities among which we should have to decide: NewAx 
may be a ‘non-logical’ truth, one derived from intuition or even 
from experience; NewAx may be a truth of logic, which is what 
Frege means when he says that we may have to recognize ‘a new 
mode of inference’; or NewAx may not be true at all, which is what 
Frege means when he says that the ‘intended step ought not to have 
been taken’. Frege is not just describing a hypothetical scenario 
here: Frege had encountered just this sort of problem on at least two 
occasions. I have discussed these two occasions in more detail else- 
where.’ Here, let me just summarize those discussions. 

Frege begins his explanation of the proof of the crucial theorem 
that every number has a successor by considering a way of attempting 


3 Frege, ‘On Mr Peano’s conceptual notation’, p. 235 (362-3). 

™ Frege, ‘Begriffsschrift: A formula language modeled upon that of arithmetic, for 
pure thought’, in J. van Heijenoort (ed.), From Frege to Gédel: A Sourcebook in 
Mathematical Logic (Cambridge, Mass.: Harvard University Press, 1967), pp. 5-82, 
at pp. 5-6. 

® R. G. Heck, ‘Grundgesetze der Arithmetik 1 §§29-32’, Notre Dame Journal of 
Formal Logic 38 (1998), pp. 437-74; G. Boolos and R. G. Heck, ‘Die Grundlagen 
der Arithmetik §§82-83', in G. Boolos, Logic, Logic, and Logic (Cambridge, 
Mass.: Harvard University Press, 1998), pp. 315-38. 
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to prove it that ultimately does not work, namely, the way outlined 
in §§ 82-3 of Die Grundlagen. As part of that proof, one has to prove 
a proposition” that, Frege remarks in a footnote, ‘is, as it seems, 
unprovable ...’*” It is notable that Frege does not say that this prop- 
osition is false, and there is good reason to think he regarded it as 
true and so true but unprovable in the Begriffsschrift: It follows 
immediately from the proposition Frege proves in its place, together 
with Dedekind’s result that every infinite set is Dedekind infin- 
ite." Frege knew of Dedekind’s proof of this theorem and seems to 
have accepted it, although he complains in his review of Cantor’s 
Contributions to the Theory of the Transfinite that Dedekind’s 
proof ‘is hardly executed with sufficient rigour’ .° Frege apparently 
expended some effort trying to formalize Dedekind’s proof. In the 
course of doing so, he could hardly have avoided discovering the 
point at which Dedekind relies upon an assumption apparently 
not available in the Begriffsschrift, namely, the axiom of (count- 
able) choice. One can thus think of the theorem whose proof we 
have been unable to formalize either as Dedekind’s result or as the 
unprovable proposition mentioned in section 114 of Grundgesetze 
and of NewAx as the Axiom of Choice. 

Remarks of Dummett’s suggest he would regard the foregoing as 
anachronisitc: 


No doubt Frege would have claimed his axioms, taken together with the 
additional informal stipulations not embodied in them,?° as yielding a 
complete theory: to impute to him an awareness of the incompleteness of 
higher-order theories would be an anachronism.?! 


But Iam suggesting only that Frege was prepared to consider the pos- 
sibility that his formalization of logic (or arithmetic) was not com- 
plete: It is obvious that particular formalizations can be incomplete. 


6 The proposition in question is that labelled (1) in §82 of GI. 

1” Gg, vol. I, §114. Translations are based upon the forthcoming translation due to 
Philip Ebert, Marcus Rossberg, and Crispin Wright. 

*® R. Dedekind, ‘The nature and meaning of numbers’, in Essays on the Theory of 
Numbers, trans. W. W. Beman (New York: Dover, 1963), §159 

Frege, ‘Review of Georg Cantor, Zum Lehre vom Transfiniten’, in CP, p. 180 
(271). 

20 These are the stipulations made in §10, which we shall discuss below. 

2 M. Dummett, The Interpretation of Frege’s Philosophy (London: Duckworth, 
1981), p. 423. 
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What Gédel showed was that arithmetic (and therefore higher-order 
logic) is essentially incomplete, that every consistent formal theory 
extending arithmetic is incomplete. Of that Frege surely had no sus- 
picion, but that is not relevant here. 

In any event, the question whether a given (primitive) principle is a 
truth of logic is clearly one Frege regards as intelligible. And import- 
ant. The question of the epistemological status of the basic laws of 
arithmetic is of central significance for Frege’s project: His uncover- 
ing the fundamental principles of arithmetic will not decide arith- 
metic’s epistemological status on its own. Though he did derive the 
axioms of arithmetic in the Begriffsschrift, that does not show that 
the basic laws of arithmetic are logical truths: That will follow only 
if the axioms of the Begriffsschrift are themselves logical laws and 
if its rules of inference are logically valid. The question of the epis- 
temological status of arithmetic then reduces to that of the epistemo- 
logical status of the axioms and rules of the Begriffsschrift — among 
other things, to the epistemological status of Frege’s infamous Basic 
Law V, which states that functions FE and GE have the same ‘ value- 
range’ if, and only if, they are co-extensional. 

It is well known that, even before receiving Russell’s letter 
informing him of the paradox, Frege was uncomfortable about Basic 
Law V. The passage usually quoted in this connection is this one:?? 


A dispute can arise, so far as I can see, only with regard to my basic law (V) 
concerning value-ranges, which logicians perhaps have not yet expressly 
enunciated, and yet is what people have in mind, for example, where they 
speak of the extensions of concepts. I hold that it is a law of pure logic. In 
any event, the place is pointed out where the decision must be made.”3 


Although few commentators have said explicitly that Frege is here 
expressing doubt that Basic Law V is true, the view would none- 
theless appear to be very widely held: It is probably expressed so 
rarely because it is thought that the point is too obvious to be worth 


2 Frege also writes: ‘I have never disguised from myself [Basic Law V’s] lack of 
the self-evidence that belongs to the other axioms and that must properly be 
demanded of a logical law’ (Gg, vol. II, p. 253). The axiom’s lacking self-evidence 
is reason to doubt it is a logical law: Self-evidence can be demanded only of primi- 
tive logical laws, not, say, of the axioms of geometry, which are evident on the 
basis of intuition. Frege does not suggest that he had any doubt about Basic Law 
V's evidence. 

2 Gg, vol. I, p. vii. 


350 RICHARD HECK 


stating.*4 But we must be careful about reading our post-Russellian 
doubts about Basic Law V back into Frege: He thinks of Basic Law 
V as codifying something implicit, not only in the way logicians 
speak of the extensions of concepts, but in the way mathematicians 
speak of functions.?> And there is, so far as I can see, no reason to 
conclude, on the basis of the extant texts, that Frege had any doubts 
about the Law’s truth. 

The nature of the dispute Frege expects, and ‘the decision which 
must be made’, is clarified by what precedes the passage just 
quoted: 


Because there are no gaps in the chains of inference, every ‘axiom’... upon 
which a proof is based is brought to light; and in this way we gain a basis 
upon which to judge the epistemological nature of the law that is proved. 
Of course the pronouncement is often made that arithmetic is merely a 
more highly developed logic; yet that remains disputable [bestreitbar] so 
long as transitions occur in proofs that are not made according to acknow- 
ledged laws of logic, but seem rather to be based upon something known 
by intuition. Only if these transitions are split up into logically simple 
steps can we be persuaded that the root of the matter is logic alone. I have 
drawn together everything that can facilitate a judgement as to whether 
the chains of inference are cohesive and the buttresses solid. If anyone 
should find anything defective, he must be able to state precisely where 
the error lies: in the Basic Laws, in the Definitions, in the Rules, or in the 
application of the Rules at a definite point. If we find everything in order, 
then we have accurate knowledge of the grounds upon which an individual 
theorem is based. A dispute [Streit] can arise, so far as I can see, only with 
regard to my basic law (V) concerning value-ranges ... I hold that it is a law 


24 An exception is Tyler Burge. Though Burge speaks, at one point, of ‘Frege’s strug- 
gle to justify Law (V) as a logical law’, what he actually discusses are grounds 
Frege might have had for doubting its truth (‘Frege on extensions of concepts from 
1884 to 1903’, Philosophical Review, 93 (1984, pp. 3-34, at pp. 30ff.). Burge claims 
that Frege’s considering alternatives to Basic Law V suggests that he thought it 
might be false (pp. 12ff.). But given Frege’s commitment to logicism, doubts about 
its epistemological status would also motivate such investigations. 

Gg, vol. II, §147. Treating concepts as functions then makes Basic Law V suffi- 
cient to yield extensions of concepts, too. And there is really nothing puzzling 
about this treatment of concepts: Technically, it amounts to identifying them 
with their characteristic functions. For more on this point, see R. Heck, ‘The 
Julius Caesar objection’, in R. Heck (ed.), Language, Thought, and Logic: Essays 
in Honour of Michael Dummett (Oxford: Oxford University Press, 1997), pp. 
273-308. 
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of pure logic. In any event, the place is pointed out where the decision must 
be made.”® 


The dispute Frege envisions would concern the truth of Basic Law 
V were the correctness of the proofs all that was at issue here. 
But as I read this passage, Frege is attempting to explain how the 
long, complicated proofs he gives support his logicism,?” how he 
intends to persuade us ‘that the root of the matter is logic alone’. 
The three sentences beginning with ‘I have drawn’ constitute a 
self-contained explanation of how the formal presentation of the 
proofs gives us ‘accurate knowledge of the grounds upon which 
an individual theorem is based’, that is, how the proofs provide ‘a 
basis upon which to judge the epistemological nature of’ arith- 
metic, by reducing that problem to one about the epistemological 
status of the axioms and rules. Of course, someone might well 
object to Frege’s proofs on the ground that Basic Law V is not 
true. But, although Frege must have been aware that this objection 
might be made, as said above, he thought the Axiom was widely, 
if implicitly, accepted. Moreover, as we shall see below, Frege took 
himself to have proven that Basic Law V is true in the intended 
interpretation of the Begriffsschrift.?’ But, in spite of all of this, 
Basic Law V was not an acknowledged law of logic. The ‘dis- 
pute’ Frege envisages thus concerns what other treatments have 
left ‘disputable’ — these words are cognate in Frege’s German, 
too — namely, whether ‘arithmetic is merely a more highly devel- 
oped logic’. The objection Frege expects, and to which he has no 
adequate reply, is not that Basic Law V is not true, but that it is 
not ‘a law of pure logic’. All he can do is to record his own con- 
viction that it is and to remark that, at least, the question of arith- 
metic’s epistemological status has been reduced to the question of 
Law V’s epistemological status. 


>6 Gg, vol. I, p. vii. 

27 This question is, in fact, taken up again in §66. It is unfortunate that this won- 
derful passage is so little known. 

28 T thus am not saying that Frege nowhere speaks to the question whether Basic 
Law V is true, even in Grundgesetze itself. What I am discussing here is where 
Frege thought matters stood after the arguments of Grundgesetze had been given. 
I am thus claiming that Frege thought he could answer the objection that Basic 
Law V is not true but would have had to acknowledge that he had no convincing 
response to the objection that it is not a law of logic. 
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The general question with which we are concerned here is thus 
what it is for an axiom of a given formal theory to be a logical 
truth, a logical axiom.» Admittedly, Frege does not say much about 
this question. One might think that that is because he had no 
view about the matter, that he had, as Warren Goldfarb has put it, 
no ‘overarching view of the logical’ 3° Goldfarb’s point, of course, 
is not just that Frege did not have any general account of what 
distinguishes logical from non-logical truth. Nor do I. His claim 
is that Frege’s philosophical views precluded him from so much 
as envisaging, or attempting, such an account. But I find it hard 
to see how one can make that claim without committing oneself 
to the view that, for Frege, it is not even a substantive question 
whether Basic Law V is a truth of logic. Frege insists that Basic Law 
V is a truth of logic. Suppose that I were to deny that it is. Does 
Frege believe that this question is one that can be discussed and, 
hopefully, resolved in a rational manner? If not, then Frege’s logi- 
cism is a merely verbal doctrine: It amounts to nothing more than 
a proposal that we should call Basic Law V a truth of logic. But if 
Frege thinks the epistemological status of Basic Law V is subject to 
rational debate, then any principles or claims to which he might be 
inclined appeal in attempting to resolve the question will consti- 
tute an inchoate (if incomplete) conception of the logical. I for one 
cannot believe that his considered views could commit him to the 
former position. 

One thing that is clear is that the notion of generality plays a cen- 
tral role in Frege’s thought about the nature of logic.3t According to 


29 Similarly, Frege writes in Grundlagen that the question whether a proposition is 
analytic is to be decided by ‘finding the proof of the proposition, and following 
it all the way back to the primitive truths’, those truths ‘which ... neither need 
nor admit of proof’. The proposition is indeed analytic if, and only if, it can be 
derived, by means of logical inferences, from primitive truths that are ‘general 
logical laws and definitions’. An analytic truth is thus a truth that follows from 
primitive logical axioms by means of logical inferences (GI, §3). The problem is 
to say what primitive logical truths and logical means of inference are. 

3° Goldfarb expressed the point this way ina lecture based upon W. Goldfarb, ‘Frege’s 

conception of logic’, in J. Floyd and S. Shieh (eds.), Future Pasts: The Analytic 

Tradition in Twentieth-Century Philosophy (New York: Oxford University Press, 

2001), pp. 25-41. 

Naturally enough, since his discovery of quantification is so central to his 

conception of logic. See M. Dummett, Frege: Philosophy of Language, 2nd edn 
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Frege, logic is the most general science, in the sense that it is univer- 
sally applicable. There might be special rules one must follow when 
reasoning about geometry, or physics, or history, which do not apply 
outside that limited area: But the truths of logic govern reasoning of 
all sorts. And if this is to be the case, it would seem that there must 
be another respect in which logic is general: As Thomas Ricketts 
puts the point, ‘the basic laws of logic [must] generalize over every 
thing and every property [and] not mention this or that thing’ ;3? 
there can be nothing topic-specific about their content. Thus, the 
laws of logic are ‘[m]aximally general truths ... that do not men- 
tion any particular thing or any particular property; they are truths 
whose statement does not require the use of vocabulary belonging 
to any special science ’33 

So there is reason to think that Frege thought it necessary, if 
something is to be a logical law, that it should be maximally general 
in this sense. Some commentators, however, have flirted with the 
idea that Frege also held the condition to be sufficient.3+ Let us call 
this interpretation the syntactic interpretation of Frege’s concep- 
tion of logic. One difficulty with it is that such a characterization 
of the logical, even if extensionally correct, would not serve Frege’s 
purposes. For consider any truth at all and existentially generalize 
on all non-logical terms occurring in it. The result will be a truth 


(London: Duckworth, 1981), pp. 43ff.) for a discussion close in spirit to that to 
follow. 

3 T. Ricketts, ‘Objectivity and objecthood: Frege’s metaphysics of judgement’, 
in L. Haaparanta and J. Hintikka (eds.), Frege Synthesized: Essays on the 
Philosophical and Foundational Work of Gottlob Frege (Dordrecht: Reidel, 1986), 
Pp. 65-95, at p. 76. 

33 Ibid., p. 80. For similar views, see J. van Heijenoort ‘Logic as calculus and logic 

as language’, Synthese, 17 (1967), pp. 324-30; W. Goldfarb, ‘Logic in the twen- 

ties’, Journal of Symbolic Logic, 44 (1979), pp. 351-68; and B. Dreben and J. van 

Heijenoort, ‘Introductory note to 1929, 1930, and 1930a’, in S. Feferman et al. (eds), 

Collected Works, 3rd edn (New York: Oxford University Press, 1986), vol. I, pp. 

44-59. 

Ricketts, for example, speaks of ‘the identification of the laws of logic with max- 

imally general truths’ (‘Objectivity and objecthood, p. 80). He goes on to quote 

Frege’s remark that ‘logic is the science of the most general laws of truth’ (Frege, 

‘Logic’, in PW, p. 128) and then glosses it as follows: ‘To say that the laws of logic 

are the most general laws of truth is to say that they are the most general truths’. 

But whence the identification of the most general laws of truth with the most 

general truths? 
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that is, in the relevant sense, maximally general and so, on the syn- 
tactic interpretation, should be a logical truth. Thus, ‘dxiy(x # y)’ 
should be a logical truth, since it is the result of existentially gen- 
eralizing on all the non-logical terms in ‘Caesar is not Brutus’. But 
the notion of a truth of logic plays a crucial epistemological role for 
Frege. In particular, logical truths are supposed to be analytic, in 
roughly Kant’s sense: Our knowledge of them is not supposed to 
depend upon intuition or experience. Why should the mere fact that 
a truth is maximally general imply that it is analytic? Were there 
no way of knowing the truth of ‘Axdy(x # y)’ except by deriving 
it from a sentence like ‘Caesar is not Brutus’, it certainly would 
not be analytic. More worryingly, consider ‘4xV F(x #&Fe)’, which 
asserts that some object is not a value-range. This sentence is max- 
imally general — if it is not, that is reason enough to deny that Basic 
Law V is a truth of logic — and, presumably, Frege regarded it as 
either true or false. But surely the question whether there are non- 
logical objects is not one in the province of logic itself. 

Still, we need not be attempting to explain what it is for any truth 
at all to be a truth of logic, only what it is for a primitive truth, 
an axiom, to be a truth of logic. So perhaps the condition should 
apply only to primitive truths: The view should be that a primitive 
truth is logical just in case it is maximally general. And it is emi- 
nently plausible that maximally general primitive truths must be 
analytic, for it is very hard to see how our knowledge of such a truth 
could depend upon intuition or experience. Intuition and experience 
deliver, in the first instance, truths that are not maximally general 
but that concern specific matters of fact. Hence, in so far as they 
support our knowledge of truths that are maximally general, they 
apparently must do so by means of inference. But then maximally 
general truths established on the basis of intuition or experience are 
not primitive. 

It might seem, therefore, that semantic concepts will play no 
role in Frege’s conception of a truth of logic, that his conception is 
essentially syntactic. This, however, would be a hasty conclusion, 
for there are two respects in which the syntactic interpretation is 


35 See GI, §3. 
36 Something like this line of thought is suggested by Ricketts, ‘Objectivity and 
objecthood, p. 81. 
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incomplete, and these matter. First, our earlier statement of what 
maximally general truths are needs to be refined. Ricketts writes 
that ‘[m]aximally general truths ... do not mention any particu- 
lar thing or any particular property’. But reference to some specific 
concepts will be necessary for the expression of any truth at all, 
logical or otherwise. Frege himself remarks that ‘logic ... has its 
own concepts and relations; and it is only in virtue of this that it 
can have a content’ :3’7 The universal quantifier refers to a specific 
second-level concept; the negation-sign, a particular first-level con- 
cept; the conditional, a first-level relation. And when Frege offers 
his ‘emanation of the formal nature of logical laws’ —an account not 
unlike a primitive version of the model-theoretic account of conse- 
quence, according to which logical laws are those whose truth does 
not depend upon what non-logical terms occur in them —- the main 
problem he discusses is precisely that of deciding which notions are 
logical ones, whose interpretations must remain fixed: ‘It is true 
that in an inference we can replace Charlemagne by Sahara, and the 
concept king by the concept desert ... But one may not thus replace 
the relation of identity by the lying of a point in a plane. ’3* 

The problem of the logical constant — the question which con- 
cepts belong to logic — is, for this reason, central to Frege’s account 
of logic. His inability to resolve this problem may well have been 
one of the sources of his doubts about Basic Law V: Unlike the quan- 
tifiers and the propositional connectives, the smooth breathing — 
from which names of value-ranges are formed — is not obviously 
a logical constant. It is clear enough that what we now regard as 
logical constants have the generality of application Frege requires 
them to have: They appear in arguments within all fields of sci- 
entific inquiry, arguments that are, at least plausibly, universally 
governed by the laws of (the logical fragment of} the Begriffsschrift. 
It is far less clear that the smooth breathing — and the set-theoretic 


37 Frege, ‘On the foundations of geometry: second series’, in CP, pp. 293-340 
(428). 

38 Ibid. It is hard to see that the question which concepts are logical is likely to 
admit of an answer in non-semantic terms. For some contemporary work, see G. 
Sher, The Bounds of Logic: A Generalized Viewpoint (Cambridge, Mass.: MIT 
Press, 1991). Sher’s theory relies crucially on model-theoretic notions, such as 
preservation of truth-value under permutations of the domain. Dummett consid- 
ers a similar proposal (Frege: Philosophy of Language, p. 22, f{n.). 
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reasoning in which it would be employed — is similarly ubiquitous. 
It would therefore hardly have been absurd for one of Frege’s con- 
temporaries to insist that the smooth breathing and Basic Law V are 
peculiar to the ‘special science’ of mathematics. 

The second problem with the syntactic interpretation is that it 
places a great deal of weight on the notion of primitiveness, and we 
have not been told how that is to be explained. Our modification 
of the syntactic interpretation — which consisted in claiming only 
that maximally general primitive truths are logical — will be vacu- 
ous unless there are restrictions upon what can be taken as a primi- 
tive truth. Otherwise, we could take ‘4xV F(x #éFe)’ as an axiom 
and its being a logical truth would again follow immediately. One 
might suppose that Frege’s remarks on the nature of analyticity, 
mentioned above, committed him to some such notion. But it would 
be a mistake to think that Frege is committed to thinking that cer- 
tain truths, of their very nature, admit of no proof: He is perfectly 
aware that, although some rules of inference and some truths must 
be taken as primitive, it may be a matter of choice which are taken 
as primitive. And since it is not obvious that there are any rules or 
truths that must be taken as primitive in every reasonable formal- 
ization, there need be none that are essentially primitive.» So, if the 
notion of primitiveness is to help at all here, we need an account of 
what makes a truth a candidate for being a primitive truth in some 
formalization or other. A natural thought would be that the notion 
of self-evidence should play some role,#° but Frege says almost noth- 
ing directly about this question, either. 

One way to approach this issue would be via Frege’ s claim that 
logical laws are fundamental to thought and reasoning, in the 
sense that, should we deny them, we would ‘reduce our thought 


39 Thus, Frege writes: ‘[I|t is really only relative to a particular system that one 
can speak of something as an axiom’ (Frege, ‘Logic in Mathematics’, in PW, p. 
206). See also Bs, §13, where Frege says, in effect, that he could have chosen 
other axioms for the theory and, indeed, that it might be essential to consider 
other axiomatizations if all relations between laws of thought are to be made 
clear. 

4 See Gg, vol. IIL, p. 253. 

4t There has been some recent work on this matter: see T. Burge ‘Frege on knowing 
the foundation’, Mind, 107 (1998), pp. 305-47; and R. Jeshion, ‘Frege’s notion of 
self-evidence’, Mind, 110 (2001), pp, 937-76. 
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to confusion’ .4? I have no interpretation to offer of this claim. 
But I want to emphasize that it is not enough for Frege simply to 
assert that his axioms cannot coherently be denied. What Frege 
would have needed is an account of why the particular state- 
ments he thought were laws of logic have this privileged status. 
The semantic concepts Frege uses in stating the intended inter- 
pretation of the Begriffsschrift, which I shall discuss momentar- 
ily, also pervade his mature work on the philosophy of logic: And 
it is a nice question why Frege should have turned to the study 
of semantic notions at just this time. My hunch, and it is just a 
hunch, is that he did so because he was struggling with the very 
questions about the nature of logic we have been discussing and 
that he was developing a conception of logic in which they would 
play a fundamental role. Frege argues, in the famous papers writ- 
ten around the time he was writing Grundgesetze, that semantic 
concepts are central to any adequate account of our understand- 
ing of language, of our capacity to express thoughts by means 
of sentences, to make judgements and assertions, and so forth.#3 
So, if Frege could have shown that negation, the conditional, and 
the quantifier were explicable in terms of these semantic con- 
cepts — and he might well have thought that the semantic the- 
ory for the Begriffsschrift shows just this — he could then have 
argued that they are, in principle, available to anyone able to 
think and reason, that is, that these notions (and the fundamen- 
tal truths about them) are, in that sense, implicit in our capacity 
for thought. Unfortunately, such an argument would not apply 
to Basic Law V: The notion of a value-range does not seem to be 
fundamental to thought in this way, and, as we shall see, the 
semantic theory does not treat it the same way it treats the other 
primitives. So that might have provided a second reason for Frege 
to worry about its epistemological status. But I shall leave the 
matter here, for we are already well beyond anything Frege ever 
discussed explicitly. 


#” Frege, Gg, vol. I, p. vii; see also Gl, §14. 

4 See, for example, Frege, ‘On sense and meaning’, in CP, pp. 157-77 (34), where 
Frege argues that the truth-values ‘are recognized, if only implicitly, by every- 
body who judges something to be true’. See also Frege’s flirtation with a transcen- 
dental argument for the laws of logic (Gg, vol. I, p. xvii). 
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2 FORMALISM AND THE SIGNIFICANCE OF 
INTERPRETATION 


The discussion in the preceding section began with the question 
what it might mean to justify the laws of logic. I argued that jus- 
tifications of logical laws intended to establish their truth must 
be circular. But the argument for that claim depended upon an 
assumption that I did not make explicit, namely, that the logical 
laws whose truth is in question are the thoughts expressed by cer- 
tain sentences. It is quite possible to argue, without circularity, that 
certain sentences that in fact express, or are instances of, laws of 
logic are true, say, to argue that every instance of ‘A v =A’ is true. 
I do just that in my introductory logic classes. Of course, the argu- 
ments carry conviction only because my students are willing to 
accept certain claims that I state in English using sentences that 
are themselves instances of excluded middle. But that discloses no 
circularity: My purpose is just to convince them of the truth of all 
sentences of a certain form. 

Semantic theories frequently have just this kind of purpose. A 
formal system is specified: a language is defined, certain sentences 
are stipulated as axioms, and rules governing the construction of 
proofs are laid down. The language is then given an interpreta- 
tion: The references of primitive expressions of the language are 
specified, and rules are stated that determine the references of 
compound expressions from those of their parts. It is then argued — 
completely without circularity — that all of the sentences taken as 
axioms are true and that the rules of inference are truth-preserving. 
Of course, the argument carries conviction only because we are 
willing to accept certain claims stated in the metalanguage, the 
language in which the interpretation is given. But that discloses 
no circularity: The purpose of the argument is to demonstrate the 
truth of the sentences taken as axioms and the truth-preserving 
character of the rules. Its purpose is to show not that the thoughts 
expressed by certain formal sentences are true but only that those 
sentences are true. 

The semantic theory Frege develops in Part I of Grundgesetze has 
the same purpose. In the case of each of the primitive expressions 
of Begriffsschrift, he states what its interpretation (that is, its refer- 
ence) is to be. Thus, for example: 
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‘T = A’ shall denote the True if I is the same as A; in all other cases it 
shall denote the False.4+ 


‘®(a)’ is to denote the True if, for every argument, the value of the func- 
tion ©(&) is the True, and otherwise it is to denote the False.*s 


Some of Frege’s stipulations — which I shall call his semantic stipu- 
lations regarding the primitive expressions — do not take such an 
explicitly semantic form. Thus, for example, in connection with the 
horizontal, Frege writes: 


I regard it as a function-name, as follows: 

-A 
is the True if A is the True; on the other hand, it is the False if A is not the 
True.*® 


Frege wanders back and forth between the explicitly semantic stipu- 
lations and ones like this: But the point, in each case, is to say what 
the reference of the expression is supposed to be, and Frege argues 
in §31 of Grundgesetze that these stipulations do secure a reference 
for the primitives and, in § 30, that the stipulations suffice to assign 
references to all complex expressions, too, if they assign references 
to all the primitive expressions.‘ 

Frege goes on to argue that each axiom of the Begriffsschrift is 
true. Thus, about Axiom I he writes: 


By [the explanation of the conditional given in] § 12, 
ro (AP) 


could be the False only if both [ and A were the True while I was not the 
True. This is impossible; therefore 


FT > (AT) 


And, similarly, in the case of each of the rules of inference, he argues that it is 
truth-preserving. Thus, regarding transitivity for the conditional, he writes: 


44 Gg, vol. I, §7. 

4 Tbid., §8. 

46 [bid., §5. 

47 For discussion of these arguments, see Heck, ‘Grundgesetze der Arithmetik 
1§§29-32’, R. Heck, ‘Grundgesetze der ArithmetikI, §10’, Philosophia Mathematica, 
7 (1999), pp. 258-92; and ©. Linnebo, ‘Frege’s proof of referentiality’, Notre Dame 
Journal of Formal Logic, 45 (2004), pp. 73-98. 

48 Gg, vol. I, §18. 
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From the two propositions 

FA>P 

FO-A 
we may infer the proposition 

FO->T 
For © —T is the False only if © is the True and I is not the True. But 
if © is the True, then A too must be the True, for otherwise © — A would 
be the False. But if A is the True then if T were not the True then A >IT 


would be the False. Hence the case in which © —T is not the True cannot 
arise; and © — TP is the True.” 


These arguments — which, for the moment, I shall call elucidatory 
demonstrations — tend by and large not to be explicitly semantic: That 
is, Frege usually speaks not of what the premises and conclusion 
denote, but rather of particular objects being the True or the False. 
One might suppose that this shows that Frege’s arguments should 
not be taken to be semantic in any sense at all. But, to my mind, the 
observation is of little significance: What it means is just that Frege 
is not being as careful about use and mention as he ought to be. 

It is sometimes said that Begriffsschrift is not an ‘interpreted 
language’, in the sense of a syntactic object — a language, in the 
technical sense — that has been given an interpretation. Rather, it is 
a ‘meaningful formalism’, something like a language in the ordin- 
ary sense, but one that just happens to be written in funny symbols — 
something in connection with which it would be more appropriate 
to speak, as Ricketts does, of ‘foreign language instruction’ than 
interpretation. If so, then one might suppose that Frege could not 
have been interested in ‘interpretations’ of Begriffsschrift because, 
in his exchanges with Hilbert, he seems to be opposed to any consid- 
eration of varying interpretations of meaningful languages. But, as 
Jamie Tappenden has pointed out, Frege’s own mathematical work 
involved the provision of just such reinterpretations of, for example, 
complex number theory. What Frege objected to was Hilbert’s claim 
that content can be bestowed upon a sign simply by indicating a 
range of alternative interpretations.* In some sense, it seems to me, 


49 [bid., § 15. 

°° Ricketts, ‘Generality, sense and meaning’, p. 176. 

st J. Tappenden, ‘Geometry and generality in Frege’, Synthese, 102 (1995), pp. 319-6. 
For further consideration of this kind of question, see J. Tappenden, ‘Frege on 
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Frege thought that the concept of an interpreted language was more 
basic than that of an uninterpreted one — and it is hard not to be 
sympathetic. But it simply does not follow that one cannot intelli- 
gibly consider other interpretations of the dis-interpreted symbols 
of a given language. 

In any event, Frege was certainly aware that it would be possible 
to treat Begriffsschrift as an uninterpreted language, with nothing 
but rules specifying how one sentence may be constructed from 
others. For the central tenet of Formalism, as Frege understood the 
position, is precisely that arithmetic ought to be developed as a 
Formal theory, in the sense that the symbols that occur in it have 
no meaning (or that their meaning is somehow irrelevant). Such a 
theory need not be lacking in mathematical interest: It can, in par- 
ticular, function as an object of mathematical investigation. There 
could, for example, be a mathematical theory that would prove such 
things as that this ‘figure’ (formula) can be ‘constructed’ (derived) 
from others using certain rules — or that a given figure cannot be so 
constructed.3 One can, if one likes, stipulate that certain figures 
are ‘axioms’, which specification one might compare to the stipu- 
lation of the initial position in chess, and take special interest in the 
question what figures can be derived from the ‘axioms’ 54 Frege’s 
fundamental objection to Formalism is that it cannot explain the 


axioms, indirect proof, and independence arguments in geometry: Did Frege 
reject independence arguments?’, Notre Dame Journal of Formal Logic, 41 (2000), 
pp. 271-315. And even if we were to accept this objection, it still would not follow 
that Frege was uninterested in semantics. See J. Stanley, ‘Truth and metatheory 
in Frege’, Pacific Philosophical Quarterly, 77 (1996), pp. 45-70, at p. 64. 

2 For a discussion of this notion of a formal theory, see Frege, ‘Formal theories 
of arithmetic’, in CP, pp. 112-21 I shall capitalize the word ‘Formal’ when I am 
using it in the sense explained here. 

533 Gg, vol. II, §93. 

34 Tbid., §§90-1. Frege’s discussion explicitly concerns the rules of arithmetic, not 
those of logic: but, of course, for Frege, arithmetic is logic, and his formal system 
of arithmetic, the Begriffsschrift, contains no axioms or rules that are (intended 
to be) non-logical. His discussion of what requirements the rules of arithmetic 
must meet therefore applies directly to the axioms and rules of inference of 
the Begriffsschrift itself. Thus, he writes: ‘Now it is quite true that we could 
have introduced our rules of inference and the other laws of the Begriffsschrift 
as arbitrary stipulations, without speaking of the reference and the sense of the 
signs. We would then have been treating the signs as figures’ (Gg, vol. II, §90). 
That is to say, we should then have been adopting a Formalist perspective on the 
Begriffsschrift. 
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applicability of arithmetic, and this needs to be explained, for ‘it 
is applicability alone which elevates arithmetic from a game to the 
rank of a science’ 5’ An examination of Frege’s development of this 
objection will thus reveal what he thought would have been lacking 
had Begriffsschrift been left uninterpreted — and so what purpose he 
intended his semantic stipulations to serve. 

Frege distinguishes ‘Formal’ from ‘Significant’ ** arithmetic. He 
characterizes Significant arithmetic as the sort of arithmetic that 
concerns itself with the references of arithmetical signs, as well as 
with the signs themselves and with rules for their manipulation. 
Formal arithmetic is interested only in the signs and the rules: It 
treats Begriffsschrift as an uninterpreted language. On the Formalist 
view, the references of, say, numerals are of no importance to arith- 
metic itself, though they may be of significance for the application 
of arithmetic.’ And, according to Frege, this refusal to recognize the 
references of numerical terms is what is behind another of the central 
tenets of Formalism, that the rules** of a system of arithmetic are, 
from the point of view of arithmetic proper, entirely arbitrary: ‘In 
Formal arithmetic we need no basis for the rules of the game — we 
simply stipulate them. ’s’* Though Formalists recognize that the rules 
of arithmetic cannot really be arbitrary, they take this fact to be of 
significance, not for arithmetic, but only for its applications: 


Thomae ... contrasts the arbitrary rules of chess with the rules of arith- 
metic ... But this contrast first arises when the applications of arithmetic 
are in question. If we stay within its boundaries, its rules appear as arbi- 
trary as those of chess. This applicability cannot be an accident — but in 


ss Gg, vol. II, §9r1. 

s6 The German term is ‘inhaltlich’, which Geach and Black translate in the first 
edition of Translations as ‘meaningful’. While this was a reasonable translation 
then, it is now dangerous, since the cognate term ‘meaning’ has become a com- 
mon translation of Frege’s term ‘Bedeutung’. In the third edition, they translate 
‘inhaltlich Arithmetik’ as ‘arithmetic with content’, a literal translation would 
be ‘contentful arithmetic’. Both of these sound cumbersome to my ear. 

37 Gg, vol. II, §88. 

88 Frege speaks, throughout these passages, of the ‘rules’ of the Formal game, thereby 
meaning to include, I think, not just its ‘rules of inference’, but also its ‘axioms’ — 
though he does tend to focus more on the ‘rules permitting transformations’ than 
on the stipulation of the initial position or ‘starting points’ (ibid., §90). The reason 
is that he tends to think even of the axioms of a Formal theory as rules saying, in 
effect, that certain things can always be written down. See here ibid., §109. 


9 [bid., §89. 
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Formal arithmetic we absolve ourselves from accounting for one choice of 
the rules rather than another.° 


It is important to remember that, throughout this discussion, Frege 
is contrasting Formal and Significant arithmetic. When he speaks 
of ‘absolv[ing] ourselves from accounting for one choice of the rules 
rather than another’, he is not just saying that the rules of arith- 
metic are non-arbitrary; he is implying that, if we are to formulate a 
system of Significant arithmetic, we must ourselves ‘account ... for 
one choice of the rules rather than another’. 

Frege does not think of this account as a mere appendage to 
Significant arithmetic, but as a crucial part of the work of the 
arithmetician: 


It is likely that the problem of the usefulness of arithmetic is to be solved — 
in part, at least - independently of those sciences to which it is to be applied. 
Therefore it is reasonable to ask the arithmetician to undertake the task ... 
This much, it appears to me, can be demanded of arithmetic. Otherwise 
it might happen that, while [arithmetic] handled its formulas simply as 
groups of figures without sense, a physicist wishing to apply them might 
assume quite without justification that they expressed thoughts whose 
truth had been demonstrated. This would be — at best — to create the illu- 
sion of knowledge. The gulf between arithmetical formulas and their appli- 
cations would not be bridged. In order to bridge it, it is necessary that the 
formulas express a sense and that the rules be grounded in the reference of 
the signs.* 


The rules must be so grounded because arithmetic is expected to 
deliver truths — not just truths, in fact, but knowledge. As Frege 
concludes the passage: ‘The end must be knowledge, and it must 
determine everything that happens’. 

On the Formalist view, the numerals and other signs of a system 
of arithmetic can have no reference, as far as arithmetic itself is con- 
cerned: ‘If their reference were considered, the ground for the rules 
would be found in these same references.’ What is most import- 
ant, for present purposes, is Frege’s conception of how the refer- 
ences of the expressions ground the rules: 


6° Ibid., §89. 
% Tbid., §92. 
® Tbid., §92. 
6 Ibid., §90. 
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The question, ‘What is to be demanded of numbers in arithmetic?’ is, says 
Thomae, to be answered as follows: In arithmetic we require of numbers 
only their signs, which, however, are not treated as being signs of numbers, 
but solely as figures; and rules are needed to manipulate these figures. We 
do not take these rules from the reference of the signs, but lay them down 
on our own authority, retaining full freedom and acknowledging no neces- 
sity to justify the rules.“ 


Thus, not only do the references of the signs ground the rules that 
govern them, but, unless we are Formalists, we must recognize an 
obligation to justify these rules, presumably by showing that they 
are grounded in the references of the signs. Frege elsewhere specifies 
what condition rules of inference, in particular, must be shown to 
satisfy: 


Whereas in Significant arithmetic equations and inequations are sentences 
expressing thoughts, in Formal arithmetic they are comparable with the 
positions of chess pieces, transformed in accordance with certain rules 
without consideration for any sense. For if they were viewed as having a 
sense, the rules could not be arbitrarily stipulated; they would have to be so 
chosen that, from formulas expressing true thoughts, only formulas like- 
wise expressing true thoughts could be derived.® 


Thus, the rules of inference in a system of Significant arithmetic 
must be truth-preserving. And this condition — that the rules 
should be truth-preserving — is not arbitrarily stipulated, either. It 
follows from arithmetic’s ambition to contribute to the growth of 
knowledge: 


If in a sentence of Significant arithmetic the group ‘3 + 5’ occurs, we may 
substitute the sign ‘8’ without changing the truth-value, since both signs 
designate the same object, the same actual number, and therefore every- 
thing which is true of the object designated by ‘3 + 5’ must be true of the 
object designated by ‘8’... It is therefore the goal of knowledge that deter- 
mines the rule that the group ‘3 + 5’ may be replaced by the sign ‘8’. This 
goal requires the character of the rules to be such that, if in accordance 
with them a sentence is derived from true sentences, the new sentence will 
also be true. 


64 Tbid., §94. 
6 Ibid., §94. 
66 Tbid., §104. 
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Derivation must preserve truth, for only if it does, and only if the 
axioms are themselves true, will the theorems of the system be 
guaranteed to express true thoughts; it is only because the thoughts 
expressed by these formulas are true — and, indeed, are known to be 
true — that their application contributes to the growth of knowledge, 
rather than producing a mere ‘illusion of knowledge’ .” 

Since Frege is interested in developing a system of Significant 
arithmetic, he in particular owes some account of why the rules 
of the Begriffsschrift are non-arbitrary, that is, a demonstration 
that they are truth-preserving (and a similar demonstration that its 
axioms are true). Unless Frege flagrantly failed to do just what he is 
criticizing the Formalists for failing to do, he must somewhere have 
provided such an account. There is no option but to suppose that 
he does so in part I of Grundgesetze and that the elucidatory dem- 
onstrations in particular are intended to show that the rules of the 
system are truth-preserving and that the axioms are true. Indeed, 
since Frege himself speaks of a need to justify the rules and of their 
being grounded in the references of the signs, we may dispense with 
our euphemism and speak, not of elucidatory demonstrations, but of 
Frege’s semantic justifications of the axioms and rules. 


3 FREGE "S SEMANTIC JUSTIFICATIONS 


I have argued that Frege’s semantic justifications of the axioms and 
rules of his system are intended to establish that, under the intended 
interpretation of the Begriffsschrift — this being given by the semantic 
stipulations governing the primitive expressions — its axioms are true 
and its rules are truth-preserving. But, according to Ricketts, they can- 
not have been intended to serve this purpose, because Frege’s ‘con- 
ception of judgment precludes any serious metalogical perspective’ 
from which he could attempt to justify his axioms and rules. His 
philosophical views ‘preclude ineliminable uses of a truth-predicate, 


% See ibid., §§92, 140. Note that Frege is arguing here not only that the rules are 
required to be truth-preserving if arithmetic is to deliver knowledge but, con- 
versely, that the substitution of terms having the same reference is permissible 
because the goal of arithmetic is knowledge. Substitution of coreferential terms — 
indeed, even of terms with the same sense — is not permitted everywhere: It is not 
permitted in poetry or in comedy, for example. 

6 Ricketts, ‘Objectivity and objecthood’, p. 76. Van Heijenoort goes so far as to 
claim that Frege’s ‘rules are void of any intuitive logic’ (van Heijenoort, ‘Logic as 
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including uses in bona fide generalizations’, such as would be neces- 
sary were one even to be able to say that a rule of inference is valid. 
Ricketts is not, of course, unaware of what goes on in part I of 
Grundgesetze, but he claims that Frege’s sole purpose in part I is to®? 


teach his audience Begriffsschrift. Frege’s stipulations, examples, and com- 
mentary function like foreign language instruction to put his readers in a pos- 
ition to know what would be affirmed by the assertion of any Begriffsschrift 
formula. The understanding produced by Frege’s elucidatory remarks should 
have two immediate upshots. First, it should lead to the affirmation of the 
formulas Frege propounds as axioms; second, it should prompt the appreci- 
ation of the validity of the inference rules Frege sets forth.’”° 


Frege’s elucidations thus enable his reader to know what is expressed 
by any Begriffsschrift formula; so knowing, the reader can deter- 
mine whether the formulae expressing the axioms are true by ask- 
ing herself whether she is prepared to assert what they express. She 
may be aided by Frege’s examples, commentary and so forth, but 
this heuristic purpose is the only purpose they serve: The semantic 
justifications are not demonstrations of the truth of the axioms, nor 
of the validity of the rules, but are meant to persuade. 

But it is unclear why, if Frege’s only purpose were to teach 
his audience Begriffsschrift, he should make use of such notions 
as that of an object, or of a truth-value or of reference, and why 


calculus’, p. 326). But Frege simply spends too much time explaining the intuitive 
basis for his rules for this claim to be plausible; and, if that weren’t enough, if 
correct, it would make Frege a formalist. The following passage is often cited as 
expressing Frege’s opposition to meta-perspectives: 


We have already introduced a number of fundamental principles of thought in 
the first chapter in order to transform them into rules for the use of our signs. 
These rules and the laws whose transforms they are cannot be expressed in the 
Begriffsschrift, because they form its basis. (Bs, §13) 


But it would be absurd for Frege to suggest that the axioms cannot be expressed 
in Begriffsschrift. He is speaking here simply of rules, in particular, of rules of 
inference, and noting that they cannot be so expressed: Frege has, in the first 
chapter, only introduced the system’s rules. He goes on to explain that he is out, 
in the second, to find axioms from which all ‘judgements of pure thought’ will 
follow by means of those rules. Frege is thus making the distinction between 
rules and axioms here, not expressing opposition to meta-perspectives. 

69 [have capitalized ‘Begriffsschrift’ in both occurrences. I do not intend to consider 
here Ricketts’s reasons for ascribing this view to Frege. For an extended discus- 
sion of his interpretation, see Stanley, ‘Truth and metatheory’. 

7 Ricketts, ‘Generality, sense, and meaning’, pp. 176-7. 
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his ‘explanations’ should be, in the usual sense, compositional. It 
would do as well (and be far simpler) just to explain how to trans- 
late a proposition of Begriffsschrift into English (or German).’* But 
Frege does not say simply that ‘T= A’ expresses the thought that [ 
is the same as A: He says that it ‘shall denote the True if Ir is the 
same as A [and] in all other cases ... shall denote the False’ .7* One 
might reply that natural languages do not perspicuously express 
what Frege wishes to express in the Begriffsschrift. But while this is 
fine so far as it goes, it suggests merely that some technical vocabu- 
lary might be needed to ‘teach Begriffsschrift’. It does not explain 
why that vocabulary should be semantic. 

Moreover, Frege’s semantic justifications become a great deal 
more complicated than those cited so far, particularly in cases in 
which free variables — which he calls Roman letters — occur in the 
premises and conclusion of an inference.’3 But this has been obscured 
by an almost universal misunderstanding of Frege’s use of Roman 
letters. I just said that they are free variables, but it is widely held 
that there really aren’t any free variables in Begriffsschrift: that 
Roman letters are tacitly bound by invisible, initial universal quan- 
tifiers. Frege does say that the scope of a Roman letter ‘shall com- 
prise everything that occurs in the proposition’ ,74 which amounts to 
his stipulating that a formula containing free variables is true just 
in case its universal closure is true. But he rejects the interpretation 
of Roman letters as tacitly bound almost immediately thereafter:’ 


Our stipulation regarding the scope of a Roman letter is to set only a lower 
bound upon the scope, not an upper bound. Thus it remains permissible to 
extend such a scope over several propositions, and this renders the Roman 


71 The contrast between a semantic theory and a translation manual is, of course, 
emphasized in D. Davidson, ‘Radical interpretation’, in Inquiries into Truth and 
Interpretation (Oxford: Clarendon Press, 1984), pp. 125-139, at pp. 129-30. 

7? Gg, vol. I, §7. 

73 The interpretive claims made in the remainder of this section and the next are 
developed in more detail, and defended, in Heck, ‘Grundgesetze der Arithmetik I 
§§29-32’. That paper limits itself to discussion of the technical details of Frege’s 
arguments in §§29—32 and does not, as the present paper does, discuss the bearing 
of my interpretation on questions about Frege’s conception of logic. This paper 
and that one are, therefore, companion pieces, to some extent, although the dis- 
cussion here is independent of the messy details encountered there. A more uni- 
fied discussion will appear in a book on Frege now in preparation. 

™ Gg, vol. I, §17. 

75 Tam silently converting Frege’s notation to ours. 
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letters suitable to do duty in inferences, which the Gothic letters, with the 
strict closure of their scopes, cannot. If we have the premises ‘+ x7 = I > 
a=’ and‘t + = 1 — x8 = 1’ and infer the proposition ‘+ x? = 1 > x8 = 
1’, in making the transition we extend the scope of the ‘x’ over both of the 
premises and the conclusion, in order to perform the inference, although 
each of these propositions still holds good apart from this extension.’° 


There is, for Frege, an important difference between a proposition of 

the form ‘+ ®(x)’ and its universal closure ‘+ V ®(x}’.77 The nature 

of this difference, however, is puzzling: what could Frege mean by 

saying that, in making certain inferences, we must ‘extend the 
Ml n” 


scope of the “x” over both of the premises and the conclusion’? 
Surely he cannot mean that something like 


Vx{k (x? = 1 > xt = I) AF (xt = 1 > x8 = 1) > 
F (x2 = 1 3 x8 = 1} 


is supposed to be well-formed! 

Frege is concerned here with what licenses us to make the infer- 
ence under discussion. There is a rule in his system, rule (7), that 
permits it.” That rule — transitivity for the conditional — allows 
the inference from ‘+A > I’ and ‘+ © > A’ to ‘FO >T’. But 
if Roman letters were treated as tacitly bound, rule (7) would not 
apply: rule (7) does not allow an inference from ‘FV x(x? = I > xt = 
1)’ and ‘FV x(xt = 1 > x8 = I)’ to ‘EV x(x? = 1 > x8 = 1)’. The point 
is not that this formal rule could not be made to apply: It can, if we 
introduce a notation in which initial universal quantifiers can be 
suppressed; some formal systems treat free variables in just that 
way. Nor is there any substantive worry about whether the inference 
is in fact valid. Rather, the problem is that we are at present without 


76 Gg, vol. I, §17. 

77 Compare this remark: ‘Now when the scope of the generality is to extend over 
the whole of a sentence closed off by the judgement stroke, then as a rule I employ 
Latin letters ... But if generality is to extend over only part of the sentence, then I 
adopt German letters ... Instead of the German letters, I could have chosen Latin 
ones here, just as Mr Peano does. But from the point of view of inference, general- 
ity which extends over the content of the entire sentence is of vitally different 
significance from that whose scope constitutes only a part of the sentence. Hence 
it contributes substantially to perspicuity that the eye discerns these different 
roles in the different sorts of letters, Latin and German’ (Frege, ‘On Mr. Peano’s 
conceptual notation and my own’, p. 378; I have altered the translation slightly). 

78 The rules of the system are listed in Gg, vol. I, §48. 
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any argument that inferences of this form are valid when the prem- 
ises and conclusion contain free variables:7? The semantic justifica- 
tion of rule (7) given in Grundgesetze, §15 (and quoted earlier], did 
not allow for the possibility that ‘T’, ‘A’ and ‘©’ might contain 
free variables. That justification, which is essentially a justification 
in terms of truth-tables, presupposes that ‘T’, ‘A’ and ‘0’ have 
truth-values and, moreover, that the truth-values they have, when 
they occur in one premise, are the same as those they have when 
they occur in the other or in the conclusion. Only if we may speak 
of the truth-value of the occurrence of ‘x? = 1’ in the first premise, 
and only if it has the same truth-value in all of its occurrences, will 
the justification apply. And we cannot so speak. 

Nowadays, what we would say is that the inference is valid 
because, whenever we make a simultaneous assignment of objects 
to free variables in the premises and the conclusion, the usual argu- 
ment on behalf of transitivity — the argument in terms of truth- 
tables — still goes through, if we replace occurrences of ‘true’ with 
occurrences of ‘true under that assignment’: That is to say, that 
argument can be adapted to show that, if the premises are both true 
under the same assignment, the conclusion must also be true under 
that same assignment. When Frege says that the scope of ‘x’ is to 
be ‘extend[ed] ... over several propositions’, he is attempting to 
express the relevant notion of simultaneous assignment: The idea 
is that, as we perform the inference, we treat the variable as (in 
Frege’s terminology) indicating the same object in every one of its 
occurrences, whether in one of the premises or in the conclusion. 

What Frege has said to this point speaks only to the notion of 
simultaneity and not to the notion of an assignment itself. But what 
follows the passage just discussed are further remarks on the nature 
of free variables and inferences involving them, including rule (5) of 
the Begriffsschrift, the rule of universal generalization: 


A Roman letter may be replaced at all of its occurrences in a proposition by 
one and the same Gothic letter ... The Gothic letter must then at the same 


79 It is worth emphasizing that free-variable reasoning is distinctive of Frege’s new 
logic (polyadic quantification theory). There is no need for such reasoning in syl- 
logistic logic (which is not to deny that monadic quantification theory can be 
formulated as a sub-theory of polyadic). 
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time be inserted over a concavity in front of a main component outside 
which the Gothic letter does not occur.*° 


Decoding Frege’s terminology, what the rule says is that one 
can infer ‘A — VxB(x}’ from ‘A — B(x)’, if ‘x’ is not free in 
A. Frege’s semantic justification of this rule is contained in 
Grundgestze I, §17, and is in three stages. First, he notes that 
‘ET > @(x)’ is equivalent to ‘tVx|[T > ®(x}]’, since a formula 
containing a Roman letter is true just in case its universal clos- 
ure is true. Secondly, he argues that, if ‘x’ is not free in T and no 
other variables are free in either T or (x), then ‘+ Vx[T > ®(x)]’ 
is equivalent to ‘+ T >~Vx@®(x)’: That is, he shows, by means of 
what is now a familiar argument, that ‘Vx(p — Fx)’ is equivalent 
to ‘p > VxFx’. The final stage of the argument is contained in the 
following passage: 


If for ‘T’ and ‘®(x}’, combinations of signs are substituted that do not refer 
to an object and a function respectively, but only indicate, because they 
contain Roman letters, then the foregoing still holds generally if for each 
Roman letter a name is substituted, whatever this may be. 


It is important to see how odd this final stage of the argument is. 
What Frege wants to show is that, if ‘x’ is not free in A, then ‘Vx(A > 
B(x)’ is equivalent to ‘A —VxB(x)’. But what he says is that, if we 
substitute names for all free variables, other than ‘x’, in A and 
B(x), the argument that establishes that ‘Vx(p — Fx)’ is equivalent 
to ‘p ~VxFx’ will go through. 

It is not immediately obvious why that should suffice. What we 
would say nowadays is that, if we make a simultaneous assign- 
ment to the free variables other than ‘x’ in A and B(x), that same 
argument will go through, ‘true’ again being replaced by ‘true 
under the assignment’. The only difference between this argu- 
ment and Frege’s is that, where we speak of assignments, he speaks 
of substitutions. Frege does not, however, mean to speak here of 


8° Gg, vol. I, §48. 

st A Roman letter is a free variable; a Gothic letter, a bound one; and the concavity, 
the universal quantifier. To say that the quantifier must appear ‘in front of a main 
component outside which the Gothic letter does not occur’ is to say that it need 
not contain the antecedent of the conditional in its scope if the Roman letter in 
question does not occur in the antecedent. 

82 Gg, vol. I, §17. 
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substitutions of actual terms of Begriffsschrift for the variable,* 
but of auxiliary names assumed only to denote some object in the 
domain. What Frege is assuming, in the argument at which we 
have just looked, is that the inference from ‘(x)’ to ‘w(x}’ will be 
valid just in case ‘w(A)' is true whenever ‘@(A)* is true, A being 
a name new to the language and subject only to the condition that 
it must denote a member of the domain. This idea can be made pre- 
cise: applied to quantification, it constitutes a perfectly coherent 
alternative to Tarski’s treatment in terms of satisfaction.*4 It is a 
mark of the depth of Frege’s understanding of logic that he real- 
ized that the presence of free variables in the language means that 
even the validity of rules of inference belonging to its propositional 
fragment — rules like modus ponens and transitivity for the condi- 
tional — cannot be justified simply in terms of the truth-tables. It 
is all the more remarkable that, in thinking about this problem, 
he was led to produce this alternative to Tarski’s treatment of the 
quantifiers. And I, for one, find it hard to believe that the arguments 
at which we have just looked are but part of an attempt to ‘teach 
Begriffsschrift’. The argument Frege gives in favour of the validity 
of universal generalization is surely not intended merely to encour- 
age the reader not to object to the applications he makes of it. If that 
were all he wanted, he could have had it far more easily. 


4 GRUNDGESETZE DER ARITHMETIK I, §§ 30-1 


Matters become yet more complicated with Basic Law V.*> The 
semantic stipulation governing the smooth breathing is not like 
the stipulations Frege gives for the other primitives: He does not 


83 If he were so to speak, the argument would show only (to put the point in Tarskian 
language) that the conclusion is true whenever the premise is, when objects 
denoted by terms in the language are assigned to the free variables. Compare 
Dummett, Frege: Philosophy of Language, p. 17). For detailed discussion of how 
Frege’s argument leads to the conclusion that the inference is valid, see Heck, 
‘Grundgesetze der Arithmetik I §§29-32’. 

84 See ibid., Appendix, for a sketch of such a theory and for references. A simi- 

lar treatment of quantification is given in Benson Mates’s textbook Elementary 

Logic, 2nd edn (Oxford: Oxford University Press, 1972). 

The discussion in this section summarizes some of the results of Heck, 

‘Grundgesetze der Arithmetik 1 §§29-32’, and Heck, ‘Grundgesetze der 

Arithmetik I §10', which should be consulted for defences of claims that are not 


defended here. 
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directly stipulate what its reference is to be. Of course, it would 
not have been difficult for him to do so: He need only have said 
that a term of the form é(e) denotes the value-range of ®(&),8° he 
could then have argued that, since the value-range of ©(€) is the 
same as the value-range of ‘¥(&) just in case the same objects fall 
under ®(&) and (&], Basic Law V holds. Now, in fact, Frege does 
consider such a stipulation at one point,” but all we are told about 
value-ranges is that the value-range of the function (€) is the 
same as that of W(&) just in case they have the same values for the 
same arguments.*® In effect, then, the only stipulation Frege makes 
about the smooth breathing, and the one he uses in his arguments, 
is that 6O(e) = &W(e) has the same truth-value as Vx(®(x) = Y (x)). 
Frege notes, in Grundgesetze I, §20, that the truth of Basic Law V 
follows immediately from this stipulation (or from the combined 
effect of those made in Grundgesetze I, §3, 9}. But it will do so only 
if the stipulation is in good order, only if it suffices to assign a refer- 
ence to the smooth breathing. 

But the stipulation does not directly assign a reference to the 
smooth breathing. And unless it somehow succeeds in doing so 
indirectly, as it were, Basic Law V cannot be justified in terms of 
it: Officially, the axiom ought then to be declared neither true nor 
false, on the ground that it contains an expression that has no refer- 
ence. Frege therefore needs to argue that his stipulation, augmented 
by others to be mentioned shortly, does indeed secure a reference 
for the smooth breathing; his argument comprises most of § 31 of 
Grundgesetze. Had it been successful, Frege would have proven that 
Basic Law V is true in the intended interpretation of the system. 
That is why I said earlier that Frege could have had no real doubts 
about the truth of Basic Law V.*? 

The question whether the smooth breathing has been assigned 
a reference is made pressing by the peculiar nature of the seman- 
tic stipulation governing it. But Frege still argues that a reference 


86 J’ll write quotation marks and corner quotes with invisible ink in this section, to 
avoid cluttering the exposition. 

87 Gg, vol. I, §9. 

88 Tbid., §3. 

89 Frege also speaks of the ‘legitimacy’ of the semantic stipulation as having been 
‘established once for all’ and makes reference to his intention to ‘develop the 
whole wealth of objects and function treated of in mathematics out of the germ of 
the eight functions whose names are enumerated in vol. I, §31’ (Gg, vol. II, §147). 
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has been assigned to the other primitives of Begriffsschrift.9° The 
complete argument of §§ 30-1 has a more general conclusion: 
that the stipulations provide every well-formed expression with 
a reference — and not just a reference, at least one reference, but a 
unique reference. Since Frege argues in § 31 that a reference has 
been assigned to each of the primitive expressions, he need only 
show that, if every primitive expression of the language has a ref- 
erence, then every expression that can be formed from these primi- 
tives also has a reference. That argument — it may be the first proof 
by induction on the complexity of expressions ever given — is con- 
tained in § 30. In fact, the section contains two things, which are 
not separated in Frege’s exposition: A reasonably precise account 
of the syntax of Begriffsschrift and a demonstration that every 
expression correctly formed from referring expressions refers. Frege 
explains that complex names are formed by applying certain com- 
binatorial operations to the primitive expressions of the language 
and that every name is formed by successive applications of these 
operations. This ‘closure clause’ serves to define the class of well- 
formed expressions by means of the ancestral and so implies the 
validity of proof by induction on the complexity of expressions:* It 
is this that allows Frege to argue that, if all primitive expressions 
of Begriffsschrift refer, then every well-formed expression refers, 
by arguing that the two ways of forming complex expressions from 
simpler ones preserve referentiality. The proof is not trivial: The 
argument that complex predicates — such as ‘& = &’ — denote is 
both subtle and elegant.’ 


The primitive expressions of the Begriffsschrift are indeed listed in §31, but it is 
hard to believe that Frege refers to it at this point simply for that reason: Rather, 
the argument given in §31 is what shows that all of these expressions refer and 
that is what makes them legitimate. 

9° That Frege should argue for this claim contradicts Weiner’s view that, for Frege, 
‘no work is required to show that primitive terms have Bedeutung’ (Weiner, Frege 
in Perspective, p. 129). To be sure, not much work is required to show that most of 
them refer, but a lot of work is required to show that the smooth breathing does. 

%* Thus, Weiner’s objection that the induction principle employed in this proof is 
never stated (ibid., p. 240] is met, since no special induction principle needs to be 
stated here. 

°2 A complex predicate is one formed by omitting occurrences of one term from 
another, leaving argument-places in its wake. Thus, one can form the complex 
predicate ‘€ = &’ by omitting both occurrences of t from ‘t = t’. See, again, Heck, 
‘Grundgesetze der Arithmetik I §§29-32’, for discussion of the argument. 
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Frege’s argument that the smooth breathing denotes is complex 
and difficult to interpret. For present purposes, we do not need to 
discuss its details, but there is a feature of the argument that is 
worth mentioning. Frege takes it to be enough to prove: 

(I) If @(€) and W(E) denote, then "é@(e) = eV (e)’ 
denotes; 

(II) If &(€) denotes, and if p denotes a truth-value, 
then ‘p = €(e)" denotes. 


Claim (I) is supposed to follow from the semantic stipulation gov- 
erning the smooth breathing, that é(¢) = &W(«) has the same refer- 
ence as Vx[®(x)=W(x)], the latter formulae itself having a reference 
because the expressions from which it is constructed do. To estab- 
lish (II), Frege needs to specify whether the truth-values are value- 
ranges and, if so, which ones they are: If they are not value-ranges, 
p = &®(e) will be false (and so will denote); if they are, then p will 
have the same reference as some expression of the form é(e], 
whence p = é®(e} will have the same reference as some sentence 
of the form &®(¢) = &W(e), and (II) will reduce to (I). In § 10, Frege 
argues that it is consistent with the other semantic stipulations 
that the truth-values are their own unit classes and then stipulates 
that they are. 

It is often said that Frege needs to make this stipulation because 
he requires every predicate to denote a total function, one that has 
a value for every argument. This is right, but we are now in a pos- 
ition to appreciate the reason for this requirement: It is imposed 
by the purpose of the proof being given in §31 and, more gener- 
ally, by the fact that Begriffsschrift is supposed to have a classical 
semantics. The truth-values of complex sentences are specified in 
terms of the references of their simpler components, by means of 
the truth-tables and the usual sorts of (objectual) stipulations for the 


93 What Frege needs to show is that A = é®(e) denotes, so long as A and ®(&) do. 
His assumption that these two cases are the only ones that need to be considered 
involves a tacit restriction of the domain to truth-values and value-ranges. If the 
domain contains only such objects, then each of them is either the value of p, for 
some assignment of a truth-value to p, or the reference of é ®(«¢), for some assign- 
ment of a function to ®(€), since every value-range is the value-range of some 
function. Thus, the oft-heard claim that, for Frege, the quantifiers always have 
an unrestricted range is false. For further discussion of this matter, see Heck, 
‘Grundgesetze der Arithmetik I §10’. 
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quantifiers. If A = €(e¢) did not have a reference, when A denotes a 
truth-value, V.x(x = €®(¢)} would not have a reference, and the argu- 
ment would collapse.°* The stipulation that the truth-values are 
their own unit classes thus plays an essential role in Frege’s proof 
that every well-formed expression denotes, and it is not mentioned 
outside § 10 — except in §31 and a handful of sections that them- 
selves refer to § 31. In particular, the stipulation is not embodied 
in the axioms and rules of the Begriffsschrift. The sentence stating 
that the truth-values are their unit classes is neither provable nor 
refutable in the Begriffsschrift, as Frege essentially shows in § ro. 
Of course, he could have adopted this sentence as an additional 
axiom: But the reason Frege needs to make the stipulation has noth- 
ing to do with the syntax of the formal theory but rather concerns its 
semantics, so Frege does not bother to make such a stipulation. 
The purpose of § § 30-1 is thus to prove that every well-formed 
expression in Begriffsschrift refers (and, in particular, that the 
smooth breathing does). It follows (or would follow, were the argu- 
ment not fatally flawed) that Basic Law V is true and, moreover, 
that the system is consistent, since all axioms of the theory are 
true, the rules are truth-preserving, and there is a sentence — the 
sentence ‘Vx(x # x)’ will do — that is assigned the value False by 
the stipulations and so is not a theorem, since every theorem has 
the value True. As we have seen, the argument makes heavy use of 
semantic notions, in particular, the notion of reference. Moreover, 
although the argument that the smooth breathing refers is flawed, 


o¢ And its reason for collapsing would be quite independent of whether any term of 

the language — let alone any primitive term — denotes a truth-value. For the sig- 

nificance of this fact, see ibid. 

Parallel remarks could be made about Frege’s stipulation, in Gg, vol. I, §11, con- 

cerning the references of improper descriptions. 

96 Weiner has argued that ‘there are serious obstacles to reading §§28-31 as the 
presentation of a proof’ (Weiner, Frege in Perspective, p. 240). She notes that 
the conclusion of the proof is not used in Frege’s proofs of the axioms of arith- 
metic (p. 242). But the proof is metatheoretic: Its conclusion is a claim about 
Begriffsschrift; there is no reason that appeal need be made to it in later proofs. 
She also says that the argument does not meet the standards for ‘a metatheoretic 
proof in an introductory logic course’ (p. 240). But it should not be surprising if 
Frege is unclear about the conceptual underpinnings of the argument, since it is 
likely the first metatheoretic argument ever given. And, with the exception of 
the failed proof that the smooth breathing denotes, I’d have to disagree: It’s a very 
sophisticated proof, especially the part concerning complex predicates. 
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there is nothing wrong with the remainder of the proof. The remain- 
der of §§ 30-1 constitutes a correct proof that the semantic stipula- 
tions governing the primitive logical expressions suffice to assign 
each of them a unique reference — and so suffice to assign a unique 
reference to every expression properly formed from them. Since the 
semantic justifications really do show that the axioms and rules 
of the Begriffsschrift, other than Basic Laws V and VI, are true and 
truth-preserving, respectively, part I of Grundgesetze contains a 
correct proof that the logical fragment of the Begriffsschrift — that 
is, Frege’s formulation of second-order logic — is sound, that is, that 
all of its theorems are true. 


5 CLOSING 


We have thus seen that, in Grundgesetze, Frege gives a number of 
arguments whose purpose is to show that the axioms and rules of 
the Begriffsschrift are, respectively, true and truth-preserving. There 
are the semantic justifications of the axioms and rules, found scat- 
tered throughout part I, and there is the argument of § 30-1, which 
is not only supposed to show that Basic Law V is true, but that every 
well-formed expression has a reference. These arguments have expli- 
citly semantic conclusions, and they make heavy use of semantic 
notions. Their character makes it extremely unlikely that they are 
intended merely as a peculiar sort of foreign language instruction. 
Such oft-heard claims as that ‘Frege never raises any metasystem- 
atic question’®” or, more strongly, that ‘metasystematic questions 
as such ... could not meaningfully be raised’ by him’ are therefore 
doubtful, at best. 

One could yet question how seriously these apparently seman- 
tic arguments are to be taken, on the ground that, if they are to 
be understood as ‘properly scientific’, rather than as ‘elucidatory’, 
they would have to be formalizable in the Begriffsschrift itself. And 
perhaps, for some reason or other, Frege would have denied that 
semantic arguments could be formalized in the Begriffsschrift. 
But why?? Of course, it follows from Tarski’s theorem that, since 


97 Van Heijenoort, ‘Logic as calculus’, p. 326. 

°*8 Dreben and van Heijenoort, ‘Introductory note’, p. 44. 

°° One might have thought that the concept horse problem would pose technical 
difficulties: But that problem does not arise when the argument is carried out in 
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the Begriffsschrift formalizes a classical theory sufficient for arith- 
metic, if its own truth-predicate is definable in it, it is inconsistent. 
But Frege had no reason to think this and so no reason to think 
that the semantic arguments he gives in Grundgesetze could not 
be formalized in the Begriffsschrift. Indeed, the natural view would 
surely have been that such reasoning can be reproduced within the 
Begriffsschrift — which, indeed, it can.t°° So the Begriffsschrift is 
inconsistent. Again. 

Such terms as ‘metalogical perspective’, ‘semantic metaper- 
spective’ and ‘metasystematic standpoint’ — these being the buzz- 
words of a now familiar tradition in Frege scholarship — are deeply 
misleading:'* There is an almost subliminal suggestion that seman- 
tic reasoning requires a perspective beyond the Begriffsschrift, that 
such reasoning cannot be carried out within it. But the mere fact 
that the conclusion of an argument concerns the semantic proper- 
ties of a particular theory does not show that it cannot be formalized 
within it: though not all arguments for semantic claims concern- 
ing Peano Arithmetic can be formalized within Peano Arithmetic, 
many can be.'? Nor are semantic claims about PA the only ones 
that cannot be proven in PA: That PA is consistent is a syntactic 
claim, purely syntactic proofs of which (for example, Gentzen’s) 
cannot be carried out in PA. 

But we do need to be careful here. Ricketts claims, at one point, 
that ‘anything like formal semantics, as it has come to be under- 
stood in the light of Tarski’s work on truth, is utterly foreign to 
Frege’ .°3 This claim I think I have shown to be untenable. But I 


a higher-order formal theory, but only when one is attempting to talk about the 
semantics of Begriffsschrift in natural language. 

oo Tarski shows us how to formulate a definition of truth for a second-order lan- 
guage in a third-order language. But Basic Law V can be used to reduce quantifi- 
cation over third-level concepts to quantification over second-level concepts — or, 
indeed, objects. 

tot Tappenden, in ‘Metatheory’, has well documented the extent to which certain 
forms of argument have become something akin to secret handshakes among 
the members of this tradition. 

to2 For example, a materially adequate definition of truth for =,, sentences, for any n 
you like, can be formulated within PA, and using these definitions one can then 
give a semantic proof of the consistency of =, arithmetic, for every n. But there 
is no way to paste all these definitions together in PA to get a definition of truth 
for the whole of the language of arithmetic. Fortunately. 

3 Ricketts, ‘Objectivity and objecthood’, p. 67. 
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have not argued that semantics, seen in the light of Tarski’s work 
on logical consequence, is not foreign to Frege. The mathematical 
work at which we have looked is concerned with such questions as 
whether the axioms are true, or whether the rules are truth-preserv- 
ing, or whether the primitive expressions of Begriffsschrift refer. 
None of the work at which we have looked addresses such questions 
as whether the axioms are logically true or the rules are logically 
valid. And although I have argued that Frege ought to have been, and 
was, interested in these questions, it is unclear whether he thought 
mathematical work might bear upon them, let alone whether he 
would have accepted Tarski’s characterization of the notion of 
logical consequence (or some alternative).'°? Though there are indi- 
cations that, a few years after the publication of Grundgesetze, Frege 
was beginning to think about logical consequence in mathematical 
terms,'°5 we do not, in my opinion, yet know enough to decide this 
interpretive issue.? 


to4 It is perhaps worth remarking that some contemporary philosophers have also 
rejected Tarski’s characterization of consequence, notably, John Etchemendy, 
The Concept of Logical Consequence (Cambridge, Mass.: Harvard University 
Press, 1990). 

os The relevant discussion is in Frege, ‘On the foundations of geometry: second ser- 
ies’, part III. For discussion of these passages, see T. Ricketts, ‘Frege’s 1906 foray 
into meta-logic’, Philosophical Topics, 25 (1997), pp. 169-88; and Tappenden, 
'Metatheory’. 

06 T am fortunate to have had very helpful comments on earlier drafts of this 
paper: Thanks are due to George Boolos, Tyler Burge, Warren Goldfarb, Michael 
Kremer, Ian Proops, Thomas Ricketts, Alison Simmons and Joan Weiner. 

I have two very large debts, which I decided not to acknowledge at every point 
at which they were felt, as that would have cluttered the paper. The first is owed 
to Jamie Tappenden. While he was visiting at Harvard, during the 1994-5 aca- 
demic year, we had an extraordinarily fruitful, year-long discussion about Frege 
and, in particular, the issues with which this paper is concerned. The second is 
to Jason Stanley. Much of the first half of this paper was born in conversation 
with him, it is difficult to remember which ideas originated with whom. But I 
am reasonably certain that he is responsible for all the mistakes. 

The first draft of this paper was written in the summer of 1995; it reached 
essentially its current form in the summer of 1997. That it remained unpub- 
lished for so long is due to circumstances over which I had no control. That said, 
I wish nonetheless that I had felt able to take more serious account of papers 
published or written since, but Frege scholarship is extremely active nowadays, 
and that would essentially have required me to rewrite the entire paper. I have 
therefore added references to some recent work, but otherwise have chosen to be 
silent. That silence should not itself be interpreted. 
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10 Frege’s mathematical setting 


I have not yet any clear view as to the extent to which 
we are at liberty arbitrarily to create imaginaries, and to 
endow them with supernatural properties. 


John Graves, ‘Letter to William Hamilton’ 


INTRODUCTION 


Although Gottlob Frege was a professional mathematician, trained 
at one of the world’s greatest centres for mathematical research, it 
has been common for modern commentators to assume that his 
interests in the foundations of arithmetic were almost entirely 
‘philosophical’ in nature, unlike the more ‘mathematical’ motiva- 
tions of a Karl Weierstrass or Richard Dedekind. As Philip Kitcher 
expresses the thesis: 


The mathematicians did not listen [to Frege because] ... none of the tech- 
niques of elementary arithmetic cause any trouble akin to the problems 
generated by the theory of series or results about the existence of limits. 


Indeed, Frege’s own presentation of his work easily encourages such 
a reading. Nonetheless, recent research into his professional back- 
ground reveals ties to a rich mathematical problematic that, pace 
Kitcher, was as central to the 1870s as any narrow questions about 
series and limits per se. An appreciation of the basic facts involved 
(which this essay will attempt to describe in non-technical terms) 


' Philip Kitcher, ‘Frege’s epistemology’, Philosophical Review, 88 (1992), pp. 235-62. 
The prevalence of such attitudes is surveyed by Jamie Tappenden, ‘Extending 
knowledge and “fruitful concepts”, Notis, 29 (1995), pp. 427-67. 
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can only heighten our appreciation of the depths of Frege’s thought 
and of the persistent difficulties that any adequate philosophy of 
mathematics must confront. Although it may be possible to appre- 
ciate Frege’s approach to language on its own terms, some awareness 
of the rather unusual examples that he encountered in the course 
of his mathematical work can enhance our understanding of his 
motivations within linguistic philosophy as well. 

In the most general terms, the ontological world of nineteenth- 
century mathematics expanded far beyond its traditionally circum- 
scribed boundaries, a phenomenon that first became evident in the 
extension element problems that we shall emphasize in this essay. 
In response, a philosophy of relative logicism emerged that sought 
to explain the mysterious new entities as logical constructions of 
some sort or other. The absolute logicism that Frege proposed with 
respect to the regular number systems can be viewed as a natural 
outgrowth from, and improvement upon, these established logicist 
traditions. Many of Frege’s methodological remarks enjoy a sharper 
piquancy, I believe, if they are examined against this richer math- 
ematical backdrop (Frege rarely draws explicit notice to such issues, 
but his central examples (‘the direction of a line’) often represented 
commonplaces within the prior discussions). Beyond its relevance 
to Frege’s thinking, an acquaintance with the extension element 
problem can revive our own appreciation of the weird wonders of 
the philosophy of mathematics, lest we forget about the unexpected 
factors that frequently force mathematics to alter its courses in 
uncharted ways. 


EXTENSION ELEMENTS WITHIN GEOMETRY 


In working on a mathematical problem, we often find it hard to 
reason rigorously directly from point A to point B, due to some bar- 
rier (imagine a large mountain as a metaphor) lying between the 
points. However, we can sometimes espy another location C outside 
the borders of our native country that would sustain an easy path 
A> CB. An early illustration of this phenomena dating to the 
1530s can be found in the problem of extracting the roots of cubic 
and quartic equations: mathematicians such as Gerolama Cardano 
uncovered algebraic techniques that eventually led to the real 
roots desired, but their computational pathways wandered through 
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strange intermediate values such as ‘-3 + y-2’. As time wore on 
7 


these intervening ‘imaginary’ (or ‘complex’) numbers gradually 
assumed a vital importance within mathematical practice gener- 
ally, but the exact rationale of their employment, beyond raw expe- 
diency, remained hazy. 

In the first half of the nineteenth century, a host of ‘foreign elem- 
ents’ invaded a plethora of traditional mathematical subjects and 
it became clear that some newer philosophy of mathematics was 
needed to rationalize their employment. Once analytic geometry 
(= the use of algebraic equations to represent geometrical facts 
such as ‘line L crosses circle C’) had been invented in the 1600s by 
Descartes and Fermat, it was quickly observed that the conclusions 
of standard Euclidean argumentation could be often replicated by 
swift manipulation on formulae. Furthermore, the algebraic path- 
way to a geometrical conclusion often reaches its results without 
engaging in all of the delicate fussing about subcases that one finds 
in Euclid (proofs in his traditional diagram-based, constructive style 
are commonly called ‘synthetic’, in contrast to an algebraic ‘ana- 
lytic’ approach). What secret power permits this dramatic algebraic 
simplification? An inspection of the ‘analytic’ proof indicates that 
its reasoning pathways often travel through intermediate ‘points’ 
bearing strange coordinate locations such as <2.5, -3 + \-2>. 

But how can reasoning developed for thinking about numerical 
values produce such a surprising unity within geometry? Various 
English mathematicians of the early nineteenth century articulated 
a somewhat mystical faith that the blind application of algebraic 
algorithms must always lead to correct results, even if the paths pur- 
sued seem completely unintelligible — this point of view was often 
called the generality of algebra. On this reckoning, the imaginary 
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points arrive, in the phrase of the mathematician E. Hankel, as ‘a 
gift from algebra’. Bertrand Russell expressed the obvious objection 
to this facile manner of thinking: 


As well might a postman presume that, because every house in a street is 
uniquely determined by its number, therefore there must be a house for 
every imaginable number.” 


Indeed, a brute appeal to algebraic formalism is plainly an inad- 
equate rationale for introducing novel entities into mathematics — 
as Russell suggests, one would quickly reach ridiculous conclusions 
if one applied ‘the generality of algebra’ in all walks of life. 

In the 1820s, a number of synthetic geometers, led by J.-L. 
Poncelet, decided that the simplifications offered by algebraic proof 
must spring from a deeper source: namely, the world of standard 
geometry could be greatly improved if mathematicians would tol- 
erate a variety of ‘extension elements’ lying just outside the limited 
perimeters drawn within traditional Euclidean thinking (in the 
manner that convenient location C lies beyond the borders of our 
mountainous country). These early ‘projective geometers’ typically 
justified their unseen supplements through appeals to ‘persistence 
of form’, a methodological doctrine we shall explore in a moment. 
However, this thesis is greatly troubled by its own inherent vague- 
ness and, by Frege’s time, most rigour-minded mathematicians had 
replaced appeals to ‘persistence of form’ by relative logicism: the 
claim that the extension elements can bejustifiedusing purely logical 
resources alone. The methodological appeal of this newer point 
of view has diminished over time, its percepts having become 
displaced in turn by Hilbert-style axiomatics at the turn of the 
twentieth century (in a manner to be considered at the end of this 
essay). Frege’s methodological motivations have often been misun- 
derstood, I believe, through a failure to properly locate their place- 
ment within these forgotten relative logicist traditions. 

Let us now examine how the original ‘persistence of form’ think- 
ing operated, because relative logicism should be seen as an adap- 
tation of its basic contours (here, and in several other portions of 
the essay, I will include details that a casual reader may wish to 


> Bertrand Russell, An Essay on the Foundations of Geometry (New York: Dover, 
1956}, p. 44. 
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skip — they are provided to help interested parties find their way 
through the standard history of mathematics literature).3 Let’s begin 
with a simple circle C and a line L running through C. Their inter- 
sections engender two regular points a and b. We will now tell a story 
of how a and b can become invisible if their surrounding geomet- 
rical relationships become altered in a natural way. We will set up 
a somewhat complicated web of characteristic geometric construc- 
tion around a, b, C and L and then slowly adjust their internal rela- 
tionships so that a and b seem as if they have been merely ‘pushed 
off the page’. First locate the exterior point p such that rays emerging 
from p intersect the circle tangentially at a and b (see the left-hand 
side of our diagram). This p is called the pole of the line L relative 
to C while L reciprocally serves as the polar of p (such ‘pole and 
polar’ arrangements possess many interesting geometrical proper- 
ties). Note that an arbitrary ray from p will typically cross C in two 
spots, linking together pairs of points on the circle in the match-ups 
indicated by the small numbers. Let’s now choose an arbitrary new 
point v upon C and use it to project our C-based match-ups onto the 
line L. Here we should think of v as acting like the lamp in a film 
projector that projects the circular match-ups registered within C’s 
‘film’ onto the ‘screen’ represented by line L (this variety of math- 
ematics is called ‘projective geometry’ precisely because it studies 
the transfer of ordering arrangements from one surface to another). 
The projected image seen on L will be a nested mapping of points to 


3 A good source is Jeremy Gray, Worlds Out of Nothing (London: Springer, 2007). For 
an important philosophical examination of ‘proof unity’, see Ken Manders, ‘The 
Euclidean diagram’ in P. Mancosu (ed.), The Philosophy of Mathematical Practice 
(Oxford: Oxford University Press, 2008), pp. 112-83. 
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one another known as an involution. Such mappings display a host 
of special geometric properties prized by the ancient geometers, 
including the fact that the distances x and x* of the paired points 
will obey the relationship x.x* = +D within a suitable coordinate 
system. Plainly, our original a and b points serve as the two centres 
of this nested involution in an obvious way (their locations x satisfy 
the ‘self-correspondent’ condition x.x = +D). 

Here are the considerations that encourage ‘persistence of form’ 
thinking. Picture our diagram’s maze of lines as if they constitute 
a little mechanism whose moveable parts are linked to one another. 
Let’s now adjust those parts by gradually pushing the pole point p 
inside C (conceive of p as a lever that forces the other parts of the 
diagram to shift positions). We can easily ‘see’ what will happen: as 
p moves towards C, its polar L will shift in the opposite direction, 
eventually leading to the situation pictured on the right-hand side 
of the diagram, with p inside C and L outside. Our ‘lamp’ v con- 
tinues to project an involution match up onto L but its point-wise 
associations will become overlapping after p crosses into C. And, 
finally, our two erstwhile centres a and b seem to vanish. 

Or do they? Why not assume a and b remain present, but have 
merely become invisible through being pushed off the page? That is, 
the collective geometrical ‘mechanisms’ on the left and right sides 
of our diagram should be regarded as essentially the same, except 
that their a and b parts can no longer be ‘seen’ in left-hand circum- 
stances. Thus ‘persistence of form’: we conclude that our diagram’s 
missing a and b are still present in left-hand circumstances, because 
the same geometrical unities (= ‘form’) preserve themselves as we 
gradually adjust our diagrams. Revisiting algebra’s ability to sim- 
plify traditional proofs from this new point of view, we recognize 
that algebra obtained its unificatory advantages by automatically 
supplying imaginary coordinate names to extension elements that, 
properly speaking, should have been added to traditional geometry 
through ‘persistence of form’ considerations. That is, ‘the general- 
ity of algebra’ achieved its apparent successes within a geometrical 
context only through a happy accident: its computational pro- 
cedures just happened to provide names for the auxiliary elements 
required to keep the organic ‘mechanisms’ of Euclidean geometry 
intact under adjustments in ‘form’. Considering our involution 
equation x.x* = +D, we find that, as p moves inside C, an originally 
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positive D gradually shrinks to o and then becomes negative once 
p moves inside C. Solving the ‘self-correspondent’ condition x.x = 
-D for its ‘centres’, we find that our missing centres a and b take up 
the imaginary coordinate locations +\-D and -\-D along L. So our 
invisible a and b are not truly ‘gifts from algebra’; their real sources 
are the invariant properties contained in our family of geometrical 
constructions. 

Once this extraordinary ontological gambit is accepted, we 
realize that traditional Euclidean proofs were often complicated 
because they could not appeal to vital parts of a geometrical con- 
struction that had been pushed into ‘invisibility’, This exclusion 
forced traditional argumentation to work around the missing pieces 
by dividing a proof into a large number of subcases, distinguished 
from one another according to their missing parts. Restoring the 
invisible ingredients allows us to treat a multitude of cases in a 
unitary manner. 

An allied simplification of Euclidean proof can be also achieved 
by tolerating a supplementary line at infinity such that, if an ellipse 
is moved across its bounds, the full figure will reappear in our ‘local 
space’ as an hyperbola (such an identification of seemingly different 
figures again permits a great simplification in our proofs). In the 
illustration, our regular local Euclidean plane has been contracted 
to lie inside the central circle, so that the manner in which an ellipse 
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moves across the line at infinity can be observed (note that diamet- 
rical opposite points along the line at infinity are to be identified). 
Observe that normally parallel lines will now intersect at points 
upon this infinitely distant line — we will revisit these ‘points at 
infinity’ in our discussion of Frege’s Grundlagen. 

In 1851 the mathematician H. J. S. Smith explained the ‘persist- 
ence of form’ doctrine as follows: 


[I|f we once demonstrate a property for a figure in any one of its general 
states, and if we then suppose the figure to change its form, subject of 
course to the conditions with which it was first traced, the property we 
have proved, though it may become unmeaning, can never become untrue, 
even if every point and every line, by means of which it was originally 
proved, should wholly disappear. 


Because our diagram’s ‘pole and polar’ persist as point p continuously 
moves inside C, we may postulate ‘unmeaning’ (= without represen- 
tation in intuition) ideal points to support the continuation of such 
properties. It is plain to see that such an unrefined methodological 
doctrine can easily lead to gross error if one improperly posits ‘per- 
sistent elements’ through its aid. Indeed, relative logicism attempts 
to provide such a corrective. It should be noted that most programs 
of this nature continue to work with the evaluative concepts that 
stand at the centre of the standard ‘persistence of form’ judgements. 
With respect to our invisible a and b case, the crucial property ‘sets 
up an involution along L based upon C and v’ serves as the central 
‘evaluative concept’ that most relative logicist treatments exploit in 
introducing their own a and b surrogates in a better way. 

Although we can’t survey such issues here, many of the rival 
methodologists that Frege criticized (e.g. Hermann Schubert)’ main- 
tained that unsupplemented appeals to ‘persistence of form’ can 


4H. J. S. Smith, ‘On some of the methods at present in use in pure geometry’, in 
Collected Papers, vol. I(New York: Chelsea, 1965), p. 4. 

5 H. Schubert, Mathematical Essays and Recreations (Chicago: Open Court, 1910). 
Schubert interprets Kronecker’s celebrated pronouncement, ‘God created the inte- 
gers; all else is the work of man’ as expressing the thesis that the other entities 
of mathematics are engendered from the natural numbers through ‘persistence 
of form’-like ‘free creativity’. Jeremy Heis has recently directed my attention to 
allied remarks in the influential Logik by Wilhelm Wundt (Stuttgart: Ferdinand 
Enke, 1880-3). For an excellent discussion of the general manner in which 
Frege’s uncharitable readings of his rivals have distorted our modern appreci- 
ation of their merits, see W. W. Tait, ‘Frege versus Cantor and Dedekind: On the 
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provide an adequate defence for conceptual innovation within 
mathematics (including the introduction of the natural numbers in 
the first place). In such critics’ behalf, we might observe note that 
‘persistence of form’ doctrines directly highlight the epistemologi- 
cal considerations that actually inspired the postulation of the extra 
mathematical entities whereas the motives that drive conceptual 
development within mathematics are often left obscure in logicist 
accounts. 


EXTENSION ELEMENTS WITHIN NUMBER THEORY 


Relative logicism’s career can’t be completely appreciated without 
some knowledge of parallel developments that arose in connection 
with the ‘ideal numbers’ of algebraic number theory (once again, the 
unconcerned reader may skim this section). 

The original impetus for introducing ‘ideal numbers’ came 
when C. F. Gauss wrote of ‘complex integers’ in his Disquisitiones 
Arithmeticae in 1801.6 In themselves, ‘complex integers’ are noth- 
ing new; they simply comprise numbers of the form a + bi where a 
and b are normal integers (= ‘whole numbers’) and i = \-1. One of 
the most salient facts about the regular integers is that they break 
uniquely into prime factors (i.e., 24 can be only expressed as 2 x 
2 X 2 x 3) whereas a more general number such as nx or 6 — 2i can 
be decomposed into myriad sets of factors. The great advantage of 
possessing prime factors is that they allow a great deal of control 
over the integers that gets typically lost within the more amorphous 
realms of number. But Gauss realized that if we remain within a 
restricted orbit of complex numbers (his ‘complex integers’), then a 
variety of unique factorization persists within this enlarged realm, 
with all the advantages to be gained therefrom. Unique factorization 
then allowed Gauss to answer certain important questions in num- 
ber theory easily, e.g. how to characterize all integers whose fourth 
powers give a remainder of n when divided by p. As in our geometri- 
cal case, once we envision the regular integers as enriched with a 
slightly extended halo of ‘complex integers’, the commonalities of 


concept of number’, in W. W. Tait (ed.), Early Analytic Philosophy: Frege, Russell, 
Wittgenstein (Chicago: Open Court, 1997). 

6° K. F. Gauss, Disquisitiones Arithmeticae, trans. A. A. Clark (New Haven: Yale 
University Press, 1965). 
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behaviour amongst the regular integers become more transparent. 
This fact impressed Gauss greatly: 


It is simply that a true basis for the theory of the biquadradic residues [i.e., 
the questions about fourth powers] is to be found only by making the field 
of the higher arithmetic, which usually covers only the real whole num- 
bers, include also the imaginary ones, the latter being given full equality 
of citizenship with the former. As soon as one has perceived the bearing of 
this principle, the theory appears in an entirely new light, and its results 
become surprisingly simple.’ 


In the 1840s, treating matters related to Gauss’s investigations 
and to Fermat’s ‘last theorem’, E. E. Kummer realized that unique 
factorization becomes lost again as we move out to further collec- 
tions of generalized ‘integers’. Consider the ‘algebraic integers’ that 
arise when yr15 is added to the rational numbers. In this range of 
numbers, to breaks into irreducible factors in two distinct ways: as 
2.5 and (5 + V15)(5 — Vz5). If we only had further factors to work with, 
e.g. ¥5 and V3, unique factorization could be restored in this realm 
because 2 = (V5 + V3)[V5 — V3), 5 = (V5}2, 5 + V5 = ¥s(vs + V3) and 5 — V5 
= \5(Vs5 — V3). In such terms, ro can be seen as ‘really’ decomposing 
into (V5)(V5)(vs + ¥3)(vs — V3) — the apparent non-unique factorizations 
of ro arising as these four basic ingredients get paired up in different 
ways. But we can’t remedy the situation by simply including 5 and 
V3 along with the numbers generated by 15, because that closure 
will include a lot of values we don’t want. Kummer finessed these 
difficulties in an intriguing way. He would only add an unspecified 
‘ideal number’ to the 15 field to capture the highest commonal- 
ity between 2 and 5 + Vis, without identifying the missing ‘factor’ 
concretely with ‘V5 + 3’ or any other concrete representation of that 
type. Instead, he let the pairing’ ‘(2, 5 + 15)’ name his desired ‘ideal 
number’ and observed that other pairs such as ‘(4, 10 + 2 V5)’ must 
denote the same ‘ideal factor’. He wrote: 


In order to secure a sound definition of the true (usually ideal) prime factors 
of complex numbers, it was necessary to use the properties of prime fac- 
tors of complex numbers which hold in every case and which are entirely 


7 Quoted in L. W. Reid, The Elements of the Theory of Algebraic Numbers (New 
York: MacMillan, roto}, p. 208. 
8 ‘(n,m)’ is standard notation for the greatest common divisor of n and m. 
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independent of the contingency of whether or not actual decomposition 
takes place; just as in geometry, if it is the question of the common chords 
of two circles even though the circles do not intersect, one seeks an actual 
definition of these ideal common chords which shall hold for all positions 
of the circles. There are several such permanent properties of complex 
numbers which could be used as definitions of ideal prime factors ... I have 
chosen one as the simplest and most general ... One sees therefore that 
ideal prime factors disclose the inner nature of complex numbers, make 
them transparent, as it were, and show their inner crystalline nature.’ 


In other words, a specific group of algebraic numbers may cry out for 
supplementary ‘ideal factors’ to consolidate their behaviours into a 
fully satisfactory domain. In a famous letter to Kronecker, Kummer 
compares this enlargement process to the postulation of unseen 
elements in chemistry (an apt comparison because, in the chemical 
doctrine of Kummer’s time, such ‘elements’ were never supposed to 
appear in ‘naked’ form in nature, rather like the quarks of modern 
science). Note that Kummer also aligns his practices with the geo- 
metrical circumstances we have surveyed. 


‘FREE CREATIVITY’ AND RELATIVE LOGICISM 


For such reasons, most mathematicians had concluded by 1860 that 
mathematics no longer needed to confine its researches to the more 
or less fixed domains characteristic of classical thinking (Euclidean 
geometry and the real numbers). To be sure, earlier investigators 
such as Euler had explored the properties of the complex numbers 
intently, but such researches had been largely ignored by method- 
ologists such as Kant. Under the influence of nineteenth-century 
Romanticism, it became common to assert that the ‘free creativity’ 
of mathematicians allows them to explore whatever domains they 
may wish. 

But, clearly, unbridled appeal to ‘free creativity’ will easily engender 
potential problems with respect to rigour and reliability, especially in 
situations where one’s ‘free creativity’ extends to infinitary domains 
and processes. A celebrated illustration of these dangers arose in the 
context of G. F. B. Riemann’s celebrated work in complex function 


9 D. E. Smith, A Source Book in Mathematics (New York: Dover, 1985), vol. I, 
pp. 120-4. 
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C.. 
theory (an episode presumably familiar to Frege, as his teacher Alfred 
Clebsch had laboured to render Riemann’s results mathematically 
respectable). Riemann had argued that the behaviour of such func- 
tions can be better understood if they are aligned with so-called 
‘Riemann surfaces’, which are spaces that cannot always be under- 
stood in regular spatial terms. To prove key facts about his ‘surfaces’, 
Riemann relied upon an existence criterion he dubbed ‘Dirichlet’s 
Principle’: if a collection of functions can be graded by positive num- 
ber assignments, then some minimal function must exist within this 
set.!° Here’s a simple illustration of what is at issue. Take a wire rim 
of arbitrary shape and apply a soap film to it. Such a membrane stores 
internal energy according to its degree of bending; so a calculation of 
the energy stored within a particular coating will grade that shape 
in the ‘positive number assignment’ manner required by Dirichlet’s 
principle. In real life, we intuitively expect that the film will even- 
tually assume an equilibrium configuration that stores energy in a 
minimal way (sometimes there will be several placements that man- 
age this). Dirichlet’s principle simply converts these intuitive expec- 
tations into a general principle. But Karl Weierstrass showed that 
this assumption cannot be true in general. Let our ‘rim’ consist of 
a regular oval plus a single point above its centre. Now consider the 
sequence of bell-like patterns illustrated, where our film attaches to 
our oval and point in the manner required. As we progressively exam- 
ine the sequence of shapes C,, C,, ..., we find that their total degree of 
bending continuously decreases but never reaches a minimum. Their 
limit C,, displays a discontinuous jump that disqualifies C.. from 
qualifying as a true soap film altogether. We have thus constructed a 
descending set of positive energy films whose lower bound does not 
represent a mathematical object of the same type as the C,, contrary 


to A. F. Monna, Dirichlet’s Principle (Utrecht: Oostheok, Scheltema and Holkema, 
1975). 
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to Dirichlet’s principle. Without some deep repair, brute appeals to 
Dirichlet’s Principle cannot be regarded as reliable. 

Such failures of intuitive expectation when infinite collections 
are concerned led many nineteenth-century mathematicians to 
decide that only logic could properly settle what occurs when such 
limits are reached. In particular, Richard Dedekind observed that 
normal Euclidean ruler and compass constructions will not install 
all the points we wish upon a straight line, but will only carry us 
to positions such as 2, 22, etc. But Kantian spatial intuition can 
only certify the presence of points of this limited ilk, leaving a line 
with a lot of unfilled gaps in it. Dedekind maintained that the plug- 
ging of these ‘holes’ was tacitly prompted by logical thinking on the 
part of the mathematician, not by any variety of true geometrical 
intuition: 


All constructions that occur in Euclid’s Elements, can, so far as I can see, be 
just as accurately effected [in an algebraically constructed discontinuous] 
space; the discontinuity of this space would not be noticed in Euclid’s sci- 
ence, would not be felt at all ... All the more beautiful it appears to me that 
without any notion of measurable quantities and simply a finite number of 
simple thought-steps man can advance to the creation of the pure continu- 
ous number domain; and only by this means in my view is it possible for 
him to render the notion of continuous space clear and definite.™ 


In such doctrines, the thesis I have dubbed ‘relative logicism’ was 
born: logical thinking has a capacity to create further entities to 
fill in unwanted gaps within some independently given domain. 
The doctrine is a relative logicism, because logic requires proper- 
ties within the preexisting domain to guide its creation of the sup- 
plementary entities.7 Thus logical construction becomes viewed 
as the crucial methodology that allows the ‘free creativity’ of the 
mathematician to explore enlarged domains of objects unreachable 
by ‘intuitive’ consideration. Clearly, a logic-based approach might 


™ Richard Dedekind, Essays on the Theory of Numbers, trans. W. W. Beman (New 
York: Dover, 1963), p. 38. 

It should also be considered an elective logicism, in the sense that the mathem- 
atician can choose the specific sub-range of potential ‘logical objects’ she favours 
in order to frame a closed extension domain with nice properties (e.g. a ring with 
unique factorization]. Pace those interpreters who maintain that Frege is an abso- 
lutist with respect to quantifier ranges, I believe that he is an electivist at heart. 
But such interpretative issues would take us too far afield here. 
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also avoid the vagaries of ‘persistence of form’ doctrine in tackling 
the extension element problems we have surveyed. 

To be sure, both Dedekind and Frege were also absolute logicists 
with respect to the sundry number systems, which is not surpris- 
ing, given that such thinking represents a natural extension of the 
relative logicist point of view (albeit not an obligatory move, for the 
latter position was accepted by many mathematicians who rejected 
absolute logicism itself). We shall see that Frege’s own ‘absolute 
logicist’ thinking was influenced by several relative logicist pro- 
grammes popular in his era. 

Frege plainly views the limit-fixing capacities of a proper ‘logic’ 
in a manner similar to Dedekind’s. In a revealing passage where he 
compares the merits of his own system of logic to schemes such as 
George Boole’s, he turns this theme to his advantage: 


If we look at the [concepts that can be defined in a logic like Boole’s], we 
notice that ... the boundary of the concept ... is made up of parts of the 
boundaries of concepts already given ... It is the fact that attention is primar- 
ily given to this sort of formation of new concepts from old ones ... which is 
surely responsible for the impression one easily gets in logic that for all our 
to-ing and fro-ing we never really leave the same spot ... [But i]f we compare 
what we have here with the definitions contained in our examples of the 
continuity of a function and of a limit and again that of following a series 
which I gave in §26 of my Begriffsschrift, we see that there’s no question 
there of using the boundary lines we already have to form the boundaries of 
the new ones. Rather totally new boundary lines are drawn by such defini- 
tions — and these are the scientifically fruitful ones.® 


Start with simple concepts A, B and C. From these, traditional for- 
mal logic could only construct simple compounds like (A & ~B) v 
C, which corresponds to the grey region within the illustrated trio 
of Euler’s circles (a.k.a. ‘Venn diagrams’). Note that the boundary of 


3 ‘Boole’s logical calculus and the concept-script’, in PW, p. 34. A similar passage, 
other aspects of which are discussed in Tappenden, ‘Extending concepts’, can be 
found in Gl, §88. 

In the context of Fourier series, A.-L. Cauchy had mistakenly assumed that the 
limit of continuous functions must be continuous, when this property obtains 
only if the generating functions are ‘uniformly continuous’. This distinction, 
introduced by Stokes and Weierstrass, hinges upon distinctions of quantifier 
scope. Cauchy’s error, which was widely discussed in the 1870s, is probably what 
Frege has in mind here (although there are analogous examples within the calcu- 
lus of variations that would have also been familiar to him). 
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(A & ~B) v C is comprised of arcs from the circles A,B,C. If logic could 
range no further from home base than that, its powers would truly 
prove as circumscribed as critics like Kant had assumed. Employing 
Frege’s richer logic, utilizing both relations and second-order quanti- 
fiers, we can define the wholly distinct line that serves as the enve- 
lope of all the basic circles upon which it depends. This boundary is 
‘totally new’, not coincident with any arcs of its spawning circles. 

However, we must distinguish between two different logical 
capacities here: the ability to express what is required in the hypo- 
thetical bounding curve and the ability to prove that such a curve 
actually exists. The first task is accomplished by the system laid 
down in the Begriffsschift, but the second requires some supplemen- 
tary doctrine about the existence of ‘logical objects’, in the man- 
ner, say, of the notorious ‘Axiom V’ of Grundgesetze. But there were 
several contemporaneous doctrines about ‘logical object existence’ 
afloat within the general relative logicist tradition and to these we 
shall now turn. 


DEFINITION BY ABSTRACTION AND 
EQUIVALENCE CLASSES 


In 1871, Richard Dedekind suggested both an improvement and a 
rationalization of Kummer’s approach in a famous supplement to 
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Dirichlet’s lectures on number theory."* He asks, in effect, ‘What 
does Kummer want his “ideal numbers” to do?’ Answer: to serve 
as divisors of a certain collection of algebraic numbers. ‘Why,’ 
Dedekind then proposed, ‘don’t we let the entire set of numbers we 
want divided comprise the missing ideal number’’?’ That is, let us 
simply replace Kummer’s posited ‘ideal number’ (2, 5 + 15) with the 
infinite set of numbers it needs to factor {2, 3, 3 + V15, 5 + VIS, 4, ---}, 
a single gizmo which avoids the multiple representations to which 
Kummer appeals. Dedekind explained: 


[I]t has seemed desirable to replace the ideal number of Kummer, which 
is never defined in its own right ... by a noun for something that actually 
exists.*5 


Dedekind’s sets (which he dubbed ‘ideals’) are distinguished by 
the fact that they are closed under the property that if elements 
and p are already in the ideal, then so is aA + Bu, where a and B 
are any rational numbers. Dedekind suggested that we reinterpret 
Kummer’s procedure as follows: rather than adding ‘ideal numbers’ 
into an original range of numbers W, we should instead climb from 
N to anew range of objects W* formed by considering all the ‘ideal’ 
sets that can be manufactured from N. The original members of W 
become replaced at the W* level by their ‘principle ideal’ surrogates, 
viz., those sets that simply consist of all multiples of a single W 
element. The advantage of working within this higher domain of 
sets is that, unlike in W, unique factorization obtains within W*. 
This basic format for interrelating structures, where one domain is 
built from another through set-theoretic processes, is now standard 
in modern algebra courses, although, historically, it took some time 
before the equivalence class approach became canonical. 

In a similar vein, we could ‘jump up’ to a new realm of geometry 
G* by considering as its ‘points’ all sets of involution mappings 
operating over our old-fashioned geometry G. An old-fashioned 


™ In Richard Dedekind, Gesammelte mathematische Werke, vol. Il, ed. R. Fricke, 
E. Noether and O. Ore (Braunscheweig: F. Vieweg und Sohn, 1930). Dedekind’s 
first use of the equivalence class idea emerges, almost in passing, to introduce 
some modular arithmetics in ‘Abriss einer Theorie der Héheren Kongruezen in 
Bezug auf einen Reellen Primzahl-Modulus’ in vol. I of the same collection. 

's Richard Dedekind, Theory of Algebraic Numbers, trans. John Stillwell 
(Cambridge: Cambridge University Press, 1996), p. 94. This 1877 work still pro- 
vides an excellent introduction to the subject and its motivations. 
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point in G will reappear within G* as the centre of a nested 
G-involution, whereas the new ‘points’ will correspond to overlap- 
ping G-involutions. 

The basic trick displayed here — manufacturing ‘new’ entities 
by forming sets of old objects — is, of course, employed by Frege in 
his own construction of the natural numbers, which are treated as 
equivalence classes of concepts whose extensions can be mapped to 
one another in one-one fashion. As we shall see later, the rationale 
Frege offers for this process is rather different than that suggested 
by Dedekind. Nonetheless, both men regarded these set-theoretic 
constructions as sanctioned by logic. If the ‘laws of thought’ can 
build the missing elements needed to bring a mathematical domain 
to satisfactory ontological completion, it appears that we have 
finally reached a satisfactory resolution to the puzzle of the exten- 
sion elements that does not upset mathematics’ claims to be both a 
priori and grounded within intuitive sources of knowledge. 

Appeals to equivalence classes will seem quite natural if one 
regards the novel elements as formed by conceptual abstraction in 
a traditional philosophical mode: one first surveys a range of con- 
crete objects and then abstracts their salient commonalities. It is 
possible (but not certain} that Dedekind viewed his invocation of 
set theory as simply a mathematical precisification of the ‘abstrac- 
tion’ process described by earlier logicians. The notion of replacing 
Kummer’s ideal number (2, 5 + V15) by the set ‘ideal’ {2, 3, 3 + V15, 5 
+15, 4, ...| will seem natural because the latter set represents the 
source objects from whose shared features Kummer ‘abstracted’ his 
ideal factor. Indeed, the noted geometer Fredrigo Enriques explicitly 
rationalized Dedekind’s procedures in exactly this vein: 


For it can be admitted that entities connected by such a relation [of equiva- 
lence class type] possess a certain property in common, giving rise to a 
concept which is a logical function of the entities in question and which is 
in this way defined by abstraction.” 


6 For an excellent survey of Dedekind’s opinions, see Jeremy Avigad, ‘Methodology 
and metaphysics in the development of Dedekind’s theory of ideals’, in J. Ferreirés 
and J. Gray (eds.), The Architecture of Modern Mathematics (Oxford: Oxford 
University Press, 2006). It is fairly common to employ ‘abstraction’ as a means of 
rendering a subject matter ‘representation independent’. 

7” Fredrigo Enriques, The Historical Development of Logic, trans. Jerome Rosenthal 
(New York: Holt, Rinehart and Winston, 1929), p. 132. He employs the ‘direction 
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In fact, Dedekind pursued the traditional abstractionist story a step 
further by recommending that, once one has ‘jumped up’ into the 
required set theoretic realm, we complete the abstractive process 
by replacing these sets by ‘freely created’ mathematical objects that 
retain only the properties we really need inside the enlarged realm 
itself (our set theoretic construction merely serves as a disposable 
ladder to lift us safely into the autonomous higher realm we seek). 
In an often quoted letter to Heinrich Weber, Dedekind wrote, refer- 
ring to his famous articulation of real numbers as sets (= ‘sections’ 
or ‘cuts’) of rational numbers: 


You say that the irrational number ought to be nothing other than the sec- 
tion itself, whereas I prefer it to be created as something new (different from 
the section) which corresponds to the section and produces the section. We 
have the right to allow ourselves such a power of creation and it is more 
appropriate to proceed thus, on account of treating all numbers equally." 


Dedekind’s ‘throw away your constructive ladder after you have 
climbed it’ represented a fairly common theme within the abstrac- 
tionist tradition. 

As it happens, in his own ‘logical’ approach to simple arithmetic, 
Dedekind does not bother with equivalence classes per se, but only 
employs set theory to build a specific exemplar of arithmetical struc- 
ture. Because of this difference, Frege is often portrayed within the 
folklore of modern philosophical commentary as the thinker who 
tried to argue ‘philosophically’ that numbers had to be identified 
with sets of equinumerous concepts on the grounds that such iden- 
tification was the only proposal that abstracts properly from all of 
number’s potential applications, whereas the more ‘mathematical’ 
Dedekind sought only to articulate ‘freely created’ objects sufficient 
‘to do a mathematical job’. 

I find little textual evidence for attributing such motivations to 
Frege. He is critical of ‘abstractionist’ views generally and often 


of L,’ example more or less as Frege did, citing the geometers Vailati and Burali- 
Forti in this regard. 

8 Richard Dedekind, ‘Letter to Hermann Weber’, in William Ewald (ed.), From Kant 
to Hilbert, vol. II (Oxford: Oxford University Press, 1996). 

9 Paul Bernacerraf, ‘What the numbers could not be’, in P. Bernacerraf and H. 
Putnam (eds.), Readings in the Philosophy of Mathematics: Selected Readings, 
2nd edn (Cambridge: Cambridge University Press, 1983). Howard Stein, ‘Logos, 
logic and logistiké’, in W. Aspray and P. Kitcher (eds.), History and Philosophy of 
Modern Mathematics (Minneapolis: University of Minnesota, 1988). 
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observes that extension elements can be acceptably introduced in a 
wide variety of ways. Generally, the remarks that are often misread 
as Fregean expressions of a ‘supply a unique abstractionist story 
for justifying the numbers’ philosophy merely express the formal 
requirement that, however the new mathematical entities are han- 
dled, their introduction must be executed in a manner that ensures 
that the new objects will be properly counted (so that, in whatever 
manner we define the complex points a and b, there must be exactly 
two of them). 


RELATIVE LOGICISM WITHOUT USING SETS 


There were a number of alternative approaches to relative logicism 
within Frege’s era that have become largely forgotten today but 
which seem to have influenced his own philosophical thinking. In 
particular, it was often emphasized that concepts should be given 
conceptual priority over their extensions. Christoph Sigwart wrote 
in an influential logic primer of the period: 


[Some logicians believe] that concepts are gained by abstraction, i.e., by a 
process which separates the particular objects from those by which they 
are distinguished from each other, and gathers the former together into 
a unity. But the supporters of this view forget that, in order to resolve an 
object of thought into its particular characteristics, judgments are neces- 
sary which have for their predicates general ideas ... and as these concepts 
make the process of abstraction possible, they must have been originally 
obtained in some other way ... [To try to] form a concept by abstraction in 
this way is to look for the spectacles we are wearing by aid of the spectacles 
themselves.° 


In this regard, it was often remarked that predicative concepts can 
be directly converted into a species of ‘concept-object’, as when we 
frame the abstract object motherhood from the everyday trait ... is 
a mother. 

In mid-century, the German geometer Karl von Staudt” tacitly 
relied upon this observation when he proposed an influential pro- 
gramme for converting ‘persistence of form’ considerations into 


2° Christoph Sigwart, Logic, vol. I, trans. Helen Dendy (London: Swan Sonnenschein, 
1895), Pp. 248-9. 

 K. von Staudt, Geometrie der Lage (Nuremberg: Bauer and Raspe, 1847) and 
Beitrage der Lage (Nuremberg: Bauer and Raspe, 1856). 
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more respectable patterns of definitional extension within stand- 
ard geometry. Following the pattern of our motherhood example, 
he observes that we are citing a similar concept-object when we 
speak of the common direction of two parallel lines. That is, start- 
ing with the relational concept ‘x is parallel to line L,’, logic allows 
us to speak instead of an abstract object ‘the direction of line L,’. 
Von Staudt then made the remarkable suggestion that these com- 
monplace concept-objects could serve as adequate replacements for 
Poncelet’s ‘points at infinity’ — we simply let the direction of L, 
become the missing ‘point’ that sits at the far end of L,. In an allied 
vein, he suggests that we convert ‘x maps to y under a right-handed 
overlapping involution’ into a concept-object and let it replace one 
of the missing complex points that serve as the centres of this invo- 
lution (he utilizes ‘x maps to y under a left-handed overlapping invo- 
lution’ to instantiate the other missing centre). 

Historically, the suggestion that concepts-treated-as-objects 
could be substituted in place of otherwise problematic entities was 
quite unprecedented in mathematical practice,” but, once this unex- 
pected pill was swallowed, von Staudt found he could rationalize all 
of projective geometry’s manoeuvres through a straightforward, if 
tedious, programme of redefinition. The trick is to amalgamate the 
new concept-objects into the old world of geometry by redefining 
our old geometrical notions to suit the new elements. Thus we must 
redefine the original Euclidean notion of ‘lying upon’ (call it ‘lies 
upon,’) so that our new ‘points at infinity’ can be meaningfully held 
to ‘lie upon,’ the line L, (obviously, no concept-objects can lie upon, 
L, if ‘lies upon,’ is understood in the old sense). This process of care- 
fully crafted redefinition must be repeated several times before von 
Staudt can work his way to the full conceptual world needed within 
extended geometry. Observe that von Staudt’s programme employs 
simple concept-objects directly as replacements for the entities 
sought, rather than collecting together infinite equivalence classes 
in Dedekind’s manner. In fact, the infinities Dedekind’s technique 
blithely evokes were often rejected as extravagant by critics in this 


22 Hans Freudenthal, ‘The impact of von Staudt’s foundations of geometry’, in 
P. Plaumann and K. Strambach (eds.), Geometry — von Staudt’s Point of View 
(Dordrecht: Reidel, 1981). Mark Wilson, ‘Frege: The Royal Road from geometry’, 
in William Demopoulos (ed.), Frege’s Philosophy of Mathematics (Cambridge, 
Mass.: Harvard University, 1995). 
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period.?3 Although Frege himself employs extensions in his own 
constructions, he may have originally intended to utilize simpler 
concept-objects in von Staudt’s manner (I’ll suggest how in the next 
section]. However this may be, Frege discusses the ‘direction of L,’ 
case in §§64-8 of the Grundlagen (as well as the concept von Staudt 
substitutes for the ‘line at infinity’) without remarking upon their 
utilization within the prior geometer’s work (with which Frege was 
undoubtedly familiar). 

As noted above, in performing these extension element introduc- 
tions, we must carefully circumscribe the concepts employed so that 
the requisite number of new objects will be engendered in the con- 
version to concept-objects. Thus there should normally be exactly 
two complex points acting as the centres of an overlapping invo- 
lution. Von Staudt distinguishes between right-hand and left-hand 
mappings simply as a trick for getting this ‘object count’ to come 
out properly. Frege’s worries about the proper ‘criterion of identity’ 
for a specific class of ‘objects’ are closely tied to sharp mathematical 
demands such as this. 

We might observe that von Staudt’s approach and Dedekind’s 
share a common theme: they both return to the original motives 
that inspired the introduction of the extra elements and search for 
the evaluative concepts that sparked such postulation. Thus the 
points at infinity were inspired by the evaluative concept ‘x is par- 
allel to y’, for we evaluate lines L, and L, as meeting in the same 
infinite point only if L, and L, are parallel to one another. Both men 
then construct a suitable ‘logical object’ from the evaluative con- 
cept highlighted: von Staudt proposing that we replace a point at 
infinity by ‘the direction of L,’ while Dedekind’s approach suggests 
that the set {L|L is parallel to L,} be employed. 

As Frege conceptualized these issues, the evaluative concepts 
selected must adequately serve as the core of the ‘recognition judge- 
ments’ that indicate how our newly introduced elements display 
their handiwork within concrete mathematical circumstances 
(according to the philosophy ‘by their fruits, you shall know them’). 
Furthermore, the highlighted judgements must embody proper 
standards of identity for their corresponding concept-objects. 


23 Harold Edwards, ‘The genesis of ideal theory’, Archive for the History of the Exact 
Sciences, 23 (1980), pp. 321-78. 
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visible signature of a point at infinity 
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visible signature of a complex point 


Question: how do we know that we are considering the same points 
at infinity in a given context? Answer: only if the lines with which 
they are associated lie parallel to one another. Question: how do we 
determine whether (2, 5 + \15) represents the same ideal factor as 
(3, 3 + v15)? Answer: only if they satisfy the same divisibility tests 
for the regular numbers in the base ring. 

As other essays in this volume make evident, there has been much 
contemporary philosophical interest in a revived ‘neo-logicism’ that 
attempts to base all invocation of ‘abstract objects’ upon unsupple- 
mented ‘recognition judgements’ similar to the ‘Hume’s Principle’ of 
Grundlagen, §73. 1 doubt that such a programme would have enjoyed 
Frege’s philosophical imprimatur, for his central intention in high- 
lighting ‘recognition judgements’ in the Grundlagen is to isolate the 
precise traits that earlier mathematicians had utilized in their vague 
appeals to ‘persistence of form’. As such, these evaluative concepts 
merely provide the raw material with which a proper program for 
introducing the desired objects in an absolute logicist fashion might 
begin. The notion that claims like Hume’s principle alone could con- 
stitute an adequate method for handling questions of mathematical 
existence would have almost certainly struck Frege as an unhappy 
return to the methodological vagaries of earlier times.”4 


PLUCKER’S RECARVING OF CONTENT AND 
THE CONTEXT PRINCIPLE 


There was a particular recasting of von Staudt’s work in an alge- 
braic vein that drew much attention during Frege’s student days at 
Gottingen. It merits a brisk survey here, for it potentially casts a 


24 Crispin Wright and Bob Hale, The Reason’s Proper Study (Oxford: Oxford 
University Press, 2004). 
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revealing light upon many of Frege’s puzzling claims about his cel- 
ebrated but obscure ‘context principle’. This technique carves out 
simple ‘concept-objects’ in von Staudt’s manner through reversing 
the direction of functionality within target mathematical claims. 
For technical reasons, Frege eventually employed equivalence class 
constructions in the Grundlagen, but the discussion preceding often 
suggests a sympathy for the ‘reversing functionality’ approach. This 
technique was developed in the early 1870s by the mathematicians 
Otto Stolz and Felix Klein,’ following the percepts of their teacher, 
Julius Pliicker, often regarded as ‘the father of algebraic geometry’ 
today. Pliicker had introduced a revolutionary perspective into the 
subject by carving up previously understood ‘geometrical contents’ 
in novel ways. In so-called ‘homogeneous coordinates’ (see any col- 
lege geometry text}, the equation of a planar straight line assumes 
the form Ax + By + Cz = 0. When we first consider this equation, 
we naturally regard the list of constants [A,B,C] as acting upon the 
range of variability (x,y,z). That is, we read the equation as claiming 
that the function [A,B,C] carves out the range of points (a,b,c) that 
lie upon a common straight line. But what happens if we instead 
hold a specific point (a,b,c) fixed and allow let the erstwhile [A,B,C] 
‘constants’ to vary, i.e., we consider the reversed equation Xa + Yb + 
Zc = 0? Here we let ‘(a,b,c)’ act as the function which then carves out 
a range of lines [A,B,C]. In fact, the locus of this new ‘range’ com- 
prises a natural geometrical entity: it represents the pencil of all 
lines running through (a,b,c), whose individual rays are now distin- 
guished by the varying ‘line coordinates’ [A,B,C]. To highlight these 
symmetries better, we might rewrite the claim that ‘point (a,b,c) lies 
upon the line [A,B,C]’ as ‘[A,B,C]"(a,b,c) = o’ where standard matrix 
multiplication is employed. Then, according to whether we select 
the [] block or the (} block as open to variation, we will parse our 
original proposition as representing the actions of distinct ‘unsat- 
urated’ functions acting upon distinct ranges of saturated ‘objects’ 
(borrowing Frege’s terminology from ‘On concept and object’). From 
this point of view, a given curve can be carved with equal justice 


> Otto Stolz, ‘Die geometrische Bedeutung der complexen Elemente in der ana- 
lytischen Geometrie’, Mathematische Annalen, 4 (1871); Felix Klein, Elementary 
Mathematics from an Advanced Standpoint: Geometry (New York: Dover, 1941). 
See my ‘Ghost World’ in M. Beaney and E. H. Reck (eds), Gottlob Frege: Critical 
assessments of leading philosophers (London: Routledge, 2005), vol. III, pp. 157-75. 


402 MARK WILSON 


into either the union of its range of points or the intersection of its 
range of tangent lines, depending upon the direction of function- 
ality chosen.” Readers of the Ricketts chapter in this volume will 
note the immediate affinities of this Plickerian point of view with 
Frege’s own thinking upon ‘range’ and ‘variation’. 

The older geometer’s work inspired a large number of contem- 
poraneous attempts to reconfigure geometrical intuition by carving 
space into various choices of primitive ‘elements’. The most famous 
of these investigations was Sophus Lie’s ‘sphere geometry’, but Frege 
himself worked upon a decomposition where the ‘elements’ were 
pairs of points treated as fused unities.27 Such examples provide a 
concrete (and rather startling) significance to Frege’s frequent asser- 
tions that propositional contents can be ‘carved up’ in unexpected 
ways, €.g. 


[Instead of putting a judgement together out of an individual as subject and 
an already previously formed concept as a predicate, we do the opposite and 
arrive at the concept by splitting up the content of a possible judgement 
... [T]he ideas of these properties and relations are [not] formed apart from 
objects: on the contrary they arise simultaneously with the first judgement 
in which they are ascribed to things.”® 


Returning to relative logicism, Stolz and Klein applied Pliicker’s 
‘recarving of content’ point of view to von Staudt’s extension ele- 
ment programme in an interesting fashion. When we treat the 
‘(a,b,c)’ piece of ‘[A,B,C]™(a,b,c) = 0’ as a function, we find that no 
triple beginning with a zero (i.e. (0,b,c}) will carve out a true pencil 
of intersecting lines — the various lines whose coordinates [A,B,C] 
algebraically satisfy ‘[A,B,C]"(o,b,c) = o’ will run parallel to one 
another, rather than sharing a common point. Ah ha, Stolz and 
Klein recognized, isn’t this exactly the algebraic feature we require 
in a point at infinity? So why don’t we redefine our old ‘(a,b,c) lies 
upon, |A,B,C]’ claim so that (o,b,c) becomes meaningfully permitted 


>6 If we write down a formula with respect to the line coordinates [A,B,C] belong- 
ing to a curve, we typically get a new equation: the ‘point equation’ x3 — y*z = 0 
converts to the ‘line equation’ 4X3 + 27Y?Z = o. The latter formula reveals singu- 
larities that we might not have noticed in its ‘point equation’ garb. The striking 
revelations possible through functional recarving probably made a deep impres- 
sion upon Frege’s philosophical thinking. 

27 Frege, ‘Lecture on the geometry of pairs of points in the plane’, in CP, pp. 103-7. 

28 Frege, ‘Boole’s logical calculus’, in PW, p. 17. 
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to lie upon, [A,B,C]? We only need to guarantee that we set up the 
right number of new ‘points’ when we proceed in this way (the 
trick is to follow the ‘recognition judgement’ that (o0,a,b) and (o,c,d) 
qualify as the same ‘point’ if and only if they are exact multiples 
of one another). In other words, through a mixture of Pliickerian 
recarving and definitional extension, we extend the reach of the 
expression ‘[A,B,C]"(a,b,c) = o’ to cover point at infinity situations. 
Utilizing allied tricks with involutions, Stolz and Klein handled 
the complex points nicely as well. 

Many of Frege’s characteristic remarks about ‘recognition judge- 
ments’ and ‘contextual definition’ fit the Stolz/Klein techniques 
closely. We first extract suitable concept-objects out of a family of 
claims through reversed function recarving and then expand these 
assertions into a fuller range by installing identity conditions upon 
these new ‘objects’ through suitable ‘recognition judgements’. In 
this regard, Frege elsewhere remarks that, if we wish, the complex 
geometrical points could be introduced as the (finite) ‘commonal- 
ities’ between an arbitrary circle C and any line L not intersecting 
C.2° Since many distinct circle/line pairs correspond to the same 
imaginary points, we face the problem of finding a ‘recognition 
judgement’ that will resolve when (C, L) and (C*, L*) represent the 
same complex points. It is only because addressing this question dir- 
ectly proves a bit tricky that most geometers favour involution map- 
pings as the canonical means for introducing the complex points. 

It is quite conceivable that Frege began the Grundlagen with a 
plan to introduce the integers through an allied ‘functional recarv- 
ing’ pattern. Begin with the claim ‘Concept C maps in 1-1 fashion to 
C,’, where C,, is some canonical concept that, logically, is satisfied by 
exactly n members (for 0, such a canonical concept could be ‘x # x’). 
Now reverse the direction of the functionality within our mapping 
claim to obtain ‘The concept-object corresponding to “maps in 1-1 
fashion to C,,” belongs to concept C’ (or, more briefly, ‘the number 
belonging to C,, belongs to the concept C’). ‘Hume’s principle’ will 
then serve as the requisite ‘recognition judgement’ that determines 
whether two of these newly introduced ‘numbers’ qualify as the same 
or not. Under this approach, we do not require infinite Dedekind-style 


2» Frege, ‘On a geometrical representation of imaginary forms in the plane’, in 
CP, p. 2. 
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sets, but only simple concept-objects obtained through functional 
reversal. 

However, closer analysis shows that such ploys can only supply 
context-dependent ‘objects’ that qualify only as ‘incomplete sym- 
bols’ in Bertrand Russell’s sense and cannot behave as the entirely 
self-sufficient manner that naive Pliicker-like thinking first sug- 
gests. Many commentators have noted that Frege’s deliberations in 
the Grundlagen take an abrupt turn in §68, when, without prepara- 
tion, extensions suddenly enter the scene.*° If Frege had originally 
expected to apply a Plticker-like strategy to his numbers but recog- 
nized their ‘incomplete symbol’-like features by the time he came to 
§68, his initial friendliness towards ‘definitions in context’ and his 
stress upon ‘Context Principle’ recarvings of content would appear 
better motivated. Such a mid-stream shift in strategy would explain 
his puzzling remark in §68: 


I believe that for ‘extension of the concept’ we could simply write ‘concept’. 
But this would be open to the two objections: 


1. that this contradicts my earlier statement that individual numbers are 
objects, as is indicated by the use of the definite article in expressions 
like ‘the number two’ and by the impossibility of speaking of ones, 
twos, etc. in the plural, as also by the fact that the number constitutes 
only an element in the predicate of a statement of number; 

2. that concepts can have identical extensions without themselves 
coinciding. 


lam, as it happens, convinced that both these objections can be met; but to 
do this would take us too far afield for present purposes. I assume that it is 
well known what the extension of a concept is.3" 


Certainly, Plticker-like recarvings provide a more vivid application 
for Frege’s Context Principle than do the equivalence class tech- 
niques he actually adopts (in the latter, the existence of the needed 
‘logical objects’ must be established through axiom V-like postula- 
tion, rather than simple ‘conceptual recarvings’). 

I hasten to add that it is hard, on the basis of the available texts, to 
establish that Frege ever had such a strategy in view. I have devoted 


3° Michael Dummett, Frege: Philosophy of Mathematics (London: Duckworth, 
1991). 

3 Translated by J. L. Austin as The Foundations of Arithmetic (New York: Harper 
and Row, 1960), p. 80. 
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a fair amount of space to these precedents because (1) given his own 
mathematical work and training, Frege was plainly aware of these 
proposals and (2) Pliickerian examples cast a potentially revealing 
light upon his often elusive remarks about ‘propositional content’. 

With respect to the latter, the recarving techniques suggest that 
modern geometers continue to traffic in the same fixed realm of 
Euclidean facts as the ancients, but over time that original domain 
has become progressively recarved into ever richer ranges of novel 
geometrical objects (i.e., the holistic ‘propositional content’ of the 
underlying facts do not alter under the recarvings, but their onto- 
logical parsing adjusts considerably). From this point of view, science 
should not regard a proposition’s ‘objective content’ as altered even 
when its surface expression gets reconfigured in quite unexpected 
ways. Such themes emerge in Frege’s writings in a variety of ways. 
For example, he often argued that, insofar as objective science was 
concerned, a holistically conceived proposition does not lose its ‘sci- 
entific content’ if it loses (or gains) some ‘intuitive garb’ it had previ- 
ously displayed (or lacked). In his earliest mathematical work, Frege 
experimented with methods for aligning claims about the (affine) 
complex points on a plane with imagery comprised of entanglements 
of 3D lines above the plane. The purpose of this exercise was to 
associate an artificial ‘intuitive presentation’ with the claims about 
the complex point facts. Frege did not regard the ‘propositional con- 
tent’ of the original claims as altered by this annexation; the sup- 
plementation was viewed merely as a convenient tool to help the 
geometer reason more easily about the ‘unintuitive’ matters at hand. 
In §26 of the Grundlagen, Frege describes two imaginary creatures 
whose limited projective ‘intuitions’ correspond to different aspects 
of geometrical reality in classic ‘inverted spectrum’ fashion: 


Over all geometrical theorems they would be in complete agreement, only 
interpreting the words differently in terms of their respective intuitions. 
With the word ‘point’ for example, one would connect one intuition and 
the other another. We can therefore still say that this word has for them an 
objective meaning, providing only that by this meaning we do not under- 
stand any of the peculiarities of their respective intuitions. 


32 Frege, ‘Imaginary forms in the plane’ in CP. J. L. Coolidge, The Geometry of the 
Complex Domain (Oxford: Clarendon Press, 1924), surveys the history of allied 
investigations. 
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Once again the implication seems to be: insofar as scientific com- 
munication is concerned, their sundry theorems traffic in the same 
‘objective content,’ despite the different intuitive trappings in which 
the two creatures privately cloak these ‘contents’. 

Such considerations suggest the following picture of truth in 
mathematics. Within Euclidean geometry, the original fixed set of 
holistic facts is delivered to us through Kantian ‘intuition’, although 
the modern geometer can displace these original ‘intuitive presenta- 
tions’ at will and supplement the geometrical domain with sundry 
‘logical objects’. Arithmetic, at first blush, seems to have its funda- 
mental contents supplied by intuition in an allied way, but closer 
analysis shows that numbers secretly serve as purely logical evalua- 
tors and can be safely applied to any subject matter whatsoever. (I’ll 
enlarge upon this reasoning in the next section.] 

However, Frege’s writings are not sufficiently explicit upon many 
of these issues although they all constitute natural responses to the 
scientific dilemmas of his time. Modern commentators frequently 
discuss Frege’s notions of ‘propositional content’ in a manner decou- 
pled from the rather radical methodological policies that he adopts 
within his own mathematical projects. I suggest that this policy of 
divorcement may overlook vital clues to his actual thinking. 


ABSOLUTE LOGICISM 


This essay has been largely devoted to the thesis of relative logi- 
cism as an account of how long-established mathematical domains 
might spawn satellite ‘logical objects’ to aid in understanding 
the original setting. Absolute logicism, as advocated by Frege and 
Dedekind, claims that various traditional mathematical domains 
can themselves be regarded as comprised as ‘logical objects’ engen- 
dered by the need to understand the structure of non-mathematical 
realms.3+ Once again, such doctrines were not spawned by philo- 
sophical musings alone, but by a mathematical need to understand 


33 GI, p. 35. He presumes that these hypothetical individuals do not ‘intuit’ any of 
the metrical characteristics that break the formal duality between planar ‘line’ 
and ‘point’ for the likes of us. 

34 Frege also insisted that our ‘numbers’ must be directly applicable to math- 
ematical situations as well, for we want to gauge the size of various collections of 
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more precisely the range of cases in which number-like evaluators 
could be profitably employed. 

For example, the regular complex numbers can nicely compute 
how repeated rotations will compose within a plane (if we can inde- 
pendently manipulate an adjustable rod to reach positions a and b 
through operations A and B, where will the rod reach if operation 
B is applied after A? Answer: a.b). Can we find more general com- 
plex number-like gizmos that can capture three-dimensional move- 
ments in a comparable vein? Such research led to the sundry ‘dual 
numbers’, quaternions and allied number-like systems that were 
widely studied in Frege’s era (such inquiries have become import- 
ant once again in the context of modern robotics}. Alternatively, 
one might try to tackle these representational problems by apply- 
ing the regular complex numbers in unexpected ways. In fact, in 
early works Frege experimented with grading a restricted class of 
functional representations correlated with infinitesimal rotations 
in this fashion, somewhat in the manner of Sophus Lie. Frege’s 
interest in the application problem for the various number systems 
may have emerged from these background concerns: under what 
conditions can a calculus historically devised for purpose # be suc- 
cessfully transferred to novel purpose @? And the natural answer 
suggests itself: only if a certain logical structure within the local 
realm of traits under consideration is present. One can ascertain 
this vein of thinking most clearly in Frege’s approach to the real 
and complex numbers. Although he never completed the intended 
developments, Peter Simons’ has supplied a plausible delineation of 
how the scheme would have worked: a real number r is treated as an 
evaluator of a given property P*’s position within a linearly ordered 
family of properties P. More explicitly, to claim that ‘a is 7 metres 
long’ indicates that ‘a possesses that length property L* which occu- 
pies the mth place within a broader family of length traits <Z£, L,, 
Abut>, where this collection represents the smallest family of traits 
that contains L, (= the property of having the same length as the 


‘natural numbers’ through the application of these very same ‘numbers’ (Russell’s 
type-based ‘number’ constructions, notoriously, could not do this). 

35 Frege, ‘Methods of calculation based upon an extension of the concept of quality’, 
in CP, pp. 56-92. 

36 Peter Simons, ‘Frege’s theory of real numbers’, History and Philosophy of Logic, 
8 (1987), Pp. 25-44. 
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standard metre bar in Paris) and is also closed under end-to-end 
composition (L,,; represents the length property framed when two 
objects possessing length properties L; and L, are abutted end-to- 
end). Considering m as a concept-object that marks a property’s pos- 
ition within such a relational family, m gets identified with the set 
of all quadruples <P*, #, P,, R> that can be mapped onto a canonical 
non-empty family of properties constructed with logical materials 
alone (Frege would have employed his already defined integers to 
build up (and complete) a suitable canonical family of fraction-like 
properties). 

Prescinding from these technical complexities, the natural num- 
bers serve as logical evaluators of the cardinal size of a concept C, 
whereas the real numbers evaluate its comparative position within 
a linear family C of related concepts (if such a family is pertinent to 
C). Our philosophical task in setting up the sundry number systems 
is to elucidate the underlying logical basis for the relevant evalu- 
ation of the concept C and to then employ some method for pro- 
viding logic-based concept-objects able to capture the assessment 
under review. We are thereby adopting the same basic methodology 
as pertains within geometry’s circumstances, but our real number 
evaluations needn’t rest upon any underlying range of intuitively 
supplied facts comparable to those required in geometrical assess- 
ment, simply because only the logical structure of the family € is 
wanted for their applicability. Thus we obtain an absolute logicism 
for the number systems that is impossible within geometrical cir- 
cumstances. In rejecting the support of Kantian ‘intuition’ for his 
number systems, Frege conformed to opinions commonly shared by 
investigators then exploring the application range of number-like 
evaluators. 


AXIOMATIC POSTULATION 


Until 1900 or so, von Staudt’s programme was commonly regarded 
as providing the ‘right explanation’ for why the strange exten- 
sion elements could be legitimately added to traditional geometry, 
although few studied his techniques in detail simply because the 
work involved was so tedious. However, this methodological con- 
sensus vanished virtually overnight with the rise of the axiomatic 
approach followed by David Hilbert and his school. Under their 
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approach, Euclidean and projective geometry become regarded as 
‘implicitly defined’ quite independently by their own parochial col- 
lections of axioms, leaving the question of their interrelationships 
to be determined by now standard model-theoretic techniques (‘Can 
a model .M of the Euclidean group be extended to frame a projective 
model M*?’, etc.). If so, von Staudt’s tiresome stagewise construc- 
tions can often be avoided: if you think that Euclidean geometry 
might be better understood in a system with imaginary points, 
directly specify axiomatically the richer structure you desire and 
then indicate how Euclidean geometry can be profitably embedded 
within it. Don’t waste your time trying to construct what you seek 
out as strange and improbable concept-object slicings of your ori- 
ginal domain.’ The almost instantaneous popularity of this new 
point of view drove von Staudt’s method of relying upon ‘recog- 
nition judgement’-based concepts into intellectual oblivion. Post- 
Hilbertian commentators often sarcastically dismissed von Staudt’s 
efforts as motivated by antiquated, ‘extra-mathematical’ demands 
upon mathematical existence, not unlike the criticisms of Frege 
considered at the head of this article. In this vein, the irrepressible 
E. T. Bell wrote: 


In proving that geometry could, conceivably, get along without analysis, 
von Staudt simultaneously demonstrated the utter futility of such a parth- 
nogenetic mode of propagation, should all geometers ever be singular 
enough to insist upon an exclusive indulgence in unnatural practices.3* 


Essentially, Hilbert’s appeals to independent axiomatization pro- 
vided a fresh methodology for rigorously implementing the philoso- 
phy of ‘free creativity’ enunciated earlier: mathematicians are free 
to cook up any internally consistent realm they please, unfettered 


37 This is the policy recommended in O. Veblen and J. W. Young, Projective Geometry 
(Boston: Ginn, 1910). To be sure, many of von Staudt’s techniques will return as 
methods of constructing extensions to old models, but the relative logicist sugges- 
tion that they capture the ‘recognition judgements’ that conceptually prompted the 
enlargements is abandoned. In this same regard, Hilbert helped to popularize the 
modern employment of Dedekind’s ideals within algebra, without any pretension 
that the equivalence classes somehow ‘abstract’ from the original domain. 

38 E. T. Bell, The Development of Mathematics (New York: McGraw-Hill, 1940), p. 349. 
Allied attitudes are expressed, in a more philosophical context, in the two histori- 
cal articles reprinted in Ernest Nagel, Teleology Revisited (New York: Columbia 
University Press, 1982). 
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by foundational tethers to more familiar mathematical territory. As 
Hilbert wrote Frege in a celebrated exchange: 


Of course I must also be able to do as I please in the matter of positing char- 
acteristics; for as soon as I have posited an axiom, it will exist and be ‘true’ 
... If the arbitrarily posited axioms together with all their consequences do 
not contradict one another, then they are true and the things defined by 
these axioms exist. For me, this is the criterion of truth and existence.*9 


As a relative logicist, Frege would have been heartily opposed to 
‘formalism’ of this ilk. 

Despite these obvious differences in philosophical attitude, 
Frege’s tone in his exchanges with Hilbert and Hilbert’s amanuen- 
sis A. Korselt often seems excessively harsh, as if Frege were writing 
from a conservative and antiquated geometrical methodology that 
he does not adopt within his own mathematical work. Perhaps our 
ruminations on relative logicism suggest some deeper reasons for 
his unhappiness. In his 1898 lectures on geometry,*° Hilbert claims 
that his attention to subgroups of axioms allows us to ‘diagnose the 
structure of our spatial intuition’. he had in mind situations such 
as the following. A certain restricted group of non-metrical axioms 


39 E.-H. W. Kluge (ed.), On the Foundations of Geometry and Formal Theories of 
Arithmetic (New Haven and London: Yale University, 1971), p. 12. 

4° D. Hilbert, David Hilbert’s Lectures on the Foundations of Geometry 1891-1902, 
ed. M. Hallett and U. Majer (Berlin: Springer, 2004). Hallett’s editorial comments 
are particularly helpful. 
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§ about points and lines within 3D space are sufficient to establish 
the 2D claim known as Desargues’ theorem: 


If two triangles are placed so that the straight lines connecting correspond- 
ing sides meet in a point, then the points of intersection of corresponding 
sides will lie upon a common line. 


Essentially, the relevant proof proceeds by collapsing the 3D upper 
diagram of a triangle projected from one plane into the 2D situation 
displayed in the lower half of the illustration. But Hilbert proved the 
surprising fact that a purely 2D analog of the facts ¥ could not logic- 
ally force the truth of Desargues’ theorem alone. Results of this 
type instantly made Hilbert’s work widely celebrated and Frege’s 
reluctance to extend him any credit for his discoveries seems quite 
uncharitable. Some of Frege’s discomfort may trace to the fact that 
Hilbert’s conception of ‘logically forces’ is tacitly first-order in nature 
(more or less), whereas Frege’s basic approach to ‘logic’ tolerates the 
liberal invocation of extra ‘logical objects’, whether they arise as 
abstracted sets or as Pliickerish recarvings. But from the recarving 
point of view, the dimensionality of the plane is not a fixed matter, 
for a plane will change its dimensions if it is carved into circles 
as its primitive elements rather than points. Starting within a 2D 
group of facts %, it might be possible to devise extra ‘logical objects’ 
through recarving that will permit a reinstatement of the standard 
3D proof of Desargues’ theorem. From this point of view, Hilbert’s 
claim that Desargues’ theorem is ‘logically independent’ of the 2D 
§¥ group may lack clear significance. In his final essay on geometry, 
Frege attempted to render greater justice to Hilbert’s independence 
results. As various commentators have observed,*! that essay artic- 
ulates what is, in effect, a model-theoretical account of first-order 
logical consequence. This similarity does not show that Frege him- 
self has adopted a modern ‘semantic approach to logic’, it is more 
likely that he remained loyal to the nineteenth-century traditions 
which had assumed that ‘logic’ must somehow validate appeals to 
novel ‘objects’ of a ‘direction of line L,’ variety. 

To the modern reader, this old-fashioned appraisal of logic’s ‘cre- 
ative’ capabilities may seem startling, as we no longer expect that 
‘logic’ alone can erect mighty layers of supplementary ‘objects’ 


4t William Demopoulos, ‘Frege, Hilbert, and the conceptual structure of model 
theory’, History and Philosophy of Logic, 15.2 (1994), pp. 211-25. 
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above an originally limited domain. But this limited ‘first order 
view’ of logic’s capacities did not become canonical until the 1930s 
and Frege’s underlying objections to Hilbert’s point of view may 
trace tacitly to this divergence. 

After 1904, Hilbert hoped that the consistency and completeness 
of his free-standing axiomatic schemes could sometimes be estab- 
lished by elementary means (otherwise, the direct construction of 
a suitable model was required).47 But Kurt Gédel’s famous second 
incompleteness theorem showed that the consistency ofa sufficiently 
rich axiomatic system can be authenticated only if the consistency 
of some yet stronger theory is assumed. So the problems that origin- 
ally bedevilled the naive ‘free creativity’ thesis return again: how 
can we ascertain that our ‘free creativity’ does not depend upon an 
inconsistently described structure? In light of the unavailability of 
elementary checks upon consistency, modern mathematical ortho- 
doxy has settled upon the following resolution: mathematics is 
free to study any subject that can be legitimated as a well-defined 
class within the set theoretical hierarchy. This view can be called 
set theoretic absolutism, for it makes reduction to set theory the 
final arbiter of mathematical existence. Although such ontological 
absolutism represents ‘official policy’ today, some mathematicians 
and philosophers (who often don’t like set theory much) harbour 
in their bosoms opinions closer to naive ‘free creativity’: mathem- 
atics should be free to study the properties of any self-consistent, 
free-standing construct. But we currently lack any well-developed 
philosophy of mathematics that can support this hope (which seems 
to rely upon an unsupported faith that Dirichlet Principle-like prob- 
lems will never visit us again). In these respects, we are still con- 
fronted with the same task of reconciling ‘safe procedure’ with ‘free 
creativity’ that had troubled Frege and the other relative logicists of 
the nineteenth century. 


# Hilbert was never one-sided in his thinking and served, in fact, as a great advocate 
for algebraic construction in Dedekind’s vein. He could have readily accepted that 
there might be natural mathematical objects (‘differentiable manifolds’) that can 
be readily constructed but are not easily captured within an axiomatic frame. 

4 First written 1998; rewritten 2008. Thanks to Jeremy Avigad, Bill Demopoulos, 
Michael Friedman, Jeremy Heis, Penelope Maddy, Tom Ricketts, Jamie Tappenden 
and Michael Thompson for their helpful comments. 
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11 Frege and Hilbert 


INTRODUCTION 


Between 1897 and 1902, there took place a brief correspondence 
between Frege and Hilbert, consisting of four letters from Frege, 
and two letters and three postcards from Hilbert.! It centres on 
Frege’s reactions to Hilbert’s classic Grundlagen der Geometrie, 
first published in 1899, and Hilbert’s restatements in his letters to 
Frege of the foundational positions which that work, sometimes 
only implicitly, embodies.? Despite the obvious richness of common 
purpose between Frege and Hilbert, the correspondence is espe- 
cially instructive because of the strong disagreements expressed. 
For example, the two disagreed on the form and function of defini- 
tions, the nature, purpose and formulation of axioms, the nature of 
(axiomatized) mathematical theories, the method of independence 


* This is all the correspondence which is extant. It is published in Frege, 
Wissenschaftlicher Briefwechsel, ed. G. Gabriel, H. Hermes, F. Kambartel, F. 
Kaulbach, C. Thiel and A. Veraart (Hamburg: Felix Meiner, 1976), with English 
translations in PMC, E.-H. W. Kluge (ed.), Gottlob Frege on the Foundations of 
Geometry and Formal Theories of Arithmetic (New Haven and London: Yale 
University Press, 1971), and also M. Resnik, Frege and the Philosophy of 
Mathematics (Ithaca: Cornell University Press, 1980). I will refer to the letters 
just by dates; they can then be found easily in any of the works containing them. 

> -D. Hilbert, ‘Grundlagen der Geometrie’, in Festschrift zur Feier der Enthtillung 
des Gauss-Weber-Denkmals in Gottingen (Leipzig: B. G. Teubner, 1895). Hilbert’s 
Grundlagen is henceforth cited by its famous nickname, the Festschrift, to distin- 
guish it from Frege’s Grundlagen. The Festschrift went through six further edi- 
tions in Hilbert’s lifetime, and has experienced eight more since Hilbert’s death. 
The original edition has recently been republished as ch. 5 of Hilbert’s Lectures 
on the Foundations of Mathematics and Physics, ed. M. Hallett and U. Majer, 
vol. I: David Hilbert’s Lectures on the Foundations of Geometry, 1891-1902 
(Heidelberg, Berlin and New York: Springer, 2004). 
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proofs in geometry, the role and form of consistency proofs and 
the nature of mathematical existence. Many of the articles of dis- 
agreement, especially those on axioms and independence proofs, 
also reveal or underline significant differences in their respective 
conceptions of logic. Frege followed the correspondence with two 
polemical, and wider-ranging, articles} on similar or related themes, 
Hilbert himself having apparently declined Frege’s suggestion that 
their exchange of views be published.* These two papers help to fill 
out the picture on Frege’s side, first by restating Frege’s opposition, 
and then by presenting his insights into the formal structure of 
Hilbert’s position. Especially important are Frege’s attempts in his 
second article to render central results of Hilbert’s project as read 
through his own system. 

The issue of who was right and who wrong is a complex one, 
and it is not the purpose of this paper to attempt any final judge- 
ment; rather, its point is to discuss one of the central disagree- 
ments, namely the importance (as Frege saw it) of fixed reference. 
At the root of Hilbert’s foundational investigation was a way of 
regarding mathematics which distanced mathematical theories 
themselves from fixed interpretations of them, an approach which 
Frege found incoherent. One of the points I will try to bring out is 
that Frege struggled with what he saw as philosophical difficul- 
ties which others, e.g., Dedekind and Hilbert, saw as simply intrin- 
sic to the nature of mathematics. Hilbert not only absorbed this 
point, but turned this ‘difficulty’ into a powerful methodological 
tool, and, in doing so, effected a transformation in the conception 
of mathematics. 

This, of course, is not the whole story. On many points of formu- 
lation, Frege was clearly in the right, and in effect pushed Hilbert 
for answers, not least on questions of logical formulation, answers 
which were not forthcoming until much later, if at all. And just as 


w 


Frege, ‘Uber die Grundlagen der Geometrie’, Jahresbericht der deutschen 
Mathematiker-Vereinigung, 12 (1903), pp. 319-24, 368-75, reprinted in Frege, 
Kleine Schriften, ed. Ignacio Angelelli (Hildesheim: Georg Olms Verlag, 1967), 
pp. 262-72; and Frege,‘Uber die Grundlagen der Geometrie’, Jahresbericht der 
deutschen Mathematiker-Vereinigung, 15 (1906), pp. 293-309, 377-403, 423-30, 
reprinted in Kleine Schriften, pp. 281-323. Hereafter GG 1903 and GG 1906 
respectively. 

See GG 1903, p. 319. 
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importantly, Frege’s later considered reactions to Hilbert’s study of, 
and approach to, geometry served to emphasize formal elements in 
his own conception of logic which make it seem a lot closer to the 
modern conception than might at first be thought. But these must 
be topics for another paper. 


I DEFINITIONS AND THE FIXING OF REFERENCE 
1.1 The purpose of definitions for Frege 


Frege takes over ‘the traditional notion of axioms’ (see, e.g., GG 
1906, p. 295); to employ his mature terminology, axioms are true 
Thoughts, and hence must have a determinate sense and a deter- 
minate reference (truth-value}. According to the doctrine enunci- 
ated in ‘On sense and reference’, sentences/propositions express 
Thoughts, and a sentence/proposition can only have a truth-value if 
all the terms in it have a fixed reference. Thus, as he says to Hilbert, 
the ‘axioms, basic laws, theorems’ 


. ought to contain no word and no sign whose sense and reference or 
whose contribution to the Thought expressed does not already stand 
fully fixed, so that there is no doubt as to the sense of the proposition, of 
the Thought therein expressed. It can only be a question of whether the 
Thought is true, and then on what its truth rests. (Frege to Hilbert, 27 
December 1899.) 


Axioms and basic laws are distinguished from theorems in that 
they neither can be proved nor are in need of proof,* conversely, 
whatever can be proved from more fundamental principles should 
not be taken as an axiom,’ Intrinsic to the foundational project for 
Frege (certainly in his treatment of arithmetic) is the search for, and 
establishment of, the ultimate ground on which the given truths 
rest. Frege seems to have thought that there are really only two 
fundamental sources of truth in mathematics: logical truth, which 


5 As is the case with all the non-English quotations given here, the translations are 
my own unless otherwise explicitly noted. 

° See GI, end of §3. 

7 Though see M. Dummett, ‘Frege and the consistency of mathematical theories’, 
in Frege and Other Philosophers (Oxford: Clarendon Press, 1991), p. 10. 
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grounds arithmetic in the widest sense, and geometrical intuition, 
which grounds geometry.’ As Frege says to Hilbert, the axioms of 
geometry 


are true, and however are not proved because the knowledge of them flows 
from a completely different source from that of logic, a source which one 
can call intuition of space. (Frege to Hilbert, 27 December 1899} 


Whatever the source of truth of the primitive principles, the logical 
system will ensure that truth flows down to all the theorems. 

Definitions play an important role in this. Their first function is 
to provide a reference for terms which apparently have none: 


I divide the totality of mathematical propositions into definitions and the 
remainder (axioms, basic laws, theorems). Every definition contains a sign 
(an expression, a word) that before had no reference, and which acquires 
one only through the definition. (Frege to Hilbert, 27 December 1899.) 


After the definition has been set down, there corresponds to it a triv- 
ial truth (in the language expanded to contain the previously empty 
sign), i.e., the proposition expressing the equivalence between the 
sign defined and the expression giving its sense and reference.° 
However, the stress on reference fixing alone does not fully cap- 
ture the importance of definitions in Frege’s project. In his late 
‘Logic in mathematics’, Frege distinguishes two kinds of defini- 
tions. The first is what he calls ‘constructive definition’, where a 
new sign is introduced, and given sense and reference, by stipu- 
lation. This kind of definition is strictly speaking unnecessary, 
but in practice indispensable. The second kind is what Frege calls 
‘analytical definition’, where the meaning of a sign with ‘a long- 
established use’ is analysed and this meaning is (re)constituted 
from simpler (known) meanings. Frege then remarks that it would 
perhaps be better not to call analytic definitions definitions at all, 
since the equivalence stated has more the nature of an axiom than 


8 Incidentally, Frege never challenges Hilbert’s choice of axioms, but rather their 
formulation, what they can be considered as saying. 

2 See GI, §67. 

© Frege, ‘Logik in der Mathematik’, in Nachgelassene Schriften, ed. H. Hermes 
et al. (Hamburg: Felix Meiner, 1969), pp. 219-70; see also E. Reck and S. Awodey, 
Frege’s Lectures on Logic: Carnap’s Student Notes, 1910-14 (LaSalle, Ill.: Open 
Court Publishing Company, 2005). 
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an ‘arbitrary stipulation’. Moreover, where analysis furnishes a clear 
sense in place of an uncertain, vague or informal one, the estab- 
lished sign can be regarded de facto as new, whereby the ‘analytical 
definition’ becomes a constructive one." From what was said above 
about the nature of the Fregean foundational project, it is clear that 
analytical definitions have an essential purpose, for they show how 
to render provable central propositions which before the analysis, 
and subsequent definition, were not so. Hence, they form a central 
part of the search for a genuinely fundamental level. This kind of 
definition corresponds to what Frege in the Grundlagen calls ‘fruit- 
ful definitions’. The two sorts of definition go hand in hand. In GG 
1906, p. 303, Frege writes: 


The proper meaningfulness of definitions lies in the logical construc- 
tion out of urelements. And because of this, one could not dispense with 
them even in such a case [where mutual understanding is guaranteed]. The 
insight into the logical structure which definitions afford is not only in 
itself valuable, but it is also a condition for the insight into the logical link- 
age of truths ... The intellectual activity which leads to the setting-up of a 
definition can be one of two kinds, analytical or constructive, just like the 
activity of the chemist, who either analyses a substance into its elements 
or combines given elements into a new substance. In either case, one sees 
the synthesis of a substance. Likewise, one can also here achieve some- 
thing new through logical construction, and set down a sign for this. 


Examples of the employment of analytical definitions can be 
found in Dedekind’s work,® and, unsurprisingly, their role is canon- 
ically illustrated by Frege’s Grundlagen, where analysis succeeded 
by constructive definition is at the heart of the procedure. The con- 
cepts of following in an R-series for any relation R (the R-ancestral), 
number and successor generally, some of the individual numbers, 


™ See Frege, ‘Logik in der Mathematik’. For discussion, see M. Dummett, ‘Frege and 
the paradox of analysis’ in Frege and Other Philosophers, pp. 17-52; E. Picardi, 
‘Frege on definition and logical proof’, in Atti del Congresso Temi e Prospettive 
della logica e della filosofia della scienza contemporanee. Cesean 7-10 gennaio 
1987 (Bologna: CLUEB, 1988), vol. I, pp. 227-30. 

” See GI, p. ix, and then §4. 

R. Dedekind, Stetigkeit und irrationale Zahlen (Braunschweig: Vieweg und Sohn, 

1872), translated in W. Ewald (ed.), From Kant to Hilbert, 2 vols. (Oxford: Oxford 

University Press, 1996), pp. 765-79; and Dedekind, Was sind und was sollen die 

Zahlen: (Braunschweig: Vieweg und Sohn, 1969), translated in W. Ewald (ed.}, 

From Kant to Hilbert, pp. 787-833. 
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then natural number generally, are all defined after suitable ana- 
lysis. The basic arithmetical laws (essentially, the second-order 
Peano axioms) are then proved (in second-order logic}, making fun- 
damental use of Hume’s Principle (HP): 


VE.G|NKF = NxG @ F = G| (HP] 


where ‘NxF’ is a term-forming operator which takes any sortal con- 
cept F and assigns it an object, its number, and where ‘F = G’ is a 
defined notion. The conceptual role of HP is discussed in the next 
section. 

The epistemological importance of ‘fruitful definitions’ for 
Frege is therefore clear, given their obvious role in revealing genu- 
ine axioms and genuine (direct) denotations. Definitions construct 
denotations out of urelements, and therefore they ensure that the 
only objects referred to in the (reconstructed) theory are those expli- 
citly dealt with or introduced by the assumptions at the outset, in 
the process revealing logical path to the fundamental assumptions 
and thus ‘the logical linkage of truths’. It follows that the semantic 
role of definitions is fundamental, for in deriving the basic princi- 
ples of arithmetic from purely logical ones, the fixity of reference 
secured through definitions is absolutely necessary, since reference 
must be secured to the right sort of things. Clearly there is an elem- 
ent of convention as to the choice of objects (primitives) to be used 
in the definitions, particularly the definition of number. Extensions 
are primitive in the Grundlagen, though value-ranges of functions 
are taken as primitive in the Grundgesetze. The important things, 
though, are: (i) what Frege sees as logical objects must be chosen; 
and (ii) reference is fixed to those objects. We will return to these 
points. At the moment it is important to realize why the reference- 
fixing role of definitions is stressed so heavily in Frege’s letter 
to Hilbert. 

In his Grundgesetze, Frege devoted considerable attention to a 
careful statement of what is required of correct definition. In the 
first volume,"4 there is a short section (§33], referred to in Frege’s let- 
ter to Hilbert of 27 December 1899, which sets out in sober fashion 
various criteria for proper definition. This section concerns, not def- 
inition in the wider sense, but rather what is permissible as correct 


™ Gg, vol. I. 
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definition with respect to the fundamentals of the system set out 
in this first volume. However, the second volume" contains a more 
expansive, and certainly more polemical, discussion of definition. 
(The key sections are §§56-67.) Here the emphasis is on definition of 
‘sharply delimited concepts’, and indeed §56 begins: 


A definition of a concept (possible predicate) must be complete; it must 
unambiguously determine, for every object, whether it falls under the con- 
cept (whether the predicate can be truly asserted of it) or not. There can 
be no object for which, according to the definition, it remains doubtful 
whether it falls under the concept, even though it may not always be pos- 
sible for us humans with our defective knowledge to decide the question. 


Unique definitions are important, to avoid ambiguity of reference; 
and Frege also declares firmly against partial or piecemeal defini- 
tions. Frege sees the gradual widening in the nineteenth century of 
the number concept, and the subsequent redefinitions, as running 
counter to these strictures. He admits that the ‘scientific progress’ 
which was behind such widening rendered piecemeal definitions 
perhaps ‘unavoidably necessary’. But he goes on to say that, prop- 
erly speaking, old signs or terms should have been supplemented 
or replaced by new ones, instead of the use of the old signs to serve 
a new, divided purpose, and indeed ‘logic demands this’, the reluc- 
tance to introduce new signs being ‘the cause of many unclarities in 
mathematics’ (§58). He goes on: 


All the more must it be stressed that logic cannot recognise as concepts 
conceptually similar formations which are still in flux, and which have 
not yet received final and sharp boundaries. 


A second (putative) definition of the same term either draws the same 
boundaries, in which case we do not have a new definition, but rather 
an assertion which has to be proved, or it does not, in which case we 
did not have a definition in the first place. Moreover, these piecemeal 
definitions are never final (‘for who can know if we have arrived [with 
such a definition] at a finished proposition?’), and, Frege says: 


Without final definitions, one does not have final theorems. We never 
emerge from vacillation and unfinishedness. (§61) 


's Gg, vol. II. 
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If it is never clearly fixed exactly what is being talked about, then it 
is simply not clear what is being asserted. For Frege, 


[In] mathematics, a word without fixed meaning has no meaning at all. 
(GG 1906, p. 303] 


He also argues against ‘conditional definitions’, for example, a def- 
f 


inition of the form ‘If a,b are numbers, then “a + b” denotes ...’. 
Frege states: 


But the addition sign is only defined when the meaning of every possible 
combination of signs of the form ‘a + b’ is determined, whatever meaning- 
ful proper names one sets in for ‘a’ and ‘b’."° 


In other words, under conditional definitions, generally clear 
answers to arbitrary questions of identity (‘Does a = b?’) will not be 
theoretically available, and the central condition for defining a con- 
cept, namely that the definition assigns ‘sharp boundaries’ to the 
concept, cannot be fulfilled. 

The concern with proper definition which is expressed so force- 
fully in the second volume of the Grundgesetze of 1903 is in fact 
clearly foreshadowed in the philosophical difficulties with referen- 
tial indeterminacy with which Frege grapples in his Grundlagen, 
and these in turn explain much of Frege’s central criticisms of 
Hilbert’s Festschrift. Let us turn now to Frege’s work. 


1.2 Failing to define the concept of number 


The project pursued in the Grundlagen was to show that arithmetic 
is analytic by showing how it can be deduced from second-order 
logical laws and definitions. Frege’s analysis of arithmetical state- 
ments results in the claims that numbering (e.g., in the assertion 
of certain canonical numerical statements such as ‘Jupiter has four 
(Galilean) moons’) consists in the assignment of anumber-object (say 
four) to a sortal concept (‘Galilean moon of Jupiter’). It follows that 
there must be a concept, Number, which has the numbers falling 
under it, and that there must also be a general principle governing 


6 [bid., §65. 
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the association of number-objects with concepts. Frege isolates HP 
(pp. 4-18) as that general principle, but what about the concept of 
Number with which HP is implicitly concerned? As Frege says 
(Grundlagen, §4), in the attempt to reduce the fundamental propos- 
itions of number theory to general logical laws, 


above all it is the concept of number which must be either defined or rec- 
ognized as indefinable, and that is the central problem of this book. On its 
solution rests the decision as to the nature of arithmetical laws.” 


Frege dismisses the idea that the numbers can be ‘given to us’ dir- 
ectly as individuals through any special intuition. We have there- 
fore the question (§62): 


How, then, are numbers to be given to us, if we cannot have any ideas or 
intuitions of them? 


Frege goes on immediately to reiterate the famous Context Principle, 
previously set down in the Introduction (p. x): 


Only in the context of a sentence does a word mean anything. Thus it will 
be a matter of defining the sense of a proposition in which a number word 
appears. (§62) 


It is precisely at this point in the Grundlagen that Frege suggests 
(for discussion) HP as a means of following the Context Principle 
for the number terms and thus indirectly specifying the concept 
Number. Following Frege’s analysis, ‘number words’ must stand 
for ‘self-subsistent objects’, and this means that a crucial type of 
sentence involving number words must have a sense, the ‘recogni- 
tion’ or identity sentences. But this use of HP ‘raises at once certain 
logical doubts and difficulties, which ought not to be passed over 
without examination’ (§63). The central doubts are well known. 
The notion of identity HP uses is the general notion of identity 
which (for Frege) can be applied to all objects. This means that 
the object terms ‘NxF’ are to be considered not only in pairs flank- 
ing an identity, as in ‘NxF = NxG’, but also in combination with 


17 In §21, Frege states part of his task to be ‘to assign to Number its proper place 
among our concepts!’ 
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terms for objects otherwise given, as in ‘NxF = a’. And for these, HP 
assigns no truth-conditions. This gives rise to the famous ‘Julius 
Caesar Problem’. But what this amounts to, as will become clear 
from the later discussion of definitions in the Grundgesetze, is that 
the concept of number is not properly fixed by HP since its exten- 
sion is not fixed. 

Frege’s reaction in the Grundlagen confirms this. With respect to 
the analogy he develops for directions and straight lines, he says: 


Naturally no one will mistake England for the direction of the Earth’s axis, 
but that is not due to our definition. That says nothing as to whether the 
sentence 
‘the direction of a is identical with q’ 

is to be affirmed or denied if g is not given in the form ‘the direction of b’. 
What we lack is the concept of direction; for if we had this, then we could 
determine that: if g is not a direction, our proposition is to be denied; if g 
is a direction, our original definition will decide. (§66.) 


So, in the analogous case, we lack the concept of number, which 
means that HP fails to introduce that concept, to define it. The 
problem is not stated in quite this way in the Grundlagen, but it 
amounts to this, since the question of whether the (extension of 
the) concept Number is definite (has sharp boundaries) is just the 
question of whether we can assign a truth-value to any statement of 
the form AF[a = NxFx] whatever object a is. Frege’s statement of the 
Julius Caesar problem is just the claim that HP alone fails to assign 
these truth-values. 

There is a second aspect of referential indeterminacy relevant 
here. The difficulty is hard to state, but Frege seems nevertheless 
moved by it. Even if the extension of the concept of number had 
sharp boundaries, it is not possible to tell from HP alone which 
among the objects the numbers are, i.e., what distinguishes, char- 
acterizes a number object from among all other objects. HP itself 
says nothing about this. This fact is brought out starkly by Boolos’s 
reformulation’ of HP as 


Af VEG f(F)=f(G) oF =G (HP function) 
8 See G. Boolos, ‘Is Hume’s principle analytic?’ in R. Heck (ed.), Language, Thought 


and Logic: Essays in Honour of Michael Dummett (New York and Oxford: Oxford 
University Press, 1997), pp. 245-61, here pp. 253-4. 
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where ‘f’ stands for a function from concepts to objects, or even 
Boolos’s equivalent principle Numbers 


VFAIAVG[Gynx @ F x G| (Numbers) 


both of which involve an explicit pure existence assertion instead of a 
term-forming operator. It is clear from this that nothing is said about 
what kind of object satisfies the function or object quantifier. 

The point is presaged at the very beginning of the Grundlagen. In 
the opening sentence, Frege raises the question of what the number 
one is, and supposes that we normally get as answer, ‘Why, a thing’. 
He dismisses this answer, among other reasons, since 


it only assigns the number one to the class of things, but does not state 
which thing it is. 


Having pointed this out, we will perhaps then ‘be invited to 
select some thing or other that will be called one’. Frege goes on 
immediately: 


Yet if anyone had the right to understand by this name whatever he pleased, 
then the same proposition about one would mean different things for dif- 
ferent people; there would be no common content for such propositions. 
(Introduction, p. i} 


The same point surely holds on a much grander scale for HP; people 
could take different objects as the numbers and yet agree on all the 
fundamental truths. We therefore have a second sense in which 
HP generates a problem of indeterminacy. For Frege, of course, this 
is more serious than mere indeterminacy. If HP were taken as a 
primitive truth (axiom) and yet yields no direct knowledge of the 
kinds of things numbers are, then we have no guarantee that the 
numbers are ‘logical’ objects and arithmetic analytic, and not just 
a ‘special science’, like hydrodynamics or atomic theory. This is a 
difficult and murky point in Frege, and sometimes the difficulty 
seems to slide over into the Caesar problem. Nevertheless, there is 
a real question here. In short, from Frege’s point of view, HP can- 
not be an adequate definition of numbers and hence not of the con- 
cept of Number. Frege’s central objections to Hilbert’s claim to have 
given definitions of the geometrical primitives via his axioms are in 
fact very similar to these objections to the use of his own putative 
axiom, HP, as a way of ‘introducing’ numbers. 
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1.3 Frege’s criticisms of Hilbert on definitions 
and axioms 


Hilbert’s Festschrift begins by stating that ‘[w]e think of three 
different systems of things’ which are designated ‘points’, ‘lines’, 
‘planes’, and these ‘things’ are taken to be in certain relationships to 
one another designated by the terms ‘lie on’, ‘between’, ‘parallel to’ 
and ‘congruent’ (of line segments}, etc. It is the axioms which give 
the ‘complete and precise description’ of these relationships (see p. 
4). Here ‘precise and complete description of these relations’ is not 
meant to be a claim that the axiom system is complete in the sense 
in which we now understand that term, but rather it merely serves 
to state that, as far as operation with the theory goes, the properties 
of, and relations between, the primitives are just those stated in, 
or derived from, the axioms. The axioms come in five groups: inci- 
dence (I); order (II); (Euclidean) Parallels (III) (before and after the 
first edition of the Festschrift, IV); congruence (IV) (resp. III); and 
continuity (V). (In the first edition, there is just one continuity 
axiom, the Archimedean Axiom; in subsequent editions, Hilbert’s 
Completeness Axiom is added to this.) Each group supposedly 
‘expresses certain basic and connected facts of our intuition’ (p. 4). 
Hilbert goes further, claiming that the axioms of II (order) ‘define 
the [primitive] concept “between” (p. 6], and those of IV ‘define’ 
the notion of congruence (p. 10). Hilbert’s use of the term ‘define’ 
in this context was a source of great agitation for Frege. But, before 
we come to this, let us try to make it a little clearer what is behind 
Hilbert’s deliberate, if easily misunderstood, choice of term. 

The Festschrift was immediately preceded by an extensive course 
of lectures on Euclidean geometry, given in Géttingen in 1898/9. 
Notes for these lectures exist both in Hilbert’s own hand and also 
as an official record of the lectures of textbook quality prepared by 
Hans von Schaper.” In his own notes for the 1898/9 course, Hilbert 


’? Both are published in full in ch. 4 of Hallett and Majer (eds.), Lectures. The offi- 
cial record was ‘published’ in seventy copies in March 1899, and the Festschrift 
itself in June 1899. The former was prepared largely for the use of the students in 
the course, but it was widely distributed. Frege certainly saw it, indeed Heinrich 
Liebmann’s copy, for in a letter to Liebmann of 29 July 1900, Frege thanks him for 
the loan of the work, and says that he is returning it. Although the material of the 
lectures and that of the book are very closely related, there are striking differences 


Frege and Hilbert A425 


says clearly that in his axiomatisation of geometry, the primitive 
terms ‘point’, ‘line’, ‘plane’, ‘between’, ‘congruent’, and so on at first 
have no meaning at all in themselves. As he puts it: 


We take points, lines and planes as elements. Thus, there is a system of 
things which we call points and which we denote by A, B, C, ... , and 
another and respectively a third system of things which we call lines (a, b, 
c, ... )and planes (a, B, y, ... }. Points, lines, planes are just terms for things; 
we associate with these no intuitions and no further properties. System 
given, i.e., one can distinguish each one from the others A = B.?° 


Thus, it is just postulated that there exist domains (‘systems’) for 
the different sorts of thing,?' and beyond this Hilbert is clear that 
the axioms, and the axioms alone, assign whatever properties are to 
be assumed to be possessed by the things of the ‘systems’, and what- 
ever relationships there are between the systems and their mem- 
bers. In the official record, Hilbert states: 


We should not allow ourselves to be misled by the names [‘points’, ‘lines’, 
‘planes’] chosen, and ascribe to these things geometrical properties ordin- 
arily associated with them. At this juncture, all we know is that each 
thing of one system is different from every thing of the two other systems. 
These things obtain all their other properties from the axioms.” 


It is in just this context that Hilbert makes the following remark in 
the Introduction to his lectures in 1898: 


I want to stress the main barrier to th[e] comprehension [of the lectures]. 


between the two, not least since the lectures are more discursive than the mono- 
graph, and a great deal more expansive philosophically. For further details, see my 
Introduction to the lectures in ibid., ch. 4, and also that to ch. 5, which contains 
the 1899 edition of the Festschrift. It should be emphasized that, despite import- 
ant differences, the lectures and the monograph represent essentially identical 
points of view as far as the foundations of geometry are concerned. 

20 TD. Hilbert, Grundlagen der Euklidischen Geometrie, lecture notes for a course 

held in the Wintersemester of 1898/9 at the Georg-August Universitat, Géttingen 

(G6ttingen Niedersachsische Staats- und Universitatsbiblithek, 1898/9), p. 9, in 

Lectures, p. 224. 

See also, e.g., D. Hilbert and P. Bernays, Grundlagen der Mathematik, 1st edn 

(Berlin: Julius Springer, 1935), vol. I, pp. 1-2. 

2 TD. Hilbert, Elemente der Euklidischen Geometrie, Ausarbeitung by Hans 
von Schaper of Hilbert’s lecture notes 1898/9 (see note 21 above) (G6ttingen: 
Niedersachsische Staats- und Universitatsbibliothek and the Mathematisches 
Institut of the Georg-August Universitat, 1899, pp. I-2, in Lectures, p. 303. 
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It takes some effort and watchfulness to abstract constantly from things, 
ideas and intuitions with which one is familiar, and to set oneself back in a 
state of ignorance. To subject oneself to this effort is, however, easier, when 
one clearly recognizes the purpose.?3 


Thus, when using the word ‘point’, one must not associate with it 
the ordinary, informal connotations that this term carries: the only 
properties and relations which count are those specified by the axi- 
oms. This is the reason why Hilbert calls his axioms ‘definitions’ 
of the notions, because if anything is to be credited with assigning 
‘characteristics’ to the primitives, it is these axioms.*+ As Hilbert 
says to Frege: 


The definitions (i.e., explanations, definitions, axioms) must contain eve- 
rything, but this said should contain only that which is required for the 
construction of the theory. With respect to my division into explanations, 
definitions, axioms, which together make up the definitions in your sense, 
these certainly contain much that is arbitrary. Nevertheless, I believe that, 
in general, my ordering is serviceable and perspicuous.”s 


2 Hilbert, Grundlagen der Euklidischen Geometrie (1898/9), p. 7, in Hallett and 
Majer, Lectures, p. 223. See also M. Pasch, Vorlesungen tiber neuere Geometrie 
(Leipzig: Teubner, 1882), p. 3, where a similar statement appears. 

It is to be noted that there is another sense in which some of Hilbert’s axioms 
are ‘definitions’. Take Axiom I 5 of the first edition of the Festschrift (I 6 after). 
This says that if two points of a straight line lie in a given plane, then every point 
of that line lies in the plane. This follows directly one of the traditional ‘defini- 
tions’ of what a plane is, namely a plane is a surface such that any straight line 
joining two points of the surface lies wholly within the surface. (See Euclid’s 
Definition 7 in Book 1 of the Elements, in T. L. Heath, The Thirteen Books of 
Euclid’s Elements, 3 vols, 2nd edn (Cambridge: Cambridge University Press, 
1925), vol. I, pp. 153, 171. GaufS was greatly occupied with this definition; see 
Hilbert’s Remark [3] to his own copy of the official record of the 1898/9 lectures, 
and my editorial comments on it in Hallett and Majer (eds.), Lectures, p. 397. It is 
interesting to note that Poincaré states: 


2. 


a 


Sometimes one defines the plane in the following manner: 

The plane is a surface such that all the points of the straight line joining any 
two of its points is always entirely on this surface. 

This definition manifestly hides a new axiom (H. Poincaré, ‘Les géométries 

non euclidiennes’, Revue général des sciences pures et appliqués, 2 (1891), pp. 
769-74, at p. 772). 
Hilbert to Frege, 29 December 1899 (II). The original of this letter is not extant, 
though there are two reports of its contents, a partial copy in Frege’s hand, and 
what the editors of Frege’s correspondence call a ‘concept or partial excerpt’ made 
by Hilbert. See Frege, Wissentschaftlicher Briefwechsel, XX-XXI, p. 65. The two 
reports differ slightly; they will be denoted here by ‘(I)’ and ‘(II)’ respectively. 
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In particular, it follows from this that proofs in the system can only 
draw on the axioms (or previously proved theorems) in constructing 
a new inference; indeed it would make no sense to do otherwise, 
since no other source of knowledge is allowed. 

In the Festschrift, Hilbert only says that certain of the Axiom 
Groups ‘define’ certain of the primitives. But in his correspondence 
with Frege, Hilbert states clearly that the axioms ‘define’ all the 
primitives and moreover that all the axioms are involved in the ‘def- 
initions’, and this is said while protesting about the impossibility of 
giving definitions of the kind that Frege recognizes: 


On the contrary, to wish to give a definition of point in 3 lines is, in my 
view, impossible, since the whole construction of the axioms gives the 
complete definition. Every axiom contributes something to the definition, 
and every new axiom thus alters the concept. ‘Point’ in Euclidean, non- 
Euclidean, Archimedean, non-Archimedean geometry is each time some- 
thing distinct.?° 


Thus, the concepts cannot be treated individually; what can be 
asserted about points, say, is affected by what can be asserted about 
lines, planes, betweenness, congruence and continuity, in other 
words, by the totality of the axioms. In a subsequent letter, the hol- 
ism Hilbert expresses here is even more explicit: 


My view is just this, that a concept can only be logically fixed through 
its relations to other concepts. These relations, formulated in definite 
statements, I call axioms, and thus I arrive at the view that these axioms 
(perhaps with the addition of names for the concepts) are the definitions 
of these concepts. I have not just dreamed up this view recently; rather 
I saw myself forced to it by the demands of rigour in logical argument, 
and by the logical construction of a theory. I came to the conviction that 
in mathematics and in natural science this is the only way to deal with 
subtler things with certainty, since otherwise one just goes round in 
circles.” 


In short, Hilbert expresses the view that the geometrical axioms are 
what determine the extension of the concepts ‘point’, ‘line’, ‘plane’, 
the relations ‘between’, ‘congruent to’, and so on, in so far as any- 
thing determines these. 


26 Hilbert to Frege, 29 December 1899 (I). 
27 Hilbert to Frege, 22 September 1900. 
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It is important to bear in mind the comparison with Frege’s HP 
and its treatment of the numbers, except that with Hilbert there are 
several concepts involved, not just one. Not surprisingly, Frege does 
not accept Hilbert’s procedure. 

First, the definitions given by Hilbert are bound to be conditional, 
one of the (several) definitions of ‘point’ can only be upheld under the 
condition that the axioms specified hold, and Hilbert makes it clear 
that, if different axioms are stated, different concepts of point will 
result. Hence, the concept of point must be relative to the axioms 
chosen. Secondly, it follows from this that Hilbert’s definitions will 
be piecemeal, there will not be one overriding definition of ‘point’ 
which can be appealed to. The result is that there can never be a deci- 
sion (in principle) of the question of whether an alleged point is the 
same as some other object; and no unambiguous answer to certain 
questions, for example, the question of whether, given a straight line 
and a point outside it, there is a unique straight line through that 
point parallel to the given line. Thirdly, the axioms do not fix the ref- 
erence of the basic terms. Hence, they cannot be proper definitions 
for Frege; and this is the point which is most serious for him. 

Let us look at Frege’s objections in more detail. 

Hilbert’s ‘definitional’ procedure must have seemed to Frege hope- 
lessly confused. To say that definitions are given by laying down 
axioms is clearly to get the semantic cart before the semantic horse. 
For Frege, as we have seen, axioms (like basic laws) must be truths. 
Thus, before one can declare something to express an axiom, all the 
terms in it must have a determinate meaning, and consequently one 
must already have performed any defining there is to be done. As 
Frege puts it with respect to the terms ‘point’ and ‘between’: 


If I were to set up your Axiom II 178 as an axiom, then I assume in doing so 
that the meanings of the expressions ‘something is a point on a straight line’ 
and ‘B lies between A and C’ are completely and unambiguously known.” 


Moreover, it is not formally clear how Hilbert’s axioms could be 
definitions in the Grundgesetze sense, since the very terms to be 
defined (‘point’, ‘line’, ‘plane’ and so on) appear in the axioms, i-e., 


8 II 1 says that if A,B,C are any three points of a straight line, and B is between A 
and C, then B is also between C and A. 
20 Frege to Hilbert, 27 December 1899. 
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the statements doing the defining. (Note that HP does not itself con- 
tain the concept term ‘Number’, which allows one to think of it 
as somehow ‘creative’, ‘dividing up the content in a new way’, as 
Frege says in the Grundlagen, §64.) Moreover, as Frege several times 
complains, assuming that Hilbert does succeed in defining ‘point’, 
then it simply is not clear whether he has defined a concept of the 
first-level, under which objects fall, or one of the second-level, under 
which first-level concepts fall.3° 

Frege’s objection can be simply put. A proper definition of the 
concept ‘point’ ought to take the form 


P(x) Sap 00+ Xe 


where the concept being defined, ‘P’, does not appear on the right. 
But then the axioms cannot define ‘point’, for the definition would 
be of the form: 


P(x) Sy A, AAd A+++ AA, 


where A,, A,, ---, A, is a list of some or all of the axioms. This can- 
not be formally correct, since there is no free object variable on the 
right, and furthermore the procedure is clearly circular, since the 
axioms already employ the predicate ‘point’ (and the other primi- 
tives). The axioms on the other hand do contain what Frege would 
call second-level concepts, for some of them attempt to express rela- 
tions between the (first-level) concept ‘point’ and the (first-level) 
concept ‘line’. Thus, whatever is hereby defined cannot be a concept 
of the first level. The same holds for all the primitive concepts and 
relations, and thus also for all the terms which are (properly) defined 
by using them in explicit definition3: That Hilbert’s ‘definitions’ 
are conditional ones is recognized by Frege in his letter of 6 January 
1900. He thanks Hilbert for sending a copy of his lecture on the real 
numbers delivered in Munich in 1899.3? He says: 


From your Munich lecture, I believe I have recognized your plan still 
more clearly ... It seems to me that you want to separate geometry com- 
pletely from intuition of space, and make it a purely logical science like 


3° See Frege’s letter of 6 January 1900 to Hilbert, and then GG 1903, p. 374. See also 
Frege’s letter to Liebmann of 29 July 1900. 

3! Frege gives a full analysis of this in GG 1903. 

3 Published as Hilbert, ‘Uber den Zahlbegriff’, Jahresbericht der deutschen 
Mathematiker-Vereinigung, 8 (1900Aa), pp. 180-5. 
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arithmetic. The axioms, which otherwise ought to be guaranteed through 
intuition of space, and laid at the foundation of the whole structure, are 
now, if I understand you aright, to be carried as conditions in every the- 
orem, not indeed fully expressed, but rather contained in the words ‘point’, 
‘line’, etc.33 


And of course the axioms differ from system to system, even from 
presentation to presentation. 

In sum, combining talk of definition with talk of axioms only 
introduces confusion.4 To Liebmann, Frege was very forthright: 


The axioms supposedly constitute the sole determination of the concept. 
But here we have the monstrosity that not one concept, but three (point, 
straight line, plane), are supposedly defined in this single definition, which 
stretches over a whole signature ... [The axioms] are supposed to help 
define, e.g., the concept of straight line, and at the same time, the term 
‘straight line’ appears in those axioms, and not just this, but also ‘point’ 
and ‘plane’, which themselves are to be defined. 


Frege’s main complaint, though, is that Hilbert’s definitional 
procedures do not yield fixity of reference. For one thing, Frege says 
that in ‘defining’, Hilbert lays down no criteria, no characteristics 
which allow one to tell whether a given object or relation is of the 
right kind. For example, about the treatment of ‘between’, he quotes 
what was said to him about this by his colleague Thomae: 


‘That is no definition, since no characteristic is given through which it can 
be recognized whether the relation between holds or not’. 


He adds his own approval: ‘I, too, cannot regard it as a definition’. To 
Frege’s complaint about laying down ‘characteristics’, Hilbert replies 
that it is just a mater of ‘taste’3” and that one could easily modify his 
axioms to allow in the specification of characteristics: ‘As far as I 
am concerned, you could say “characteristics” instead of “axiom”.’® 
But this clearly does not resolve the problem; in a subsequent letter, 
Frege says: 


33 Frege to Hilbert, 6 January 1900. 

34 Frege to Hilbert, 27 December 1899. 

35 Frege to Liebmann, 29 July 1900. 

° Frege to Hilbert, 27 December 1899. 

37 Hilbert to Frege, 29 December 1899 (I). 
8 Hilbert to Frege, 29 December 1899 (II). 
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I have no idea how, with your definitions, I could decide the matter of 
whether my pocket-watch is a point or not. Even the first axiom»? deals with 
two points. Thus, if I wished to know whether it holds of my pocket-watch, 
I must first of all know of some other object that it is a point. However, 
even if I knew, for example, that my fountain-pen is a point, I still could not 
decide whether my pocket-watch and my fountain-pen together determine 
a straight line, since I do not know what a straight line is.*° 


As Frege says subsequently: 


We get no further by means of this axiom, and so it is with all the axioms. 
When we arrive at the last, we still do not know whether these axioms hold 
of my pocket-watch in such a way that we are justified in calling it a point. 
(GG 1903, p. 370) 


This amounts to saying that Hilbert’s ‘definitions’ do not not lay 
down necessary and sufficient conditions for membership in the 
extension of the concept being defined; they do not specify ‘sharp 
boundaries’. The pocket-watch example is nothing other than the 
Caesar problem: is Julius Caesar/my pocket-watch a point or not? 
Hilbert’s definitional procedure is not in a position to tell us. 

The other indeterminacy problem is also pointed out by Frege: it 
seems that not enough is said to fasten on one extension as the 
proper extension of the concept allegedly being defined. Frege takes 
again the example of Hilbert’s treatment of the term ‘point’: 


One is left in the dark about what you call a point. Initially, one imagines 
that point is meant in the sense of Euclidean geometry, a conviction which 
is strengthened through the statement that the axioms express basic facts 
of our intuition.4! 


But then, continues Frege, on p. 20 of the Festschrift, a point is 
taken to be a pair of numbers taken from a Pythagorean field 0,1? 
so the term ‘point’ now has a meaning different from its intuitive, 
Euclidean meaning. There is thus, from Frege’s point of view, care- 
less ambiguity; in particular, the axioms are no longer what they 


39 Hilbert’s Axiom I 1 says that any two distinct points determine a straight line. 

4° Frege to Hilbert, 6 January 1900. 

4¢ Frege to Hilbert, 27 December 1899. 

#” (, is a minimal Pythagorean sub-field of the reals, which Hilbert uses to con- 
struct a model of the plane part of his whole axiom system. ( is countable, but 
recall that there is no completeness axiom in the first edition (1899) of Hilbert’s 
Festschrift. 
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initially seemed to be, namely Euclidean truths, as is suggested 
(at least to Frege) by Hilbert’s claim that the axiom groups express 
‘certain basic and connected facts of our intuition’. They do not fix 
unambiguously the reference of the primitive terms, and without 
fixity of reference, they are not even truths. Indeed, ‘|flor mathem- 
atics, a word without fixed meaning has no meaning at all’ (above, 
p. 420}, and in the same essay, Frege remarks: 


When something expresses now this Thought, now that, then in truth it 
expresses no Thought at all. (GG 1906, p. 424) 


Frege’s evident frustration with Hilbert’s Festschrift is more 
than understandable. The lack of a clear reference for the primi- 
tives means that Hilbert’s axioms cannot be true Thoughts, and 
are thus quite the wrong thing to take as the fundamental propos- 
itions of geometry. Crucially, we see that at least some of Frege’s 
dissatisfaction with Hilbert mirrors quite closely his own attempts 
in the Grundlagen to introduce the concept of Number using the 
‘axiom’ HP. 

Let us return to Frege and the failure of HP as a form of defin- 
ition. As he says in the Grundlagen (§68): 


Since we cannot in this way [i.e., by using HP] achieve a sharply limited 
concept of direction, and, for the same reasons, not one of number, we shall 
attempt a different path. 


What lies on Frege’s ‘other path’ is explicit definition: the num- 
ber term NxF is now defined as the extension of the higher-order 
concept ‘X is equinumerous with F’. This, of course, is provisional, 
for the Grundlagen has no theoretical treatment of the notion of 
extension. For this reason, among others, the Grundlagen (as Frege 
openly admits, §90} is incomplete, and its central philosophical goal 
consequently unachieved. In particular, without any attempt to 
introduce the concept of extension, there can be no definite solution 
to the problem of referential indeterminacy. The problem is taken 
up again in the Grundgesetze, part of whose purpose is to complete 
the project begun in the Begriffsschrift, and continued so brilliantly 
in the Grundlagen (see Grundgesetze, p. viii). 

In Grundgesetze, instead of an explicit treatment of exten- 
sions, Frege adopts the the primitive notions ‘function’ and ‘value- 
range of a function’, which is meant to be something like the 
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function in extension or the graph of the function. Value-ranges are 
treated theoretically in Grundgesetze (§20) through the infamous 
Law V which says 


V f.glvt; = vr,  Vy(fy = gy) (Law V) 


where ‘f’,’g’ stand for functions (including functions mapping to 
the objects True and False), and ‘vr,’ stands for the ‘value-range of 
the function f’. Concepts can be construed as functions which take 
objects to truth-values, and it is then easy to define extensions. If 
transposed to the language of extensions, Law V would read: 


VF,Glext,; = extc © Vy(FyoGy)| (Law V, extensions) 


Numbers can now be defined explicitly more or less as is done in the 
Grundlagen; i.e., NxF is defined as the extension of the higher-order 
concept G ~ F, everything now being translated into the language 
of value-ranges. 

But does this explicit definition solve the problem of referential 
fixity? 


1.4 Explicit definition and referential fixity 


Clever explicit definition enables us to work with objects without 
expanding the realm of primitives and the list of primitive propos- 
itions; Frege’s work, whatever its other merits, is a hymn to clever 
definition. But Frege was also perfectly aware that one cannot define 
everything, i.e., not the primitives: 


It will not always be possible to define everything properly, precisely because 
we must strive to get back to the logically simple, which, because it is such, 
is not strictly definable. I must therefore be satisfied with indicating through 
hints what I mean. Above all, I must endeavour to be understood. 


But the problem of referential fixity is surely no less serious for the 
primitives than for any other terms, for lack of referential fixity 
among the primitives would mean lack of referential fixity every- 
where, no matter how clever the actual definitions. Hence the stric- 
tures about the meaning of axioms and basic laws so forcefully 
expressed to Hilbert. 


48 Ggl, p. 4. 


434 MICHAEL HALLETT 


Frege addresses this problem by introducing the notion of ‘eluci- 
dation’. Frege writes to Hilbert: 


[Elucidations] are similar to the definitions, in that they are also concerned 
with fixing the meaning of a sign (of a word). But in addition, they contain 
elements whose meaning cannot be assumed as known completely and 
beyond question, perhaps because they are used variously or ambiguously 
in the language of everyday life. In the cases where a meaning is to be 
given to a sign which is logically simple, then one cannot give a definition 
proper, but one must content oneself with fending off the unwanted mean- 
ings which crop up in the use of language, indicating the one intended. In 
doing this, certainly one must always count on a cooperative understand- 
ing trying to hit upon the meaning. Such statements of elucidation can- 
not be used in the same way that the definitions can, because they lack 
the necessary precision. For this reason, as I said, I confine them to the 
forecourt.*4 


Elucidations are thus meant primarily as hints to enable an inter- 
locutor to ‘catch on’, as a means of achieving mutual understanding 
at the fundamental level. They certainly do nothing to reveal the 
‘logical linkage of truths’, if they could be rendered precise enough 
to serve as definitions, then the alleged primitives, to which they 
are addressed, would not actually be primitives. In GG 1906, Frege 
says that an individual researcher doing research ‘just for himself’ 
would not need elucidations. This is in contrast to definitions; even 
if mutual understanding were guaranteed, definitions would still 
be necessary, for these are fundamental in enabling formal proofs, 
the central role of these, after all, is to signpost the route back to the 
primitives and thereby to the primitive propositions. 

The context of the Frege-Hilbert correspondence is geometry, 
and a glance at geometry’s history shows that Frege is following ina 
venerable tradition.45 But Frege’s point is surely much more general. 
If we look at Frege’s own work, it is clear that the initial explana- 
tory sections of Grundgesetze are meant to ensure that the logical 
primitives have a clear meaning, and these sections thus amount 
to extended elucidations. Elucidations, then, are certainly meant 
to push in the direction of fixed reference, as the letter to Hilbert 


44 Frege to Hilbert, 27 December 1899. 
4 This, Ithink, emerges from the extensive discussion in Heath’s edition of Euclid’s 
Elements, vol. 1, pp. 143-51, pp. 155ff.; see also Pasch, Vorlesungen, pp. 16-17. 
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strongly implies. The Grundgesetze itself goes further than this. 
§32 begins: 


Thus, it is shown that our eight original names [for the logical primi- 
tives] have a meaning, and therefore so do all names properly built out of 
them.‘ 


(The context of this passage is set in the discussions taken up in §2, 
below.) Surely, then, if meaning has been fixed at all, it is through a 
process of elucidation. 

There are various problems here, important in the light of Frege’s 
criticisms of Hilbert. Firstly, the confidence Frege expresses in 
Grundgesetze is not consonant with what he says elsewhere about 
the uncertainty surrounding elucidations. Consider this: 


The purpose of elucidations is a practical one, and when this is achieved, 
one must be satisfied. In this, one must be able to bank on good will, on a 
cooperative understanding, on guessing; for without a figurativeness in the 
expression one can often not get anywhere. (GG 1906, p. 301) 


Furthermore, as he says, what distinguishes elucidations from 
proper definitions is that the latter leave nothing to ‘guesswork’. As 
he says: 


[Definitions] also serve the purpose of mutual agreement, but they achieve 
this in a far more complete way than elucidations do, since they leave noth- 
ing to guesswork, and do not need to reckon on cooperative understanding, 
or on good will. (GG 1906, p. 302.}47 


The implication is clear: the elucidations do leave room for ‘guess- 
work’. Moreover, as Frege says in the letter to Hilbert, elucida- 
tions are (necessarily) given in, or imbued with, the ‘language of 
everyday life’, However, one of the very purposes of the extended 
Begriffsschrift project is to circumvent the ambiguities, unclarities 
and misunderstandings that the ‘language of everyday life’ is heir 
to. It seems as if the reliance on elucidation, at least for fixing ref- 
erence, is tantamount to an admission that this circumvention is 
ultimately impossible. How can proper definitions communicate 


46 Gg, vol. I, §32, p. 50. 

47 Incidentally, Frege says that Hilbert’s ‘definitions’ are not elucidations, since 
their ambition is to be the ‘foundation stone of the science’, to ‘serve as premises 
of inferences’, see GG 1906, p. 302. 
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meaning precisely if they ultimately rely on primitives, the fix- 
ity of whose meaning relies on ‘cooperative understanding’ and 
guesswork? This is not necessarily in itself a serious problem, but 
it becomes one in the face of Frege’s insistence to Hilbert on the 
fixity of reference for all terms, even at the level of the primitives. 
Frege’s view for geometry, just as for logic/arithmetic, is that the 
mere choice of primitives and the statement of axioms about them 
is not enough. That is surely one of the central problems with tak- 
ing HP as primitive, and it is also at the heart of Frege’s criticism of 
Hilbert with respect to ‘point’. 

Moreover, is not Frege simply wrong in thinking that the elucida- 
tions can be dispensed with? Even though they play no role in show- 
ing the ‘logical linkage of truths’, their role in fixing reference is 
surely crucial, even for the idiosyncratic practitioner. For what is to 
stop isolated practitioners from associating quite distinct meanings 
to the primitives? And is not this just the problem raised many times 
in the Grundlagen? Without successful elucidation, the whole basis 
for common understanding would thus crumble. (See the examples 
below, pp. 442ff.) Moreover, even with elucidation, Frege is in philo- 
sophical trouble of a different kind, for reliance on elucidation is 
surely reliance on knowledge extra to the system, and this might 
represent a severe danger for the logicist project. 

The philosophical problems occasioned by reliance on elucida- 
tions are not my main concern here, so let us leave these aside and 
return to explicit definition. 


2, PERMUTATIONS 
2.1 The permutation argument 


We have not finished with the Caesar difficulties, and it is import- 
ant to consider in this context §10 of volume I of Grundgesetze, 
a section of vital importance in setting out Frege’s elucidations of 
the logical primitives, an elucidation which is continued in §31 and 
which culminates in the strong declaration of §32 (previous page). 
§10, short as it is, is not one of Frege’s clearest. It also comes 
before the official adoption of Law V (in §20}, though Frege in §9 
does adopt an informal version of Law V by way of an initial explan- 
ation of how to deal with value-ranges. The arguments in §10 and 
in §31 are apparently designed to offer some explanation of the way 
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value-ranges behave in the assignment of truth-values, how technic- 
ally we could treat the truth-value objects, the True and the False, as 
themselves value-ranges, and what values the basic functions (iden- 
tity, the judgement stroke, etc.) would take for what values as argu- 
ments. These convolutions make the passage hard to summarize, 
and I will not attempt a detailed analysis here.*® Rather I want to 
focus on Frege’s new presentation of the indeterminacy argument. 

Frege begins §10 with a statement of the possibility of indeter- 
minacy very similar to the statements of the Julius Caesar prob- 
lem in the Grundlagen, i.e., the indeterminacy problem in its first 
sense, of determining whether an object not given as a value-range 
is identical to one which is so given. Following this statement, Frege 
then, without further preamble, introduces a second indeterminacy 
consideration, a very general statement of the other kind of inde- 
terminacy that arises even when we assume fixed boundaries, i.e., 
the question of which class of things the concept term ‘value-range’ 
picks out. Frege’s argument here was christened by Dummett the 
permutation argument,*? although (in most cases) the important 
thing about the ‘permutations’ involved is that they are one-one 
transformations of the object domain into, and not necessarily onto, 
itself. Suppose, says Frege, that we have a function X(x) from objects 
to objects which is one-one, and suppose we insist on the stipu- 
lation for functions f,g and their value-ranges which Law V (or its 
informal version) lays down, viz., 


vt; = vr, Vy (fy = gy). 
Then 


X(vr,) = X(vr,) > Vylfy = gy) 


must also be true, since X is one-one. The effect of this is as follows. 
Suppose we think that the concept ‘value-range’ picks out a certain 
extension D; the argument shows that (for all Law V can judge}, it 


48 For extensive summaries of §10, see M. Dummett, Frege: Philosophy of 
Mathematics (London: Duckworth, 1991), pp. 209-17, T. Ricketts, ‘Truth-values 
and courses-of-values in Frege’s Grundgesetze’, in W. W. Tait (ed.), Early Analytic 
Philosophy: Frege, Russell, Wittgenstein (Chicago: Open Court Publishing 
Company, 1997), pp. 187-211, and R. Heck, ‘Grundgesetze der Arithmetik I, §10’, 
Philosophia Mathematica, 7 (1999), pp. 258-92. 

4# Dummett, Frege: Philosophy of Mathematics, p. 211. 
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could just as well be the extension X[D] # D which is picked out. 
With this argument, then, Frege seems to recognize the second 
indeterminacy worry explicitly, or it seems that he should have. We 
will return to this point. 

There is a sense in which the general argument Frege gives here 
generates the first worry, too. Suppose we have two value-ranges vr;, 
vr, and a mapping X which takes vr, onto some other object t, but 
leaves vr; unchanged. Then not only is 


vr; = vr, < Vylfy = gy) 


correct according to Law V, but so is 


vr, = X(vr,) <> Vy(fy = gy). 


In other words, from the correctness of Vy(fy = gy), which (we 
assume} is the only principle to which we have access governing 
the ‘identification’ of value-ranges (their ‘recognition’), one cannot 
conclude anything final about the reference of vr;, especially since 
there is no guarantee that the object X(vr,) is a value-range at all, or, 
even if it is, which function generates it 5° 

How does Frege think the indeterminacy of reference which the 
argument threatens can be overcome? 


In this way, that it is determined for each function when it is introduced 
which values it obtains for value-ranges as arguments, just as for all other 
arguments." 


It is clear at this point that he relies on a general version of the 
Context Principle for reference, as Dummett points out, in the 
form: a singular term has a reference if every function which has 
that singular term as an argument has a reference, with the cor- 
responding additional clauses for functions of more than one 


3° So-called abstraction principles such as HP and Law V merely assert the exist- 
ence of separate object representatives for each equivalence class determined by 
the equivalence relation used on the right-hand side of the principle. This means 
that the theoretical work must be done by the selection of a representative from 
the equivalence class, in the case of Law V, some function from the class. In the 
case of, say, the very differently constructed ZFC and the von Neumann ordinals, 
these numbers are selected from within the equivalence class they represent, so 
no such subsequent choice is necessary. 

s* Gg, vol. I, §10. 

s*> See Dummett, Frege: Philosophy of Mathematics, p. 212. 
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argument. (Frege’s use of functions in Grundgesetze means that 
this generalizes the demand that every sentence in which the term 
appears has a truth-value.} He then turns his attention to the func- 
tions introduced hitherto in his system, i.e., the primitive func- 
tions, identity, the horizontal function (the judgement stroke}, and 
the negation function. He correctly observes that what is at issue is 
really only the determination of the truth-values of identity state- 
ments. Law V governs this in the case where both objects referred 
to on either side of an identity are value-ranges, but not in the case 
where at most one of them is. Since, Frege argues, he has up to this 
point merely introduced two kinds of objects, the value-ranges and 
the truth-value objects, and we can simply list the identity condi- 
tions for identity statements involving just the latter, the problem 
reduces to determining the truth-conditions for statements of the 
form ‘vr; = V’ (where ‘V’ stands for one of the truth-value objects), 
in other words, the Julius Caesar problem for value-ranges. He then 
concludes that this problem would not arise were it the case that 
the truth-value objects are themselves value-ranges, for then Law 
V would give the identity conditions. In other words, for Frege, the 
problem apparently arises because there seem to be objects in the 
domain other than the value-ranges, namely (at least) the truth-value 
objects, things which are not given as value-ranges. The problem 
could therefore be solved, as far as Frege is concerned, by showing 
that the truth-value objects are value-ranges. But can they be value- 
ranges, and, if so, which value-ranges are they? 

They are not value-ranges in any intuitive sense; as Ricketts 
makes clear,3 the Grundgesetze simply takes over the view of ‘On 
sense and reference’ that the two truth-values are primitive objects 
denoted by (correctly formed) declarative sentences. But Frege now 
proceeds to argue that they could in fact be identified as value- 
ranges, and that doing so will not violate Law V. To show this, he 
exploits the very permutation argument used previously to state the 
indeterminacy problem. 

The considerations here are somewhat roundabout. If the True 
is indeed the value-range of some function ®, then the truth-value 
of the statement vrg = vr; (for any f) clearly follows from Law V; 
and if the True is not in fact a value-range, the truth-value is also 


33 Ricketts, ‘Truth-values’, pp. 187-8. 
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decided, since it is false, although this cannot be decided by Law V. 
(Frege at this point does not say this.) Suppose now, says Frege, that 
we have two functions ® and ¥, and that there are objects associ- 
ated with ® and ¥, which we denote by @®(a) and #'¥(n) respect- 
ivelys+ We are now free to stipulate that @®(a) = 7¥(n) means the 
same as Va[®(a) = Y(a)], without thereby being in the least able 
to conclude that vrg = G®(a), even though we know that both the 
identities vrg = vry and G@®(a) = H¥(n) mean the same as Va[®(a) = 
Y(a)]. As Frege says: 


We would simply have a class of objects, which have names of the form 
‘"(n)’, and for which the criterion for differentiation and recognition is the 
same one which holds for value-ranges.55 


Frege now invokes the permutation argument. Suppose the truth- 
value objects are denoted by True and False, and suppose we have 
functions A and M which do not always have the same values for 
the same arguments. We can now define a function X(x) as follows: 


HA(n), if x =True 
True, ifx=nA(n) 

X(x)=47M(n), ifx= False (Perm) 
False, ifx=hM(n) 


x, otherwise. 


X is one-one, since A and M are not extensionally equivalent, which 
means that X(@®(q)) = X(i¥(y)) must mean the same as Va[®(a) = 
Y(a)] just as GD(a) = f(y) does. Frege goes on: 


The objects whose names are of the form ‘X(®(n})’ would then be rec- 
ognized by the same means as the the value-ranges, and indeed X(fA(n)) 
would be the True and X(f)M(n)) the False. (p. 17) 


He concludes that, ‘without falling into contradiction’ with Law V 
for value-ranges, 


54 ‘@’ apparently represents some general term-forming operator associating objects 
with functions. 
8s Gg, vol. I, p. 17. 
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it is always possible to stipulate that an arbitrary value-range is the True 
and an arbitrarily chosen different value-range is the False. (p. 17) 


For the sake of definiteness, Frege then chooses to identify the True 
and the False with what we would call their unit classes, i.e., True 
becomes {True}, more correctly in his system, the value-range of the 
horizontal function (the judgement stroke), whereas False becomes 
the value-range of the function f given by: 


True, if x=False 
f(x) = 
False, otherwise. 


Frege’s whole line of argument seems less than perspicuous, but 
the point of repeating its core here is simply to make it clear that 
the example of (Perm) shows that Frege recognizes that there are 
functions X which permute the domain in such a way as to preserve 
the truth-value of the axioms, in this case Law V, and indeed con- 
sciously exploits the fact. The generality of the point is only a whis- 
ker away. As Dummett says: 


a similar argument would defeat any claim to have fixed the reference of 
the primitive vocabulary of any formal language (provided, in the general 
case, that the extensions of the primitive predicates were also subjected to 
the permutation).°° 


And in a footnote, Dummett assimilates Frege’s permutation argu- 
ment to the one used by Hilary Putnam against metaphysical 
realism.” 

Be that as it may; the point I wish to stress is that it seems clear 
that such permutations are really what lie behind many of the other 
arguments from the Grundlagen about failure to fix reference. Thus, 
what Frege consciously exploits here makes explicit what is implicit 
in many of the earlier considerations, and yet does so without rec- 
ognition that the problems raised earlier are not solved. Let us look 
at the examples again. 


6° Dummett, Frege: Philosophy of Mathematics, p. 211. 

87 For a general account of this form of argument, see M. Hallett, ‘Putnam and 
the Skolem paradox’, in P. Clark and S. Read (eds.), Reading Putnam (Oxford: 
Blackwell, 1994), pp. 66-97. 
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2.2 The pervasiveness of permutations 


1. Take the case Frege raises about the number one. Recall that Frege 
is worried about the possibility of there being two different people, 
A and B, who take the term ‘1’ to denote distinct things, a and b 
respectively, and yet agree on the truth-value of all the usual state- 
ments involving the numeral ‘1’. Frege’s point could be put by saying 
that there is a permutation X of the domain of objects M underlying 
A’s interpretation I,, of the terms and sentences, and where X(q} = 
b (with b = a), and where the resulting X[M] (which we can assume 
= M) forms the basis of a new interpretation Ij), which is B’s, and 
which satisfies exactly the same sentences involving reference to 
one as does I. 

2. Now consider the second form of the indeterminacy objection 
stated with respect to HP. Assume that the domain M of objects is 
again given, and that N c M. We can now generalize the situation 
depicted above concerning the number one. Assume that there is 
an interpretation Iy, on the basis of which N is picked out as the 
domain of numbers, and which satisfies HP; now let X be a mapping 
which permutes M in such a way that X[N] # N; the danger now is 
that we can form a new interpretation Ix;,; where X[N] interprets 
the numbers, and where Ij.) satisfies the same sentences about the 
numbers as does Iy, in particular HP. This would mean that HP 
cannot ‘determine’ the reference of ‘Number’. One can dramatize 
this by postulating individuals A, B who base their understanding 
of the numbers on I, and Ix, respectively. Hence, they will both 
take numbers to be objects which are associated with concepts and 
governed by HP, and will thus agree on the truths that follow from 
HP, but clearly will differ about what objects the numbers are. 

3. Consider another, rather different, example, which shows how 
widespread the problem is. In §26 of the Grundlagen, Frege sug- 
gests a somewhat analogous situation in geometry. Suppose we take 
an interpretation I = I, ; », of projective geometry based on three 
domains of objects, points, lines and planes satisfying all the central 
propositions of three-dimensional projective geometry. Now con- 
sider a permutation X on the domains which is such that X[P] = Pl, 
X[P1] = P, but which is the identity map on the lines, ie., X[Z] = L. 
This yields another interpretation I’ = I’yjp), xj1), xj, Which also satis- 
fies all the propositions of the geometry. Now we can imagine, just 
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as Frege supposes, that there are two individuals, A and B such that 
the interpretation generated by A’s intuition is J, and that generated 
by B’s intuition is I’; the same sentences will be satisfied, but the ref- 
erences (unbeknownst to A and B) will be switched. In other words, 
the axioms do not determine the reference of the primitives. Indeed, 
Frege himself even suggests that it is agreement on the axioms and 
theorems which really matters and not the particular nature of the 
reference yielded by the different intuitions. 

4. It might be thought that projective geometry is special, since 
the ‘ambiguity of reference’ which Frege relies on here is really at 
root the projective Duality Principle. But moving from projective 
geometry to the case of Euclidean geometry would not help Frege’s 
case, even though the Duality Principle now fails, for the same 
will hold of any ‘permutation’ which preserves the truth of the 
axioms. Indeed, one example is surely the one which Frege him- 
self is exercised about in his correspondence with Hilbert, i.e., the 
example where Euclidean points are mapped to pairs of elements in 
Hilbert’s O (see note 43), and lines and planes to the right kind of 
linear equations. 

In the case of cardinal numbers, it is not difficult to see that 
the adoption of explicit definition and the call on Law V do not 
really help matters. Frege’s explicit definition fixes the numbers to 
certain value-ranges, and the further elimination of the truth-value 
objects in favour of certain value-ranges implies that it is consistent 
to assume that there are no objects present other than value-ranges. 
This guarantees that the numbers are logical objects, assuming that 
this correctly describes the nature of the value-ranges, so the num- 
bers are thus bound to be the ‘right’ sort of thing. But if the under- 
lying domain of objects is VR, even if the only things in VR are 
value-ranges, there can still be a non-trivial permutation X of VR 
where X[N] = N (N being the collection of Frege natural numbers 
in VR) where all the basic principles hold, Law V, of course, and the 
derived HP, the number operator now being taken to refer to the 
objects in X[N]. 

In short, the possibility of permutations seems to show that, no 
matter where we turn, the axioms (HP, Law V, the projective or 
Euclidean axioms) do not determine the underlying objects. 

The examples are not fanciful. Consider the following, very simi- 
lar case. Assume that the domain of quantification M for objects 
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is fixed to Frege’s satisfaction, and that M contains Frege’s num- 
bers and natural numbers; call these latter 0,,,1 4,2, -.-, collectively 
making up W,,. Let us assume also that » is the mapping on WV, 
which takes each number to its immediate succesor. Assume now 
that there is a permutation X of M such that X(o,,) # oy, and where 
X(o,,) is some arbitrary object not a natural number (Julius Caesar?). 
Then it follows by Dedekind’s Theorem 126 on the definition of 
functions by recursion’® that there is a unique one-one mapping yw 
on W,, satisfying the conditions: 


(a) wIWM] cM = X[M] 
(b)  yloy) = X(oy) 
(c) w(gliy)) = X(w(n,))). 


This shows that the permutation X induces a map on the nat- 
ural numbers which preserves their structure; it follows that the 
sequence 


Nx) = (XOm),X(X(Om)),X(X(X(Oyy))), --- } 


appears just like the numbers. Frege incidentally was in a perfect 
position to prove this, for he actually proves a version of the the- 
orem justifying definition of functions by recursion on the natural 
numbers in GG 1903, Theorem 256.59 

How like the numbers is such a set as Wxj,? Dedekind gives 
a clear answer in article 134 of his Was sind und was sollen die 
Zahlent: 


88 Dedekind, Was sind und sollen die Zahlent. 

‘9 That Frege’s system is in a position to echo Dedekind’s main results should be 
no surprise. Dedekind’s proof follows from the (second-order) principle justifying 
proof by induction; see Theorems 59, 6o. In Frege’s systems (in fact using just 
HP), this is an easy consequence of his definition of the ancestral, a definition 
which is in some ways very similar to Dedekind’s Definition 44 in Dedekind, 
Was sind und sollen die Zahlen:, of the chain of a set A c M under a one-one 
mapping of M onto itself. Dedekind denotes this by A,, which is the smallest 
chain which includes A, i.e., the intersection of all chains including A. It is easy 
to transform Frege’s definition of the ancestral relation xR*y into Dedekind’s def- 
inition of the set A,. First, restrict the Frege definition to functional relations; 
this will then define the class of y ancestrally descended from x, i.e., if we look 
at the class {z : z € F} instead of the concept F. We then consider this for all x € 
A. On the Dedekind side, then consider the condition for any y to be in A,. See 
W. Demopoulos and P. Clark, ‘The logicism of Frege, Dedekind, and Russell’, in 
S. Shapiro (ed.), Oxford Handbook of Philosophy of Mathematics and Logic (New 
York: Oxford University Press, 2005), pp. 129-65, especially pp. 140-1. 
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every theorem about the numbers, i.e., about the elements n of the simply 
infinite system N [here W,,] ordered by the mapping q, and indeed every 
such proposition in which we leave entirely out of consideration the special 
character of the elements n and discuss only such concepts as arise from 
the arrangement 9g, possesses perfectly general validity for every other sim- 
ply infinite system © [here Wx;,,] ordered by a mapping 6 [here X restricted 
to x;y] and its elements v, and that the passage from N to 0 (e.g., also the 
translation of an arithmetical theorem from one language into another) is 
effected by the mapping y.© 


(wy is the map in effect given by ny, X ... X (oy) .) Dedekind points 
out that natural number systems in effect form an equivalence 
class, and that any member of the class will satisfy all the same 
arithmetical theorems. One thing that therefore follows from 
Dedekind’s isomorphism theorem is that the genuinely true sen- 
tences about natural numbers are the ones which are true which- 
ever representative is chosen from the equivalence class of simply 
infinite systems, and not those which allude to ‘the special char- 
acter of the elements n’. Thus, a sentence like ‘o = a’, where ‘a’ 
stands for the particular value-range which Frege gives as the def- 
inition of o (Grundgesetze, §40) will only be made true by some of 
the simply infinite systems.* Thus, if {0,,T 2m) ---» Oy ---} are the 
Frege numbers in a domain of value-ranges ruled over by Law V, 
then, according to Dedekind’s characterization of simply infinite 
systems, {Iy,2m, --- (2 + I)y, -..| must be a simply infinite system 
of objects (satisfying Law V, of course) satisfying all the right the- 
orems and where Frege’s ‘1,’ now plays the role of the least element, 
i.e., zero. But note that this zero will not satisfy the sentence ‘o = a’, 
since Frege’s 1,, is not that element.” 

To summarize, Frege saw the possibility of these transform- 
ations X as giving rise to a kind of indeterminacy, to which both his 
Grundlagen and Grundgesetze attempt responses. The Grundgesetze 
is to some extent reconciled to ‘permutations’, and indeed exploits 


6° Dedekind, Was sind und sollen die Zahlen?, §134. 

% Cf. R. Heck, ‘The Julius Caesar objection’, in R. Heck (ed.), Language, Thought 
and Logic: Essays in Honour of Michael Dummett (Oxford and New York: Oxford 
University Press, 1997), pp. 273-308, at p. 290. 

° The generality of Dedekind’s point does not quite come through in Frege’s setting. 
If one insists that all objects are in fact value-ranges, then ‘All natural numbers 
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them. Yet it is clear from Dedekind’s analysis that not all of 
the indeterminacy which Frege saw as undesirable is removed in 
the Grundgesetze framework. Dedekind, on the other hand, saw the 
possibility of ‘permutations’ as simply a fact about central mathem- 
atical theories, even ones which (as we would put it now) are cat- 
egorical. Thus, he takes it that a condition on a correct account 
of mathematics is that it be based on this fact, and should not 
seek to avoid it. Any representative of the appropriate isomorphism 
class will do, and Dedekind saw it as a mistake to attempt to fix 
reference over and above the satisfaction of the basic axioms (one 
is tempted to say characteristic axioms) in the way that Frege appears 
to want. In a letter to Weber of 23 January 1888, Dedekind says the 
following: 


This is precisely the same question that you raise at the end of your let- 
ter in connection with my theory of irrationals, where you say that the 
irrational number is nothing other than the cut itself, while I prefer to 
create something new (different from the cut) that corresponds to the cut 
and of which I say that it brings forth, creates the cut. We have the right 
to ascribe such a creative power to ourselves; and moreover, because of 
the similarity of all numbers, it is more expedient to proceed in this way. 
The rational numbers also produce cuts, but I would certainly not call the 
rational number identical to the cut it produces; and after the introduc- 
tion of the irrational numbers one will often speak of cut-phenomena with 
such expressions, and ascribe to them such attributes, as would sound in 
the highest degree peculiar were they to be applied to the numbers them- 
selves. Something very similar holds for the definition of cardinal number 
as a Class; one will say many things about the class (e.g., that it is a system 
of infinitely many elements, namely, of all similar systems) that one would 
attach to the number (as a deadweight) only with the greatest reluctance. 
Does anybody think, or will he not gladly forget, that the number four is a 
system of infinitely many elements? (But that the number four is the child 
of the number three and the mother of the number five is something that 
nobody will forget.}® 


are value-ranges’ will come out to be true in all the simply infinite systems, even 
though it will clearly not be an arithmetical truth in Dedekind’s sense. 

6 R. Dedekind, Gesammelte mathematische Werke, vol. III, ed. Robert Fricke et al. 
(Braunschweig: Friedrich Vieweg und Sohn, 1932), pp. 489-90; for an English 
translation, see Ewald, From Kant to Hilbert, p. 835. 
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It is of some importance to point out that Dedekind certainly 
was concerned with fixity of reference in Frege’s ‘fixed boundar- 
ies’ sense; something like the Caesar problem is what lies behind 
his concern with ‘intruders’ (‘non-standard elements’), and he uses 
the results mentioned above to show that his account of natural 
number solves it. This is made strikingly clear by a long passage 
(Article 6) in Dedekind’s famous letter to Keferstein of 2 February 
1890: Dedekind emphasizes that the very notion of the chain of a 
set A under the mapping 9 [i.e., A,) is designed to show that there 
cannot be things among the natural numbers which ought not to 
be there. Indeed, it is just this definition which leads easily to the 
second-order Principle of Induction, and it is this Principle which in 
turn leads to Theorems 126 and 132 showing that any two systems 
satisfying the number axioms must be isomorphic. But Dedekind 
solves the intruder/Caesar problem in a relative way: ‘intruders’ are 
not present only because there can be nothing there which is not 
related in the right way to the distinguished element, not because 
there is something inappropriate about them as objects. Frege, of 
course, also proves corresponding results,® but it is not so clear why 
he proves them, in particular it is not clear that his purpose was to 
contribute to a solution of Caesar indeterminacy.” 

Dedekind’s view seems to have been more that it is matter of 
expediency and good mathematical practice not to give direct defi- 
nitions of the Frege kind, consequently that a correct account of 
mathematics ought to take this into account. What is new with 


64 See R. Dedekind, ‘Brief an Keferstein’, in M.-A. Sinaceur, ‘L’Infini et les nombres’, 
Revue d’Histoire des Sciences, 27 (1974), pp. 251-78, at pp. 271-8, translation in J. 
van Heijenoort (ed.), From Frege to Gédel: A Source Book in Mathematical Logic 
(Cambridge, Mass.: Harvard University Press, 1967), pp. 99-103. 

6 See R. Heck, ‘Definition by induction in Frege’s Grundgesetze der Arithmetik’, 
in W. Demopoulos (ed.), Frege’s Philosophy of Mathematics (Cambridge, 
Mass.: Harvard University Press, 1995), pp. 295-333. 

6° In this context, the central result of Gg Ilis Theorem 263, which says that the car- 
dinal number Endlos, which is Frege’s name for the number of natural numbers, 
is also the cardinal number of any system which is isomorphic to the natural 
numbers. Part of showing this involves showing that any appropriate injection 
taking W into M must be a bijection. It is tempting to read this result as stating (a) 
an isomorphism theorem like Dedekind’s, and (b) as showing, echoing Dedekind, 
that there can be no ‘intruders’ in the extension of the concept ‘Natural num- 
ber’. There is, however, nothing in Frege’s text to support this, although Heck 
has put forward an argument for Frege’s having intended the former. See Heck, 
‘Definition by induction’, pp. 324-5. 
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Hilbert, though, is of the view that it is mathematically fruitful 
not to tie down reference in the way that Frege wanted. Let us now 
return to Hilbert and his work on geometry. 


3 HILBERT’S PROJECT AND HIS MAIN REPLY TO FREGE 


Hilbert deliberately took the position (see §1.3) that the primitives 
of an axiomatized mathematical theory should come with no fixed 
reference, and that it is in virtue of this that the axioms take on a 
‘defining role’ in assigning them their basic ‘characteristics’. That 
Hilbert takes this position on reference and definitions is clear. His 
correspondence with Frege also makes it clear both that this met 
with severe, sustained and articulate opposition from Frege, and 
that Hilbert nevertheless made no concessions to Frege’s position. 
There is good reason for this: Hilbert was pursuing a distinctive 
mathematical programme of which this position was an essential 
part, a programme with a very different conception of foundational 
investigation from Frege’s. The aim of this last section is to sketch 
briefly this different conception of mathematics, and to outline how 
it relates to Frege’s difficulties with referential indeterminacy. 


3.1 Hilbert’s foundational investigations and reference 


In his first and principal reply to Frege, Hilbert outlines his founda- 
tional project for geometry as follows: 


If we wish to understand one another, then we must not forget the quite 
different nature of the intentions which guide us. I was forced to set up my 
system of axioms by necessity. I wanted to make it possible to understand 
those geometrical theorems which I regard as the most important results 
of geometrical research, that the Parallel Axiom is not a consequence of 
the other axioms, likewise not the Archimedean Axiom, etc. I wanted to 
answer the question whether the theorem that in two equal rectangles with 
the same base the sides are also equal* can be proved, or whether it has to 
be a new postulate, as it is in Euclid. I wanted to create the possibility of 
understanding and answering such questions as why the angle sum in tri- 
angles is 2 right angles and how this fact is related to the Parallel Axiom. I 
believe that my Festschrift shows that my system of axioms was shaped to 
answer such questions in a quite definite way and that in many cases these 
questions have very surprising and quite unexpected answers. This is also 
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shown by the work of several of my students which pursue the methods of 
the Festschrift; here I mention only the forthcoming dissertation of Herr 
Dehn, soon to be published in the Mathematische Annalen. Such anyway 
was my main intention. In carrying this out, I certainly think I have set up 
a system of geometry which satisfies the most rigorous demands of logic, 
and with this I come to the answer to your letter proper. |[* This theorem is 
after all the foundation of the whole theory of surface measurement.|7 


Three of the geometrical questions Hilbert mentions here have to 
do with logical independence. This is obvious in the case of the 
Parallel Axiom and the Archimedean Axiom. The third concerns 
the investigation of the relationship between the Euclidean Parallel 
Axiom and one of its first consequences, the Euclidean angle sum 
theorem (AST). Certainly AST fails in non-Euclidean geometry, and 
it was often thought to be equivalent to the Parallel Axiom, some- 
times even taken as a possible substitute. However, Dehn’s work 
showed that AST only implies the Parallel Axiom in the presence 
of the Archimedean Axiom. This involves showing that the Parallel 
Axiom is independent of AST if the Archimedean Axiom is not 
present. 

The other result mentioned by Hilbert is of a rather different 
kind. In his lectures on Euclidean geometry, Hilbert set out to show 
that his version of the Euclidean theory of ‘surface content’ can be 
founded on the Euclidean theory of linear proportion, relying only 
on the incidence, order and congruence axioms, with no assump- 
tion of any continuity principle. Important in this reconstruction of 
the Euclidean theory is the result (Festschrift, Theorem 27) that any 
two triangles with the same base and height have the same surface 
content. But then the question arises of whether the definition of 


% Hilbert to Frege, 29 December 1899 (I). 

68 The result was in Dehn’s dissertation, essentially M. Dehn, ‘Die Legendre’sche 
Satze tiber die Winkelsumme im Dreieck’, Mathematische Annalen, 53 (1900b), 
pp. 404-39; this is the work mentioned by Hilbert, though this result was only a 
small part. It was also reported on extensively by Hilbert himself in a new section 
written for the French translation of the Festschrift (D. Hilbert, ‘Les Principes 
fondamentaux de la géométrie’, Annales scientifiques de I’Ecole Normale 
Supérieur (3)17 (1900), pp. 103-209], a section which appeared also in the first 
English translation (Hilbert, The Foundations of Geometry (LaSalle, Il.: Open 
Court Publishing Company, 1902). This section did not appear in subsequent edi- 
tions of Hilbert’s Festschrift. 
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surface content is empty or not, i.e., whether all triangles have the 
same surface content, rendering the notion trivial. To show that it 
is not empty, it is essential to show (Festschrift, Theorem 28} that 
any two triangles with the same content and on the same base have 
the same height; this result is just what is stated by Hilbert in his 
letter to Frege for rectangles. Hilbert, unlike those of his immediate 
predecessors who had also dealt with this question, proves the cen- 
tral theorems without use of the Archimedean Axiom or any other 
continuity principle.°» 

The contrast between these two different kinds of result is impor- 
tant. The result concerning surface content is of the kind which sets 
out to show that some proposition P can be proved from a given set of 
assumptions = (or more generally = - I’), and the only way to do this, 
of course, is actually to exhibit a derivation from = - I. This kind of 
result was very important to foundational research in the later nine- 
teenth century, and very widespread. Frege’s work was of this kind, 
so was Pasch’s work on the empirical nature of projective geometry, 
and Dedekind’s on the reconstruction of the theory of real numbers 
avoiding reliance on geometrical intuition. Some of Hilbert’s work 
in the reconstruction of Euclidean geometry is of exactly this kind, 
as the example mentioned illustrates. But the kind of work repre- 
sented in the other questions he mentions in his letter to Frege is 
very different, for the aim in these cases is to show that P cannot 
be derived from =. This kind of work, with its focus on questions of 
independence, was what was genuinely novel in Hilbert’s analysis 
of geometry. Both kinds of work are stressed in the Conclusion to 
Hilbert’s Festschrift. Hilbert says the following: 


The present memoir is a critical examination of the principles of geometry. 
In this investigation, we have been guided by a fundamental tenet, namely 
to elucidate every question which presents itself in such a way that we 
examined whether or not the question can be answered in a prescribed way 
with certain restricted means. This basic tenet seems to me to contain a 


67 The complicated theoretical development is to be found on pp. 40-9 of the 
Festschrift, the connections are also set out, more clearly, in Hilbert, Grundlagen 
der Euklidischen Geometrie (1898/9), pp. 122-38. See respectively pp. 368-76 and 
475-85 in Hallett and Majer (eds.), Lectures, p. 475. 

7° See Hilbert, ‘Grundlagen der Geometrie’, p. 89, or Hallett and Majer (eds.), Lectures, 
Dp. 525. 


Frege and Hilbert ASI 


general and natural directive. In fact, whenever in our mathematical con- 
siderations we encounter a problem or conjecture a theorem, our passion 
for knowledge is only then satisfied when we have succeeded in giving the 
complete solution of the problem and the rigorous proof of the theorem, or 
when we recognise clearly the grounds for the impossibility of doing this 
and therefore the necessity of the failure.” 


Hilbert goes on to stress the importance and fruitfulness of impos- 
sibility proofs in mathematics in general, and also to state that there 
is a close connection between his ‘directive’ and the demand for the 
‘purity of method’, presumably since a full investigation of a ‘purity’ 
question will involve a thorough examination of what is, and what 
is not, deductively possible in a given context.” 

Hilbert’s remark in his letter to Frege that he ‘wanted to make it 
possible to understand’ these central results is key. The basic tech- 
nique which Hilbert adopted for the investigation of unprovability 
questions is that of modelling. For this, it is essential that the primi- 
tive concepts employed are not tied to their usual fixed meanings, 
but must rather be free for reinterpretation; no one interpretation 
of an axiom system is privileged above others, despite what might 
seem like the overwhelming weight of the interpretation under- 
lying the ‘facts’ as originally given, for example, the weight of the 
‘intuitive’ or ‘empirical’ origins. This is the point of Hilbert’s insist- 
ence (see §1.3) that the geometrical primitives be divorced from any 
standard or intuitive meanings they might carry, and that only the 
axioms ‘define’ them. In this there is a radical departure from the 
kind of enterprise Frege was engaged in (not to mention Pasch and 
later Russell), an enterprise part of whose very point was to explain 


7 [bid. In his 1898/9 lecture notes, Hilbert writes: ‘However, we wish to set this as 
a modern principle: One should not stand aside when something mathematical 
does not succeed; one should only be satisfied when we have gained insight into its 
unprovability. Most fruitful and deepest principle in mathematics (‘Grundlagen 
der Euklidischen Geometrie’, p. 106, in Hallett and Majer (eds.), Lectures, p. 
284). This is clearly the origin of the remark just cited from the Festschrift. See 
also D. Hilbert, ‘Mathematische Probleme’, in Nachrichten von der kéniglichen 
Gesellschaft der Wissenschaften zu G6éttingen, mathematisch-physikalische 
Klasse (1900), pp. 253-6, at p. 261. 

7 Fora thorough examination of Hilbert’s treatment of ‘purity of method’ in his work 
on geometry, see M. Hallett, ‘The “purity of method” in Hilbert’s Grundlagen 
der Geometrie’, in P. Mancosu (ed.), The Philosophy of Mathematical Practice 
(Oxford: Clarendon Press, 2008), pp. 198-255. 
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(thereby to delimit) the meaning of the primitives and thus of the 
axioms and theorems. For Hilbert, the primitives cease to have 
fixed reference, and the axioms thus cease to be, for Frege, genu- 
ine axioms at all. Thus, Hilbert’s axiomatic method abandons the 
direct concern with the kind of knowledge represented in a given 
mathematical theory, i.e., with showing the kind of knowledge the 
individual propositions represent because they are ultimately about 
the specified primitives. Hilbert’s method concentrates instead on 
what he calls ‘the logical relationships’ between the propositions in 
a theory.” 

One of Frege’s objections to this procedure was that, if we remove 
the usual Euclidean meanings from the axioms of Euclidean geom- 
etry, then they cease to be axioms of Euclidean geometry, or indeed 
Thoughts, at all.74 It follows that, for Frege, Hilbert’s method of 
establishing independence cannot work; for if P is shown to fail in 
a model of the Euclidean axioms which is not ‘Euclidean’, what can 
this tell us about Euclidean geometry? But this is to ignore the deep- 
seatedness of what Hilbert was proposing. Along with this approach 
to independence proofs goes a new picture of mature mathematics, 
a picture which was constant across Hilbert’s concern with foun- 
dational investigation. In lectures on the foundations of geometry 
from as early as 1893/4, Hilbert says: 


In general one must say: Our theory furnishes only the schema of concepts, 
which are connected to one another through the unalterable laws of logic. 
It is left to the human understanding how it applies this to appearances, 
how it fills it with material. This can happen in a great many ways. But 
always when the axioms are fulfilled, then the theorems hold precisely, 
too. The easier and more multi-faceted the application, the better* the 
theory. [* Every system of units and axioms which describes experience 


73 This is made clear in D. Hilbert, Grundlagen der Mathematik, lecture notes for 
a course held in the Wintersemester of 1921/2 at the Georg-August Universitat, 
Gottingen (Géttingen: Library of the Mathematisches Institut). See also P. 
Bernays, ‘Die Bedeutung Hilberts ftir die Philosophie der Mathematik’, Die 
Naturwissenschaften, 10 (1922), pp. 93-9, at pp. 95-6. 

™ See, e.g., GG 1906, pp. 402, 424. For discussion, and many other citations, see 
J. Tappenden, ‘Frege on axioms, indirect proof, and independence arguments in 
geometry: Did Frege reject independence arguments?’ Notre Dame Journal of 
Formal Logic, 41 (2000), pp. 271-315. 
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completely is justified. Show that nevertheless the axiom system specified 
here is in a certain sense the only possible one.]’5 


It is the mathematical theory itself which is ‘only a schema of con- 
cepts’ and which can be differently interpreted, both in the various 
(predictable and unpredictable) applications, sometimes to the phys- 
ical world and sometimes in other mathematical theories, and also 
in meta-mathematical study.’”* Hilbert’s ‘way of understanding’ the 
independence results therefore introduces, and is based on, the dis- 
tinction between the axiomatized theory on the one hand and the 
various models on the other. The investigation of the (complicated) 
relationship between the two was to become a fixture of twentieth- 
century foundational work. 

The same points are made again by Hilbert in his principal letter 
to Frege: 


I have only one objection left on which to touch. You say my concepts, 
e.g., ‘point’, ‘between’, are not unambiguously determined; e.g., on p. 20, 
“between’ is taken differently and there a point is a number-pair. — Yes, 
it is obvious that any theory is actually only a framework or a schema of 
concepts, together with the necessary relations of these concepts to each 
other, and the base elements can be thought of in an arbitrary way. If, as 
my points, I think of some system of things, e.g., the system: love, law, 
chimney sweep ... and then assume my axioms as relations between these 
things, then my theorems, too, hold of these things, e.g., the Pythagorean 
Theorem. In other words, any theory can always be applied to infinitely 
many systems of basic elements. One is required only to apply a one-to- 
one transformation and to ascertain that the axioms are the same also for 
the things transformed. In fact, one frequently applies this circumstance, 
e.g., the Duality Principle, etc., and I do in my independence proofs. All 
the statements of a theory of electricity naturally hold also of any other 
system of things which one substitutes for the concepts magnetism, elec- 
tricity, assuming only that the axioms in question are fulfilled. This cir- 
cumstance is not a defect* of a theory, and is in any case inescapable. 
Certainly, though, in my opinion the application of the theory to the world 


7D. Hilbert, Grundlagen der Geometrie, lecture notes for a course to have 
been held in the Wintersemester of 1893/4 at the University of Konigsberg 
(G6éttingen: Niedersachsische Staats- und Universitatsbibliothek), p. 60, or Hallett 
and Majer (eds.), Lectures, p. 104. 

76 This is emphasized again in lectures in 1921/2, though with a slightly different 
stress; see Hilbert, Grundlagen der Mathematik (1921/2), p. 3. 
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of appearances always requires a certain measure of goodwill and tact: e.g., 
that one substitutes for points bodies as small as possible, for straight lines, 
things as long as possible, perhaps light rays, etc. Also one should not be 
all too precise in the examination of the propositions, since these are only 
propositions of the theory. Moreover, the further a theory is worked out, 
and the more finely branched its structure, then the form of its application 
to the world of appearances will become all the more obvious. It would 
require a very great measure of malice if one were to apply the more refined 
propositions of the theory of surfaces or of Maxwell’s Theory of Electricity 
to appearances other than those for which they were intended. [* Rather, a 
powerful advantage.]’’ 


3.2 The mathematical fruits of Hilbert’s position 


The possibility of manifold interpretation is, for Hilbert, ‘a power- 
ful advantage’. The reason is clear: the more interpretations of a 
theory one can find, the greater the possibility of demonstrating 
independences of the most remarkable kind. Three remarkable 
independence investigations conducted by Hilbert are discussed in 
detail elsewhere;”* they concern analysis of the famous Desargues 
Theorem (DT) of projective geometry, the Three Chord Theorem 
(TCT) and the Isoceles Triangle Theorem (ITT). What stands out 
particularly in these investigations is the idea that, although Hilbert 
sees the origin of elementary geometry in intuitive and even (per- 
haps especially) empirical investigation, it is higher mathematics 
which in the end informs the intuitive quite as much as the other 
way around, usually through the use of highly sophisticated ana- 
lytic constructions. This kind of examination is what Hilbert calls 
‘analysis of intuition’7’ This resolves into two separate investiga- 
tions, one at the intuitive level, and one at the abstract level, lev- 
els which frequently interact and instruct each other. Furthermore, 
extracting the requisite information often itself involves a detour 


77 Hilbert to Frege, 29 December 1899 (I). 

78 Hallett, ‘Purity of method’, §8.4. 

79 In his Festschrift, Hilbert describes the ‘logical analysis of our spatial intuition’ as the 
prime task of geometry (see p. 3, or Hallett and Majer (eds.), Lectures, p. 436). In the 
official record of his 1898/9 lectures, Hilbert says that we could call the task he under- 
takes in his course the ‘logical analysis of our capacity to intuit’ (Hilbert, Elemente 
der Euklidischen Geometrie, p. 2, or Hallett and Majer (eds.}, Lectures, p. 303). 
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into the abstract. One of the reasons why Hilbert thinks that intu- 
ition requires analysis is that it is not, for him (unlike for Frege}, a 
certain source of geometrical knowledge, and certainly not a final 
source. Hence the need for the analysis, designed to throw light on 
the question: what is one committed to exactly when one adopts 
certain principles, among them principles suggested by intuition? 
In particular, what is shown is that, in interpreting and reinter- 
preting the geometrical primitives and thereby the geometrical 
propositions, one is not forced to abide by the intuitive; hence the 
often strange and contorted models (and thus the reliance on ana- 
lytic techniques for full control over these interpretations) which 
one sees at work in the examples, e.g., in the analysis of DT and 
ITT. Although the investigation might start from questions raised 
by geometrical intuition, the final analysis produces results which 
inform or educate (perhaps even challenge) our intuition. In short, 
one has to leave the Euclidean view if one is to achieve more com- 
plete and precise information about what this view commits us to. 

Thus, full investigation of geometry in this sense requires, first, 
its axiomatization, and proper examination of this axiomatization 
then requires, furthermore, that it be cut loose from its natural 
epistemological roots, or, at the very least, no longer immovably 
tied to them or to any other fixed interpretations of the primitives. 
According to Hilbert’s new conception of mathematics, an import- 
ant part of geometrical knowledge is knowledge which is quite 
independent of interpretation, knowledge of the logical relation- 
ships between the various parts of the theory, the way the axioms 
combine to prove theorems, the reverse relationships between the 
theorems and the axioms, and so on. And in garnering this sort of 
geometrical knowledge, there is not the restriction to the ‘appropri- 
ate’ which we see in the ‘Euclidean’ part of Hilbert’s concerns. What 
is invoked in pursuing this knowledge might be some highly elabor- 
ate theory (a complex non-Archimedean field, as it is in the analysis 
of the ITT), a theory far removed from the ‘appropriate’ intuitive 
roots of geometry. Even in the cases of the fairly simple models of 
the analytic plane used to demonstrate the failure of the Planar DT, 
the models are far from straightforwardly ‘intuitive’. 

One might be tempted to say that the knowledge so achieved is not 
geometrical knowledge, but rather purely formal logical knowledge 
or (as it would be usually put now) meta-geometrical knowledge. 
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But although this designation is convenient in some respects, it is 
undoubtedly misleading. The ‘meta’-geometrical results have a dir- 
ect bearing on what is taken to be geometrical knowledge of the 
most basic intuitive kind; in particular it can reveal a great deal 
about the content of intuitive geometrical knowledge. In short, it 
effects an alteration in geometrical knowledge, and must therefore 
be considered to be a source of geometrical knowledge. To repeat: for 
Hilbert, meta-mathematical investigation of a theory is as much a 
part of the study of a theory as is working out its consequences, 
or examining its foundations in the way that Frege, for instance, 
does. In particular, and to repeat, one cannot fully understand the 
Euclidean (Fregean) framework unless one does this. 

The examples mentioned above are striking. It is possible that 
Frege did not know of Hilbert’s work on these, for none is fully rep- 
resented in the original 1899 version of Hilbert’s Festschrift. The 
central result on DT is represented, but what leads up to this result, 
namely, the philosophical reflection and analysis undertaken in the 
1898/9 lecture notes, is suppressed; the analysis of the TCT is an 
important part of the 1898/9 lectures, but only the abstract alge- 
braic mathematical result, and not the analysis itself, appears in the 
Festschrift; and the analysis of the ITT makes no appearance until 
the lectures of 1902 and a subsequent paper.*° In any case, these 
investigations are all based on independence results, and (as was 
pointed out) Frege was sceptical about these. Nevertheless, Hilbert’s 
view of the axiomatized theory (the ‘framework of concepts’) as itself 
the central object of mathematical study should have been clear also 
from Hilbert’s important paper from 1900 ‘Uber den Zahlbegriff’, a 
paper which Frege certainly knew.*' And here the view comes out 
clearly as quite separate from independence questions. 


8° See D. Hilbert, Grundlagen der Geometrie, Ausarbeitung by August Adler 
for lectures in the Sommersemester of 1902 at the Georg-August Universitat, 
Gottingen (G6ttingen: Library of the Mathematisches Institut, published as ch. 6 
in Hallett and Majer (eds.}, Lectures), D. Hilbert, ‘Uber den Satz von der Gleichheit 
der Basiswinkel im gleichschenklichen Dreieck’, Proceedings of the London 
Mathematical Society, 35 (1902/3), pp. 50-67. Of course, it should be recalled 
that Frege did see the protocol of Hilbert’s notes for the 1898/9 lectures. See 
note 20 above. 

D. Hilbert, ‘Uber den Zahlbegriff’, Jahresbericht der deutschen Mathematiker- 
Vereinigung, 8 (1900), pp. 180- 5. See p. 429 above. 


8 


Frege and Hilbert 457 


Hilbert’s paper presents an axiom system for complete ordered 
fields, a system first presented (minus the Completeness Axiom) in 
the 1898/9 lectures on Euclidean geometry.*? The (unstated) back- 
ground to Hilbert’s paper is the following question, which is pur- 
sued in the 1898/9 lectures and to some extent in the Festschrift. If a 
synthetically presented geometry such as Hilbert’s is to match ana- 
lytic geometry, then there must be a discernible ‘magnitude struc- 
ture’ among, say, segment ‘lengths’ measured off from an arbitrarily 
chosen point of ‘origin’, since the numbers at the basis of an analytic 
structure would measure off just such segment lengths. The first 
step in showing this is to isolate the relevant ‘magnitude proper- 
ties’, by capturing what is essential, and therefore jettisoning what 
is irrelevant, in the structure of the real number system as usually 
given, and what Hilbert identifies here at the core is an ordered field 
structure. The second step is showing that the operations of seg- 
ment addition and multiplication in the synthetic geometry, when 
appropriately defined, possess these field properties. Clearly one of 
the things which is irrelevant, when viewed from the perspective 
of geometry, is that the real numbers are, for example, constructed 
as sets of a certain kind from the natural numbers. In other words, 
the axiom system for ordered fields has several, quite different, 
but equally natural, interpretations, one through the Dedekind 
Cuts in the rationals, another using equivalence classes of Cauchy 
sequences of rationals (Cantor’s analysis) and a third, which is to 
the point in Hilbert’s work, the appropriate geometrical segment 
calculus. Thus, there are many interpretations which arise quite 
naturally out of perfectly legitimate mathematical questions, not 
strange interpretations dreamed up for the purpose of an independ- 
ence proof. The mathematical importance of all these ways of inter- 
preting is surely one main reason why Hilbert expresses himself in 
favour of the ‘axiomatic method’ of presenting theories, and against 
what he calls the ‘genetic method’ of describing and generating 
mathematical objects,’3 the method exemplified in the ‘generation’ 
of the number systems through successive ‘Fregean’ definition. 

Hilbert’s presentation of the theory of real numbers under- 
lines the shift away from a privileged interpretation of the theory. 


* See also §13 of Hilbert’s Festschrift, beginning on p. 26. 
83 Hilbert, ‘Uber den Zahlbegriff’, pp. 180-1. 


458 MICHAEL HALLETT 


Moreover, it makes it clear that Hilbert’s foundational work, as 
opposed to Frege’s, is not concerned with defining central math- 
ematical objects like numbers as far as it is possible to take such 
definitions, because it is not concerned with Frege’s project, namely 
finding the basic foundational axiom systems and a definitional 
route to it. As a consequence, the Hilbert view consciously rejects 
the foundational use of what Frege terms ‘analytic definitions’, at 
least in presenting the final stage of a theory. What underlies the 
Hilbert view, taken over and expanded from Dedekind, is that the 
method of explicit definition is simultaneously both too precise and 
yet not on its own enough. By fixing the reference of the central 
terms, even if only relatively, explicit definitions rule out other pos- 
sibilities, apparently arbitrarily. Moreover, and connected to this, 
the objects as defined often have too much structure, a point made 
clearly by Dedekind. (See the letter to Weber referred to above, p. 
446.) But while the definitional approach is, in a sense, too precise, 
it is also not by itself enough. The definitions are subordinate to 
what, in effect, is an axiom system. That is, one has to be able to 
tell whether a given definition is a good one, and this requires show- 
ing that certain necessary requirements are satisfied, requirements 
which form, in effect, an axiom system, or part of one.*+ The axio- 
matic method then turns these necessary conditions into necessary 
and sufficient conditions; in short, the extra structure is jettisoned 
fully. Thus, it is the axioms alone which give the ‘characteristics’ 
of the primitive notions, which means that the characteristics will 
only to be able to circumscribe the reference of the primitives at 
best up to isomorphism. As Hilbert says to Frege, to repeat a passage 
from the correspondence cited earlier (on p. 426): 


The definitions (i.e., explanations, definitions, axioms) must contain every- 
thing, but this said should contain only that which is required for the 
construction of the theory. With respect to my division into explanations, 
definitions, axioms, which together make up the definitions in your sense, 
these certainly contain much that is arbitrary. Nevertheless, I believe that, 
in general, my ordering is serviceable and perspicuous.*s 


84 To reinforce this point: what is it that makes two different, putative definitions 
of some notion (say Dedekind Cuts in the rationals and equivalence classes of 
Cauchy sequences of rationals) both good definitions of that notion? 

Hilbert to Frege, 29 December 1899 (II). 
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This statement is all the more remarkable when viewed in the light 
of what Dedekind says to Weber against explicit definition (see 
p. 446), and also in Was sind und was sollen die Zahlen: about the 
‘genuine’ propositions of number theory (see above, p. 445). 

All this means that, to a large extent, Frege-style definitions can 
be dispensed with. They have a very definite purpose, though, for 
they reappear as assignments of objects in the construction of an 
interpretation to assess the principles under investigation. We will 
come to this point in the next section. 


3.3 Hilbert’s method 


Let us now tie this to Frege’s difficulties with referential 
indeterminacy. 

What exactly is Hilbert’s method of giving models of his geom- 
etry and therefore independence proofs? 

There are two ways to read this. 

In the first way, a domain is given, (characteristically, in Hilbert’s 
case, a domain of real numbers). Next, from within this domain, 
or a domain readily built out of it, parts are singled out to be the 
interpretation of ‘point’, ‘line’, ‘plane’; the relation ‘between’ which 
holds among points is defined, i.e., an appropriate three-place rela- 
tion over the point-objects is picked out; line segments are defined, 
and then the relation of congruence for line-segments, and so on. 
So, we might think of the specification of the domain then supple- 
mented by the definition for this domain of the concepts, relations, 
etc. which are to satisfy the primitives; thus reference for them is 
fixed (through Frege-style definitions) once the domain has been 
specified. Given this, the propositions in the ‘formal’ language of 
geometry are reinterpreted through this new way of reading them. 
As Demopoulos has pointed out,** this is close to the modern way 
of interpreting a formal language. A domain is specified (character- 
istically, an unstructured set), and relative to this domain one fixes 
interpretations for what are called the non-logical constants of the 
language, characteristically the primitive concepts and primitive 


86 See W. Demopoulos, ‘Frege, Hilbert and the conceptual structure of model the- 
ory’, History and Philosophy of Logic, 15 (1994), pp. 211-25. 
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relations, considered as non-logical constants. There are thus two 
levels of variation: (1) The first variation is effected by varying 
domains. Once the domain is fixed precisely, the interpretation of 
the primitives (non-logical constants) is fixed to that domain, which 
is done by Frege-style explicit definition. (2) Of course, given the 
domain, other definitions of the primitives could be given, and this 
leads to a second level of indefinite variation; different definitions 
for the primitives would lead to a different interpretation. The point, 
though, is that the primitives are not treated as variables varying 
over the domain of interpretation.*’ 

Let us use the example of Hilbert’s which Frege refers to, involv- 
ing the minimal Pythagorean field 0. (See note 43.) Given ordinary 
analysis together with some set theory, the domain can be precisely 
specified as 0 x O; ‘point’ is defined as {(x,y) : x,y € QO}, and a straight 
line is now to be thought of as a collection of points determined by 
a linear equation ux + vy + w= 0, where u,v,w are parameters taken 
from Q), i.e., the collection of pairs (x,y) for which ux + vy + w =o. So 
the straight lines are sets of sets of points. The same will be true (for 
triples) when we define the interpretation of ‘plane’. This shows us 
that the domain cannot straightforwardly be O or even 0 x QO, for the 
set of lines will be a countable set in P(P(Q x Q)) (or P(P(Q x O x Q)) 
when we consider planes); but the simplest way to think of it is as a 
many-sorted system, with different domains for the different sorts. 
The point, though, is that the definitions are fairly straightforward, 
given analysis and a modicum of set theory, and that they look like 
Frege-style definitions. 

There is a second way of interpreting what Hilbert does. Suppose 
one considers the geometry he describes as written in a language 
£,. Suppose, as before, the interpretation is to be built via the 
Pythagorean field 0. 

This is described in the language of analysis, augmented perhaps 
by the modicum of set-theoretic language adequate to the defin- 
itional means. Call this £,. What we get now is a ‘translational’ 
scheme something like the following: 


87 Note that, conceived in this way, the traditional Euclidean view (perhaps based 
on intuition) is not available as an interpretation.What exactly is the domain? 
And even once the domain is taken as given, how is one to define ‘point’, ‘straight 
line’, ‘congruent’, etc. to interpret the non-logical constants? 
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L; mapping Tt La 

point > the set of pairs of numbers in 0, 
1.€., OxQ; 

straight line the set of sets of elements in 


QO x O satisfying any two 
parameter linear equation 
defined over 0; 

plane _ the set of sets of elements in 0 
x O x O satisfying any three 
parameter linear equation 
defined over 0; 


There are now several interesting things about this. For one thing, 
we get the following form of consistency proof. Suppose 9,0, ..., , 
is a proper proof of ¥ in £, from certain axioms, say ¢),, ..., d; (Kk < 
n), then, provided we insist that the translation t preserves logical 
form, t(,),t(o), ..., t(,) will be a proper proof in £, of 1(%) from 
the premises t(¢,),t(,), ..., t(,). From this it follows that if ¥ were 
a contradiction of the form ya 7y derivable in E, then t() = t(y 7y) = 
t(yJA a1(y) is a contradiction derivable in £, via the proof t(,), t(,), 
..., 1(,). If we choose the translation t in such a way that it takes 
the theorems of E in £, to theorems of A in £,, then t will show 
that A must be inconsistent (prove a contradiction) if E is, which 
means that E is consistent relative to A. As Hilbert puts it imme- 
diately after indicating how to give the straightforward interpret- 
ation based on 0: 


We conclude from this that any contradiction in the consequences drawn 
for our axioms [I-V] must also be recognisable in the arithmetic of the 
domain (1.88 


Secondly, note that the definitions of ‘point’, ‘straight line’, etc. 
in £, are not used just to fix the interpretations of the primitives, 
they are now fully analogous to Frege-style definitions, for they are 
used here a Ja Frege to show that the (translates of) the axioms I-V 
can be proved ‘within the arithmetic of the domain 0’. The role 
of the Dedekind Cut or Cauchy sequence constructions could be 


88 Festschrift, p. 20, or Hallett and Majer (eds.}, Lectures, p. 455. 
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construed analogously in an interpretation of the axioms for the 
theory of real numbers, and likewise with the ‘definitions’ of the 
integers as equivalence classes of ordered pairs of natural numbers, 
complex numbers as ordered pairs of reals, and so on. And much the 
same could be done for an interpretation of the notion of cardinal 
number within a theory of value-ranges governed by Law V. And, of 
course, the same procedure governs all of Hilbert’s models in the 
course of his investigation of geometries.*® 

In Hilbert’s view, the languages, the axioms and the different 
interpretations or translations are all part of what the mathemat- 
ician considers in examining, and working with, a theory. 


CONCLUSION: REFERENTIAL INDETERMINACY AGAIN 


The connection to Frege’s concern with referential indeterminacy as 
it arises in the consideration of ‘permutations’ is now this. Suppose 
we have a domain of objects which are taken to be the referents of 
the primitives in the axioms, say Euclidean points, lines and planes. 
Suppose we now move to another interpretation, say in a field of 
numbers. We can, first, regard this as a ‘permutation’ of objects 
which leaves the underlying truth-values of the axioms unchanged, 
just as we had a ‘permutation’ on the value-ranges before. (See §2, 
above.) Generalizing this, we can look, not just for isomorphisms, 
but for maps of one domain into another, not necessarily inject- 
ive, and where some axioms continue to hold, but in which cer- 
tain central propositions fail. Hilbert’s method is clearly a further 
generalization, where the underlying language is not taken to be 
common, and the objects are not assumed to be part of a common 
domain. Indeed, the concentration on languages and only indirectly 
on objects makes sense, since it is part of Hilbert’s position that 
there is no theory-independent access to the objects. This was a 
fundamental platform for the ‘syntactic turn’ in the foundations of 
mathematics which Hilbert’s work brought about. 

The insights on which this rest are by no means new with Hilbert. 
Translations/permutations of these various sorts were employed in 
fruitful ways by Pasch and Dedekind, both strong influences on 


89 To get a sample of the inventiveness of the translations Hilbert uses, see Hallett, 
‘Purity of method’, §8.4. 
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Hilbert. Both used isomorphic interpretations, the latter to point 
out that the ‘special character of the elements’ must be left ‘entirely 
out of consideration’ in a theory (see p. 445, above}, and the former 
as part of an argument justifying the Duality Principle in projective 
geometry, in the course of which Pasch presents a strengthened view 
of his argument that proofs are to be carried through independently 
of the meaning of the central terms involved in them.°° Poincaré, 
too, made important heuristic use of linguistic translations, as part 
of an explanation of the consistency of non-Euclidean geometry 
relative to Euclidean geometry, in effect by using a transformation 
between languages which preserves proof-structure (a ‘translation’, 
as he calls it) very similar to both Pasch’s and Hilbert’s.*' But while 
the considerations are not new with Hilbert, he both generalizes 
various elements of the way they were applied, and makes it the 
cornerstone of a new, and highly productive, approach to math- 
ematical theories generally. 

The novelty of Hilbert’s approach is, I think, profound. It led to dif- 
ferent views from Frege’s, not just on reference and meaning, but also 
on matters very much related, for example, concerning the concep- 
tion and place of logic, the uniformity of mathematics, consistency 
and existence, ideal elements, the relation of number to geometry, 
and a quite different view of application. Many of these differences 
were, of course, seen, and objected to, by Frege; nevertheless, they 
had a profound influence on the direction of foundational research 
in the twentieth century. It was only in the aftermath of Gédel’s 
Incompleteness Theorems and, later, the independence results in set 
theory, that there was anything like a revival of the Fregean view. 

I have concentrated here on the issue of reference, but there are, 
of course, other important aspects of the interaction between Frege 
and Hilbert. Not the least important are Frege’s attempts to cast 
Hilbert’s axioms as general Thoughts according to his own lights, 
and also his attempt to come to terms with the geometrical inde- 
pendence results, an attempt which, both in spirit and detail, is 
close to the account of Poincaré’s which Hilbert generalizes..> An 
important part of Frege’s work here is the beginnings of an attempt 


9° See Pasch, Vorlesungen, pp. 98-9. 

* See Poincaré, ‘Les géométries non euclidiennes’. 

» For discussion, see A. Antonelli and R. May, ‘Frege’s new science’, Notre Dame 
Journal of Formal Logic, 41 (2000), pp. 242-70; Tappenden, ‘Frege on axioms’. 
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to articulate foundations for logic itself, in which the formal aspects 
of logic are both brought out (something which is intrinsic to the 
considerations of Pasch, Poincaré and Hilbert just mentioned), and 
circumscribed. Logic was studied intensively in the decades fol- 
lowing the Frege—Hilbert debate, particularly in the Hilbert school, 
where it was treated axiomatically, in an un-Fregean way, on a par 
with, and open to the same kind of axiomatic analysis as, say, geom- 
etry. But this, like many others touched on here, is a topic for fur- 


ther study.°3 


93 This paper is a much shortened version of a longer piece. Much of the material 
was first presented at a conference on the philosophy of science at the Inter- 
University Centre in Dubrovnik in April 1998, and then in May 1998 at a confer- 
ence on philosophy of mathematics organized jointly by Pittsburgh and Carnegie 
Mellon Universities. Subsequent outings were given at a workshop on Hilbert 
in Gottingen in June 1999, to the Philosophisches Seminar at the University of 
Dortmund in July 1999 and at a conference at Notre Dame University in March 
2001. Some new material was added for presentation to a conference in honour of 
Bill Demopoulos at the University of Western Ontario in May 2008.1 am grateful 
to participants at all these meetings for discussion and comments, especially to 
Bill Demopoulos, who recently worked through the extended version. Earlier ver- 
sions were read by Emily Carson and Stephen Menn, to whom I wish to express 
thanks. I also wish to express my gratitude to the editors of this Companion for 
their tolerance, advice and extraordinary patience, and to my fellow general edi- 
tors of Hilbert’s unpublished lectures on foundational subjects,. William Ewald, 
Ulrich Majer and Wilfried Sieg, for discussions over many years on these and 
other issues. I would also like to acknowledge the generous support of the Social 
Sciences and Humanities Research Council of Canada over many years, as well 
as the FQRSC of Québec, formely FCAR. This paper is dedicated to the memory 
of George Boolos, Frege scholar extraordinaire. 
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12, Frege’s folly: bearerless names 
and Basic Law V 


I FREGE ON TRUTH 


Frege tells us surprisingly little about truth. And some of what little 
he does say, he repeats: 


One can, indeed, say: ‘The thought that 5 is a prime number is true’. But 
closer examination shows that nothing more has been said than in the sim- 
ple sentence ‘5 is a prime number’. The truth claim arises in each case from 
the assertoric sentence, and when the latter lacks the usual force, e.g., in 
the mouth of an actor upon the stage, even the sentence ‘The thought that 
5 is a prime number is true’ contains only a thought, and indeed the same 
thought as the simple ‘5 is a prime number’ 


Whereas in the much later ‘Thoughts’ from 1918 it is sameness of 
thought/content that is emphasized: 


It is also worth noticing that the sentence ‘I smell the scent of violets’ has 
just the same content as the sentence ‘It is true that I smell the scent of 
violets’? 


in the 1897(?) ‘Logic’ we find the emphasis is on assertion: 


If I assert that the sum of 2 and 3 is 5, then I thereby assert that it is true 
that 2 and 3 make 5.3 


Strictly, the claim about assertion is distinct from that about 
content (sameness of thought]. It could be that it is a fact about 
assertion, e.g., that it aims at truth, as people say, that nothing 
different is accomplished in asserting that the sum of 2 and 3 


" ‘On sense and reference’, CP, p. 164. 
2 ‘Thoughts’, CP, p. 354. 
3 ‘Logic’, PW, p. 129. 
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is 5 and that it is true that the sum of 2 and 3 is 5, rather than a 
fact about the contents asserted. But this is not Frege’s view. In 
both ‘On sense and reference’ and ‘Thoughts’ Frege points to a 
certain redundancy where truth is concerned. For any assertoric 
sentence p, p and ‘It’s true that p’ have ‘just the same content’ 
(‘Thoughts’), they ‘contain the same thought’ (‘On sense and ref- 
erence’). Nevertheless, in contemporary terms, Frege is no defla- 
tionist. He asks rhetorically, ‘And yet is it not a great result when 
the scientist after much hesitation and laborious researches can 
finally say, “My conjecture is true’”?’ 

A true thought refers to the True; properly speaking, truth is 
not a property of true thoughts (‘On sense and reference’, p. 164; 
‘Thoughts’, pp. 354-5). Frege is, to modern eyes, surprisingly lax 
regarding the difference between a truth-operator and a truth-pred- 
icate. While truth may not be a property of true thoughts — they 
refer to the True rather than falling under some concept — it is hard 
to see a truth-predicate as doing anything other than picking out 
some property common to all true sentences: to be sure, a language- 
relative property, and one possessed derivative upon the sentences 
expressing (in the context of use) a thought that refers to the True. 

As is well known, Frege rejects the correspondence theory of 
truth. The content of the word ‘true’ is, he says, sui generis and 
indefinable; the meaning of the word ‘true’ seems to be altogether 
sui generis (‘Thoughts’, pp. 353, 354). Here’s the best gloss I can put 
in his remarks about truth.+ 

There should be no difference at all between asking, for suit- 
able p, whether p and whether it’s true that p (e.g., there is no dif- 
ference between asking whether Jena is a city on the Saale and 
asking whether it is true that Jena is a city on the Saale). This gets us 
to Frege’s fundamental thought: that knowledge of what it takes for 
a particular sentence to be true cannot be something added on after 
an understanding of the sentence itself. An understanding of what it 
is to be true (‘in general’) cannot come after an understanding of the 
rest of the language, as would be possible if it were possible to offer 
a proper definition of truth. 


4 Towe some of this to Luis Fernandez Moreno, ‘Die Undefinierbarkeit der Wahrheit 
bei Frege’, Dialectica, 50 (1996), pp. 25-35. 
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Frege says: ‘If I do not know that a picture is meant to represent 
Cologne Cathedral then I do not know what to compare the picture 
with in order to decide on its truth.’ In the case of a declarative sen- 
tence there is never an equivalent problem, if one understands the 
sentence, i.e. if one knows the thought it expresses. If one under- 
stands a sentence then one knows how the world must be for (the 
thought expressed by) the sentence to be true. 

A thought is something for which the question of truth can prop- 
erly be raised. The only thing for which the question of truth can 
properly be raised is the sense expressed by an assertoric or inter- 
rogative sentence, so this is a thought. ‘Truth does not consist 
in correspondence of the sense with something else’ (/Thoughts’, 
p. 353). Although it is not at first obvious, this connects with some- 
thing Frege says much later on in ‘Thoughts’: ‘What is a fact? A fact 
is a thought that is true’ (‘Thoughts’, p. 368). This is, at first glance, 
a very odd conception of facts. Thought through carefully, it may 
not be compelling but it does tie in with how we should think about 
Fregean thoughts. 

Think of declarative sentences in a language (or perhaps some of 
the stuff inside your head) as ‘representations’. One uses them to 
represent ‘ways the world might be’, to speak very loosely. In assert- 
ing a declarative sentence one is claiming things are that way. What 
is the content expressed by a sentence, the content of what does the 
representing? It is what is represented: a way things might be. When 
is the representation correct? When is the sentence true? — When 
the way it represents things as being is the way (or, perhaps better, a 
way) things are. Put another way, a Fregean thought is not a ‘picture’ 
or representation of a way things might be; rather, it is the way they 
are represented as being. 

Now, if one ascribes truth to sentences, then, as said above, a sen- 
tence is true if the way it represents things as being is a way things 
are. But if, like Frege, one ascribes truth primarily to thoughts, 
then it is what is represented, not the representation, that is true (or 
false). And the various ways things are are just some among the way 
things might be. They’re the true ones, the facts. There is no separ- 
ation between truths, true thoughts, and facts. Facts and truths are 
the same things, namely — staying with the way I have been speak- 
ing — ways things are. Thus Frege ends up with what by his own 
lights is a perfectly good correspondence theory: thoughts are true 
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if they are identical with, i.e. correspond perfectly to, facts. Frege is 
an identity theorist of sorts.’ 

This argument turns on Frege (i) taking, if we may speak loosely, 
truth to be a property of what is represented, not of what does the 
representing, and (ii) treating what I have called ways things might 
be fully on a par with what I have called ways things are. Now, one 
may reasonably object to an identity theory of truth of Frege’s sort, 
a theory that identifies facts with true propositions/thoughts, that 
the role of the world in determining which propositions are true has 
been lost. It’s all very well identifying facts and true propositions but 
what is it that fixes the facts? We may resolve that matter if the world 
is, to borrow a phrase, the totality of facts, but only by granting an 
explanatory priority to facts that is not Frege’s. Truth is, for Frege, 
unanalysable. Jena falls under the concept city on the Saale because 
the thought That Jena is a city on the Saale refers to the True. That is 
the order of explanation, not, if we take Frege at his word, the reverse. 
We may limn the laws of truth — the laws of logic — but we cannot 
give a general account of what it takes for a thought to be true.° 

What I have just elaborated is the picture that emerges most 
clearly from ‘Thoughts’, a late post-paradox piece that contains 
Frege’s only extended discussion of truth — compressed as it may 
be — in an article that covers an awful lot of ground. How much or 
how little can be projected back to the 1890s is far from clear. On the 
one hand, there is the complete absence of any mention of concepts 
in ‘Thoughts’. On the other, in the close to contemporaneous ‘Notes 


5 Cf. Julian Dodd and Jennifer Hornsby, ‘The identity theory of truth: Reply to 
Baldwin’, Mind, tor (1992), pp. 319-22. 

6 Russell objected to coherence theories of truth that there could be more than one 
maximal consistent set of beliefs. Likewise, there can be more than one maximal 
consistent set of Fregean thoughts and it would seem that the world must some- 
how play a role in determining the set which is the set of true thoughts (facts). 
Perhaps because he was concerned as much with mathematical truths as empiri- 
cal ones, Frege says little regarding contingency and modality generally. 

Crispin Wright has objected persuasively that coherence theories have a hard 
job in accommodating contingency say in the sense of genuine chance events 
(‘Truth: A traditional debate reviewed’, in S. Blackburn and K. Simmons (eds.}, 
Truth (Oxford: Oxford University Press, 1999), pp. 203-38. at pp. 221-2). That is 
not the objection here. The objection here to a Fregean identity theory is more 
fundamental: it is that we are given no clue as to what fixes the set of truths. The 
coherence-theorist has a story to tell about that; Wright’s complaint is that that 
story is defective. 
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for Ludwig Darmstaedter’ (as the editors of the Nachlass call it), we 
find doctrines of long standing reiterated and others portrayed as 
being of long standing. 


What is distinctive about my conception of logic is that I begin by giving 
pride of place to the content of the word ‘true’, and then immediately go on 
to introduce a thought as that to which the question ‘Is it true?’ is in prin- 
ciple applicable. So I do not begin with concepts and put them together to 
form a thought or judgement; I come by the parts of a thought by analysing 
the thought. 

... The first thing that strikes us here is that a thought is made up out of 
parts that are not themselves thoughts. The simplest case of this kind is 
where one of the two parts is in need of supplementation and is completed 
by the other part, which is saturated: that is to say, it is not in need of sup- 
plementation. The former part then corresponds to a concept, the latter to 
an object (subsumption of an object under a concept). 


What is clear is that Frege’s practice in Die Grundgesetze der 
Arithmetik is quite different. In §31 he expounds what purports to 
be a proof that every proper name (including sentences) and first- 
level function name formed according to the procedures he lays 
down in §30 has a reference. To carry out the proof he proceeds 
‘recursively’, starting with the primitive signs, using the explana- 
tions previously given of them, and moving on to more complex 
expressions. This ‘proof’ immediately precedes a section with the 
title ‘Every proposition of Begriffsschrift expresses a thought’, the 
first sentence of which summarizes what has, supposedly, been 
accomplished in §31: ‘In this way it is shown that our eight primi- 
tive names have denotation, and thereby that the same holds good 
for all names correctly compounded out of them.’ As the system of 
Grundgesetze is inconsistent, the proof must fail. The nub is the 


7 ‘Notes for Ludwig Darmstaedter’, PW, pp. 253-4. Missing from the Darmstaedter 
notes is any mention of extensions of concepts. The notes end with brief remarks 
on numerical quantifiers — expressions of the form ‘There are n ...’ — which on 
Frege’s reckoning are second-level concepts. The closing lines are: 


But still we do not have in them the numbers of arithmetic; we do not yet have 
objects, but concepts. How can we get from these concepts to the numbers of 
arithmetic in a way that cannot be faulted? Or are there simply no numbers in 
arithmetic? Could the numerals help us to form signs for these second level con- 
cepts and yet not be signs in their own right? (ibid., p. 257) 
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use of second-order quantifiers in forming predicates in which only 
first-order variables are free.’ 

Little as he says about truth, Frege says far less about the nature 
of falsity. A false thought is one that refers to the False. Introducing 
his symbol for the negation function in Grundgesetze, he tells 
us: 


We need no special sign to declare a truth-value to be the False, so long as 
we possess a sign by which either truth-value is changed into the other.? 


The thought here is that a sentence (or the thought it expresses} is 
false if, and only if, its negation is true.'° 


2 ABOUTNESS 


Frege’s claim that sentences containing non-referring singular terms 
are neither true nor false follows, in his eyes, from what I think of as 
Frege’s thesis about aboutness: 


If words are used in the ordinary way, what one intends to speak of is their 
reference. (‘On sense and reference’, p. 159}! 


There is an unambiguous statement of this thesis in the notes 
Carnap took at Frege’s lectures: 


A proper name has 


1) ameaning [reference]: the thing about which something is said; 
2) asense that is part of the thought.” 


oo 


See Michael Dummett, Frege: Philosophy of Mathematics (London: Duckworth, 
1991), pp. 214-22, for a detailed analysis. 

Gg, vol. I, §6. 

70 In §5 Frege has introduced the judgement stroke which indicates assertion, the 
acknowledgement of a thought as true. To say that no special sign is needed in the 
case of falsity is to say that acknowledgement of a thought as false can be effected 
by acknowledging its negation as true (and likewise the work done by denial can 
be accomplished by assertion of the negation). 

I have silently restored ‘reference’ and its cognates for the translation of 
‘Bedeutung’ and the like here and in subsequent quotations. 

2 E. Reck and S. Awodey (eds.}, Frege’s Lectures on Logic: Carnap’s Student Notes, 
1910-1914 (Chicago: Open Court, 2004), p. 148. 
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Given that, there’s nothing a sentence containing a bearerless name 
is about, hence nothing for what it predicates to be true or false of. 

Take a sentence containing a Fregean proper name, i.e. either a 
proper name or a definite description. Replace all occurrences of 
said name or description by some place-holding marker, say ‘E’. We 
have what Frege calls a (first-level) concept-word, an expression that 
refers to a concept. First-level concepts are functions from objects 
to truth-values. Going back to the original sentence, the Fregean 
proper name refers to an object, if it refers at all. If it refers, its refer- 
ence is an argument of the function. If it refers, the sentence is true 
or false as the value of the function for that argument is the True 
or the False. If it does not refer, no argument is selected, hence the 
function takes no value: no input, no output. 

This is what leads Frege to maintain that sentences containing 
bearerless proper names are neither true nor false. In a discussion of 
the name ‘Odysseus’, which he holds may be bearerless, he says, 


Is it possible that a sentence as a whole has only a sense, but no reference? 
At any rate, one might expect that such sentences occur, just as there are 
parts of sentences having sense but no reference. And sentences which con- 
tain proper names without reference will be of this kind. The sentence 
‘Odysseus was set ashore at Ithaca while sound asleep’ obviously has a 
sense. But since it is doubtful whether the name ‘Odysseus’, occurring 
therein, has reference, it is also doubtful whether the whole sentence has 
one. Yet it is certain, nevertheless, that anyone who seriously took the sen- 
tence to be true or false would ascribe to the name ‘Odysseus’ a reference, 
not merely a sense; for it is of the reference of the name that the predicate 
is affirmed or denied. Whoever does not admit the name has reference can 
neither apply nor withhold the predicate. (‘On sense and reference’, p. 162) 


In one published article from 1897, and in posthumously published 
writings dated 1897 and 1914 by the editors (although neither date 
may be reliable), the connection made between ‘aboutness’ and lack 
of truth-value is rendered quite transparently, this time with the 
name ‘Scylla’: 


In poetry and legend ... there occur sentences which, although they have 
a sense, have no reference — like, e.g., ‘Scylla has six heads’. This sentence 


3 Cf. Susan Haack, Philosophy of Logics (Cambridge: Cambridge University 
Press, 1978), p. 212; and Scott Lehmann, ‘Strict Fregean free logic’, Journal of 
Philosophical Logic, 23 (1994), pp. 307-36. 
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is neither true nor false since, for it to be one or the other, it would have 
to have a reference; but no such reference is available, because the proper 
name ‘Scylla’ designates nothing."* 


The sentence ‘Scylla has six heads’ is not true, but the sentence ‘Scylla 
does not have six heads’ is not true either; for it to be true the proper name 
‘Scylla’ would have to designate something. (‘Logic’, pp. 129-30) 


And when we say ‘Scylla has 6 heads’, what are we talking about? In 
this case nothing whatsoever, for the word ‘Scylla’ designates nothing. 
Nevertheless we can find a thought expressed by the sentence, and con- 
cede a sense to the word ‘Scylla’.5 


Likewise, back with Odysseus, in the 1906 diary entries that form 
‘Introduction to Logic’: 


Proper names are meant to designate objects, and we call the object 
designated by a proper name its reference. On the other hand, a proper 
name is a constituent of a sentence, which expresses a thought. Now, 
what has the object got to do with the thought? We have seen from 
the sentence ‘Mont Blanc is over 4000 m high’ that it is not part of the 
thought. Is then the object necessary at all for the sentence to express 
a thought? People certainly say that Odysseus is not an historical per- 
son, and mean by this contradictory expression that the name ‘Odysseus’ 
designates nothing, has no reference. But if we accept this, we do not on 
that account deny a thought-content to all the sentences of the Odyssey 
in which the name ‘Odysseus’ occurs. Let us just imagine that we have 
convinced ourselves, contrary to our former opinion, that the name 
‘Odysseus’, as it occurs in the Odyssey, does designate a man after all. 
Would this mean that the sentences containing the name ‘Odysseus’ 
expressed different thoughts? I think not. The thoughts would strictly 
remain the same; they would only be transposed from the realm of fic- 
tion to that of truth. So the object designated by a proper name seems 
quite inessential to the thought-content of a sentence which contains it. 
To the thought-content! For the rest it goes without saying that it is by 
no means a matter of indifference to us whether we are operating in the 
realm of fiction or of truth." 


™ ‘On Mr Peano’s conceptual notation and my own’, CP, p. 241. 

's ‘Logic in mathematics’, PW, p. 225. 

6 ‘Introduction to logic’, PW, p. 191. I cite this lengthy passage in full because it 
is so very much at odds with the reading given by Gareth Evans, The Varieties 
of Reference (Oxford: Oxford University Press, 1982), pp. 29-30) and by John 
McDowell (‘Truth-value gaps’, in McDowell, Meaning, Knowledge, and Reality 
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For Frege the truth-functional logical connectives are literally 
functions (or, if you think of connectives as linguistic, refer to func- 
tions). They are functions whose values are truth-values. For rea- 
sons we shall briefly examine below, Frege demands that functions 
defined for any objects be defined for all, so we cannot say that the 
connectives are functions whose arguments are truth-values; we 
can, however, say that it is only for arguments that are truth-values 
that we need to take note of the values they assign. Negation maps 
the True to the False and the False to the True; conjunction maps 
the pair <the True, the True> to the True, the pair <the True, the 
False> to the False, and so on. As a consequence of this understand- 
ing of the connectives, a sentence containing any sentential clause 
in a direct/non-oblique context that contains a bearerless proper 
name must lack a truth-value (must fail to refer). 


3 THE LOGICAL PROBLEM OF BEARERLESS NAMES 


Frege holds that any sentence containing a bearerless name in a 
direct/non-oblique context is neither true nor false. That is the com- 
pletely general thesis advanced in the quotation from ‘On sense and 
reference’. He terms the thought expressed by such a sentence ‘fic- 
titious’ and a ‘mock thought’ (‘Logic’, p. 130}; they are such exactly 
and only in that they fail to be about actually existing objects. In 
particular, he says 


‘Scylla has six heads’ is not true 
and 
‘Scylla does not have six heads’ is not true. 


Lack of a bearer for a singular term spreads lack of truth-value per- 
vasively to logically complex sentences. What holds for negation applies 
equally to the other familiar connectives. We can set out the Fregean 
picture in what look like truth-tables for three-valued logic:!7 


(Cambridge, Mass.: Harvard University Press, 1999), pp. 212-13) to Frege’s talk of 
‘mock proper names’ and ‘mock thoughts’ in the 1897 piece ‘Logic’ as to encour- 
age me in the belief that they have simply misread Frege. Cf. David Bell, ‘How 
“Russellian” was Frege?’, Mind, 99 (1990), pp. 267-77, §4. 

1” Cf. Timothy Smiley, ‘Sense without denotation’, Analysis, 20 (1960), pp. 125-35. 
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FREGEAN TRUTH TABLES 
B B 
A =A ASB | T - F AvB | T - |F | 
T F T T - F T T - T 
2 = A - a > = A - 2 re 2 
F T F F - F F T - F 
B B 
A-B | T | - AoB | T | - 
T T |- | F T Ti/- 
A - - |- |- A - - |-|- 
F Teijpao [ck F F}- | T 


Beware! The bar is not a third truth-value; it signifies the absence 
of a truth-value. Where both A and B have truth-values, the connec- 
tives behave classically. 

Lack of truth-value bothered Frege, his reason being that it sub- 
verts classical logic.'® Going by the truth-tables above and taking 
for granted that a valid inference transmits truth from premises to 
conclusion, Frege was right to be bothered. Some familiar natural 
deduction rules fail: 


v-introduction, —-introduction (conditional proof), reductio 
ad absurdum, ex falso quodlibet, the law of excluded middle. 


On the other hand, enough of classical logic survives for Frege to be 
in deep trouble, very deep trouble. Various classical equivalences 


still hold: 
P © Qand-P © -=Q; =-P and P; 
and we still have this rule: 
from P+ QandQ~+ Rinfer Po R. 


Albeit that numerous familiar rules fail to be uniformly truth- 
preserving, there is a simple criterion of validity in this setting: 


the inference from premises = to conclusion 9q is valid iff (i) it is classically 
valid and (ii) no proper name occurs in g that does not occur in at least one 
member of >. 


8 See, e.g., ‘Function and concept’, CP, p. 148; Gg, vol. II, §16s5. 
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There are two routes to trouble. The first adopts (and adapts) an 
argument due to Herbert Heidelberger. 


The indirect argument 


With the valid equivalences and the rule noted above in play, we 
can do this: 
It’s true that P if, and only if, P 
So, it’s not true that P if, and only if, not-P 
But it’s true that not-P if, and only if, not-P 
And it’s true that not-P if, and only if, it’s false that P 
Hence it’s not true that P (if, and) only if it is false that P. 


And: 


It’s false that P if, and only if, it’s true that not-P 

And it’s true that not-P if, and only if, not-P 

So, it’s not false that P if, and only if, not-not-P 

Thus, it’s not false that P if, and only if, P 

But it’s true that P if, and only if, P 

Hence it’s not false that P (if, and) only if it is true that P. 


Putting that all together we get, 


It’s not true that P and it’s not false that P only if it’s both 
true that P and false that P. 


In short, everywhere we think there’s a truth-value gap, there’s also 
a ‘glut’! (And vice versa!) 

In reaching this conclusion we have used a little logic and Frege’s 
claim about the sameness of thought expressed by P and ‘It’s true 
that P’. Is the little logic used sound with respect to the Fregean 
truth-tables? Well, if P is neither true nor false the biconditionals 
above are all neither true nor false. But that’s not really germane. 
What matters is that in asserting that a sentence containing a bear- 
erless name is neither true nor false Frege surely intends to say 


' Herbert Heidelberger, ‘The indispensability of truth’, American Philosophical 
Quarterly, 5 (1968), pp. 212-17. 
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something true: he asserts it, so, by his own lights has judged it to 
be true, not truth-value-less. Now, as the transitions licensed by the 
biconditionals above are truth-preserving (even if the bicondition- 
als themselves are neither true nor false), we can indeed claim that 
there is a truth-preserving inference from the supposedly true 


It’s not true that P and it’s not false that P 
to the contradictory 
It is both true that P and false that P. 


The latter is certainly contradictory for it expresses the same 
thought as 


P and not-P. 


Heidelberger’s argument is perhaps not as well known as it should 
be. It’s not a knock-down argument that any theory that acknow- 
ledges truth-value gaps must acknowledge all instances of gaps as 
being simultaneously instances of truth-value gluts. One needs to 
know what logical principles are in play.*° In Frege’s case enough 
is in play to use at least a variant of the argument: the claim that 
a sentence containing a bearerless name is neither true nor false 
is contradictory, provably so even in a logic that allows for gaps as 
profligate as those of the Fregean truth-tables. 


The direct argument 


A step taken in the course of the indirect argument suffices to estab- 
lish the incoherence of Frege’s claims about sentences containing 
bearerless names and the thoughts they express. It is a step that 


20 There are non-standard logics in which biconditionals do not contrapose (see, e.g., 
Richard Holton, ‘Minimalism and truth-value gaps’, Philosophical Studies, 97 (2000), 
pp. 137-68, at pp. 154-5, for an application to present subject matter) and logics in 
which the negations of logically equivalent formulas need not be logically equivalent 
(such as Nelson’s Logic of Constructive Falsity and Priest’s Logic of Paradox). 

The observation regarding biconditionals is something of a red herring. When 
we reconstruct the argument in terms of inferences, what matters is the rule of 
proof inversion (a weak form of reductio ad absurdum): if A entails B then not-B 
entails not-A. Now, true enough, this rule will not hold in general when bearer- 
less names give rise to sentences that are neither true nor false, but the instances 
that we need do preserve truth-preservation. 
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Frege ought to have considered, for it turns on the answer to the 
simple question, what is the difference between it’s not being true 
that P and not-P’s being true? For the Fregean there can be none. 


(1) By the truth-equivalence, P and ‘It’s true that P’ express the 
same thought. 

(2) By the functional understanding of negation, not-P and ‘It’s 
not true that P’ must therefore express the same thought. 

(3) By the truth-equivalence, not-P and ‘It’s true that not-P’ 
express the same thought. 

(4) Therefore, ‘It’s not true that P’ and ‘It’s true that not-P’ 
express the same thought. 


Crispin Wright says, ‘[T]he equivalence schema entails, given only 
the most basic assumptions about its scope and about the logic 
of negation, that truth and negation commute as prefixes’! More 
narrowly, we have used only claims about sameness of meaning 
(thought expressed) to obtain the same conclusion. Frege wants ‘It’s 
not true that P’ to be TRUE when P contains a bearerless name; and, 
at the same time, he wants ‘It’s true that P’ to say the same as P 
(and ‘It’s true that not-P’ to say the same as not-P) even though, in 
virtue of containing a bearerless name, P is, he wants to say, NOT 
TRUE and NOT FALSE. Now, the very fact that Frege tells us so little 
about falsity, and what he does tell us is exactly that judgement of a 
thought as false is accommodated by judging its negation to be true, 
shows us that he takes ‘It is false that P’ and ‘It’s true that not-P’ as 
ways of expressing the same thought. But if he is right about this 
then he cannot coherently maintain of any thought that it is neither 
true nor false, for ‘It’s true that not-P’ is entailed by, indeed says the 
same as, ‘It’s not true that P’. 

The following constitute an inconsistent triad (which we may 
call ‘Frege’s trilemma’): 


(i) The truth-equivalence 
(ii) The functional reading of negation 
(iii) The truth-value gap thesis concerning the thoughts expressed 
by sentences containing bearerless names. 


21 Wright, ‘Truth’, p. 213. 
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In the Notes Dictated to G.E. Moore in Norway, April 1914 
Wittgenstein states as a definition: 


p is false = ~(p is true) Def.?? 


In a Tarskian, recursive definition of truth we standardly have the 
clause 


~p is true if, and only if, p is not true. 


Such stipulations threaten not just the functional understanding of 
negation but bring pressure to bear on the very foundation of Frege’s 
function/argument analysis of propositions. For suppose P has the 
form F(a) where the name a does not refer. Then P’s negation has the 
form -F(a) and is true, since P is not true. But the function denoted 
by -F(E) does not, on its own, name either the True or the False, 
and yet a supplies no argument for it. To avoid this consequence, it 
would seem that one must give up the functional understanding of 
the logical constants. 

Otherwise, one must give up either the truth-equivalence or deny 
the existence of truth-value gaps. Michael Dummett gives up the 
former. 


A Dummettian interlude 


We have seen that (i), (ii) and (iii) are inconsistent. Dummett has 
argued that (i) and (iii) are inconsistent. The argument is given ori- 
ginally in his article ‘Truth’. It has been endorsed by many. Simon 
Blackburn and Keith Simmons, in the Introduction to their collec- 
tion, Truth, rehearse it and wield it fiercely without further ado. 
Richard Holton has said of it that it is as damaging as it is simple. 
It’s certainly simple. Here’s the argument: 


Suppose that P contains a singular term which has a sense but no refer- 
ence: then, according to Frege, P expresses a proposition which has no 
truth-value. This proposition is therefore not true, and hence the statement 


» Ludwig Wittgenstein, Notebooks 1914-1916, ed. G. H. von Wright and G. E. M. 
Anscombe, trans. G. E.M. Anscombe, 2nd edn (Oxford: Basil Blackwell, 1979), p. 116. 
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‘It is true that P’ will be false. P will therefore not have the same sense as 
‘It is true that P’, since the latter is false while the former is not.?3 


As it stands this argument is hardly compelling. It is an argu- 
ment in the logician’s sense: it has premises; it has a conclusion. 
What connects them is a premise that Dummett has endorsed time 
and again: that ‘It’s true that ...’ is an oratio obliqua context,?4 an 
oblique, opaque or indirect context. ‘It’s true that P’ is to be read 
as predicating truth of the thought that is the reference of ‘That P’. 
There being no failures of reference in indirect contexts, ‘It’s true 
that P’ cannot be neither true nor false. 

Dummett admits that the context governed by ‘It’s true that ...’, 
unlike, say, propositional attitude contexts, fails the standard sub- 
stitution test for opacity. That test, however, he takes as being only 
a sufficient criterion. What is at stake here is the way we should 
read ‘It’s true that P’. As I have said, Dummett reads it as predicat- 
ing truth of the thought referred to by the name ‘That P’. This is to 
be contrasted with how we read a sentence of the form ‘It is not the 
case that P’. Here ‘It’s not the case that ...’ attaches, as an operator 
to the sentence P.5 Why can we not read ‘It’s true that P’ analo- 
gously (for surely ‘It is the case that ...’ should be like both ‘It is 
true that ...’ and like ‘It is not the case that ...’)? Before we come to 
Dummett’s response to that question let’s ask another. Does Frege 
concur with Dummett’s reading? 

Nothing Frege says encourages the thought that he does. There 
are substantial reasons to think that he does not. Here’s one. The 
passages quoted from ‘On sense and reference’ that give us theses (i) 
and (iii) occur before any mention of oblique contexts (more prop- 
erly, of the customary/indirect distinction for sense and reference). 
It would be disingenuous in the extreme, not to say outright dishon- 
est, of Frege to use a locution that requires that distinction for its 


23, Michael Dummett, ‘Truth’, in his Truth and Other Enigmas (London: Duckworth, 
1978], pp. I-24. at p. 4. 

24 E.g. ibid., Michael Dummett, The Interpretation of Frege’s Philosophy (London: 
Duckworth, 1981), ch. 6, and ‘Of what kind of a thing is truth a property?’, in 
S. Blackburn and K. Simmons (eds.), Truth (Oxford: Oxford University Press, 
1999), Ppp. 264-81. 

»* Cf. A. N. Prior, ‘Oratio Obliqua’, Aristotelian Society Supplementary Volume, 37 
(1963), pp. 115-26, at p. 116, and ‘Is the concept of referential opacity really neces- 
sary?’, Acta Philosophica Fennica, 16 (1963), pp. 189-99, at pp. 193-4. 
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proper interpretation prior to advancing it, the more so as nowhere 
does he ever so much as mention it as an example giving rise to 
an indirect context. Here’s another reason for thinking Frege didn’t 
adopt Dummett’s reading. Take a sentence such as ‘Jena is a city on 
the Saale’. The reference of the name ‘Jena’ is a particular German 
city. If the sentence is true then so too is the sentence ‘Jena exists’. 
Jena’s existence is an existential commitment of that sentence’s 
being true. On Dummett’s reading of ‘It’s true that Jena is a city 
on the Saale’, this second sentence has no such existential commit- 
ments, or at least has none such directly, because in this sentence 
the name ‘Jena’ now refers to the customary sense expressed by the 
name ‘Jena’, the sense expressed in the original sentence, its indi- 
rect reference. There is no obvious explanation why the truth of 
‘It’s true that Jena is a city on the Saale’ has the existential com- 
mitments of ‘Jena is a city on the Saale’. Now, surely, Frege, had he 
intended Dummett’s reading, would have realized this and, having 
realized it, balked at the sameness of thought claim. 

Frege does not, I contend, concur with Dummett’s reading. 
Should we? As I read him Dummett presents only one argument 
that is intended to clinch the claim that we should.” It is this: 


[I]f there are meaningful sentences which say nothing which is true or false, 
then there must be a use of the word ‘true’ which applies to propositions; for 


26 In ‘Of what kind of a thing is truth a property?’, he offers another which he 
describes as providing a strong reason in favour of the oratio obliqua thesis. The 
argument form 

X believes that P 

It’s true that P 

Therefore, X has a true belief 
is, as Dummett puts it, unquestionably valid. It is also, as he says, unproblematic 
if we read ‘It’s true that P’ as predicating truth of the proposition ‘That P’, i.e., the 
oratio obliqua reading. It may, Dummett concedes, be objected that the form 

X believes that P 

P 

Therefore, X has a true belief 
is equally valid, but problematic on the view Dummett maintains. The difficulty can 
be ‘localized’ and validity explained by allowing inference of ‘It’s true that P’ from P. 
But if this fact ‘provides strong reason for construing the phrase “it is true that” as 


inducing an opaque context’ (p. 271), it does so at the cost of rendering the validity of 
the latter inference wholly unexplained: to allow the inference is not to explain it. 
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if we say ‘It is neither true nor false that P’ the clause ‘that P’ must here be 
in oratio obliqua, otherwise the whole sentence would lack a truth-value.?’ 


What reason could there be to believe this conclusion? I suspect 
that Dummett is making an assumption that we have already seen 
to be false on pain of contradiction when the truth-equivalence is 
accepted: that if a sentence or thought P is neither true nor false so 
too is its negation. The conclusion of the direct argument shows us 
that, if P is neither true nor false, then, since in particular it is not 
true, its negation is true. Without an assumption to the contrary in 
play, Icannot see how Dummett’s conclusion follows. To show that 
it does not we must elaborate a coherent position that admits that ‘It 
is neither true nor false that P’ is true for some sentences P consist- 
ently with the truth equivalence. 

Before that, notice that, if Dummett is to avoid the same morass 
Frege got himself into, he must deny one of the following (what we 
might call ‘Dummett’s trilemma’: 


(i) That A entails ‘It’s true that A’ 
(ii) That not-B entails not-A when A entails B 
(iii) That ‘It’s true that not-A’ entails ‘It’s false that A’. 


Here I take entailment to be necessary truth-preservation. (i) and (ii) 
suffice to get from ‘It’s not true that P’ to ‘It’s true than not-P’. 


A semantic conception of falsity 


The Fregean wants to say that an assertoric sentence may be neither 
true nor false. For this to be possible while endorsing the truth- 
equivalence, he must not, as we have seen, equate being false and 
not being true. If a sentence is not true that is either because it is 
false or because it is neither true nor false. Frege’s account of falsity, 
such as it is, fails to allow for this second possibility. 

Dummett has argued that the truth-value gap thesis is incompat- 
ible with Frege’s claim that P and ‘It’s true that P’ express the same 
thought/content. I have suggested that Dummett’s grounds for this 
are not compelling. I do, nonetheless, hold that the truth-equivalence 
and the truth-value gap thesis are incompatible with Frege’s concep- 
tion of how sentences come to be false, i.e., how they come to name 


27 Dummett, ‘Truth’, p. 5. 
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the False. What we have been led to this far, via the direct argument, 
is an account of negation that assigns to it this truth-table: 


A “A 
T F 
- T 
F T 


This is a three-valued truth-table in a purely formal sense: as before, 
‘-’ stands for neither true nor false, not for some distinct, third value. 

This is an unorthodox truth-table, one that follows from our 
Fregean theses (together with the commonplace that the negation 
of a truth is false}, but one which there can be little doubt Frege 
failed to consider. Why so? Because P’s negation has a truth-value 
even when P doesn’t. In Fregean terms, even when the assertoric 
sentence P fails to refer either to the True or the False, because con- 
taining a non-referring singular term, its negation, which contains 
exactly the same non-referring term or terms, succeeds in referring 
to the True. But the negation operator, for Frege, stands for a func- 
tion, a function that maps the True to the False and everything else 
to the True (see, e.g., ‘Function and concept’, pp. 149-50, Gg, vol. I, 
§6). It must, as all functions must according to Frege, be defined for 
all objects, but the whole point of the passage about Odysseus is that 
the sentence containing a non-referring term fails to refer, hence 
can supply no argument for the function for which negation stands 
to act upon. There is, as we have seen, a fundamental incoherence 
in Frege’s use of negation in ‘On sense and reference’. 

It is important to appreciate exactly which of Frege’s semantic 
theses poses the problem. It is not the thought that sentences are 
proper names referring to the True and the False if to anything, 
nor the thought, however problematic elsewhere, that the True and 
the False are objects on a par with tables, chairs and extensions of 
concepts. Nor is it the thought that logically unstructured predi- 
cates refer to concepts and the latter are functions from objects to 
truth-values. Nor yet is it a mere commitment to compositionality, 
at least as that is understood in contemporary terms, for there is 
no failure of compositionality in having a negation satisfying the 
truth-table above. Where the problem lies is in the supposition that 
any sentence containing a non-referring singular term must itself 
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express a thought that fails to have a reference, i.e. fails to be either 
true or false. That thesis, entirely plausible taken on its own, no 
doubt, is incompatible with the conjunction of the truth equivalence 
and the truth-value gap thesis. Frege holds to this thesis because he 
has a narrow reading of compositionality in functional terms, from 
which follows the principle ‘no input, no output’.”* 

Holding to the truth-equivalence, we must give up the claim 
that there are sentences expressing thoughts that are neither true 
nor false, or the thesis that any assertoric sentence containing a 
non-referring singular term must express a thought that fails to 
be either true or false. The latter, of course entails the former, so 
that we cannot give the former up without rejecting the latter. The 
entailment does not reverse. What is the case is that if we give up 
on the specifically Fregean thesis that any sentence containing a 
non-referring singular term must itself express a thought that fails 
to be either true or false, it may seem that we have little reason to 
continue endorsing the claim that there are sentences expressing 
thoughts that are neither true nor false. Why should the Fregean 
continue to suppose some sentences containing non-referring terms 
are neither true nor false when having to give up on the claim 
that all are? The best answer, it seems to me, is that anyone with 
Fregean sympathies would have to give up on the stronger thesis 
anyway, irrespective of any problems occasioned by his/her treat- 
ment of negation.”9 


28 Evans makes the weaker point that Frege had no means to rule out a ‘wide scope’ 
negation with our truth-table. But Evans makes a mistake when he goes on to say: 


I said this was essentially the same point, because it rests upon the incomprehen- 
sibility of the idea that the thought that p and the thought that it is not true that 
p can both fail to be true. Surely the thought that it is not true that p is true just 
when the thought that p is not true. So resistance to the idea that both thoughts 
may fail to be true is, once again, resistance to the idea of a gap between a deter- 
minate thought’s failing to have the value True and its having the value False. 
(Evans, The Varieties of Reference, p. 25) 


We agree that the thought that it is not true that p is true just when the thought 
that p is not true. But that, as we shall show, does not preclude the possibility of 
p’s being neither true nor false. 

29 We should note that the weaker claim is compatible with what Frege lays down in 
Grundgesetze in a section headed ‘When does a name denote something?’ There 
he says, 
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Our Fregean truth-tables for conjunction and disjunction have 
a quite extravagantly damaging effect on what Christine Tappolet 
calls truisms about truth.° To be fair, her one example — that a 
conjunction is true if, and only if, its conjuncts are true — survives; 
but the parallel truism for (inclusive) disjunction, that a disjunc- 
tion is true if, and only if, at least one of its disjuncts is true, fails, 
as does the truism that a conjunction is false if, and only if, at least 
one of its conjuncts is false. Tappolet also proposes it as a truism 
that truth is what is conserved in valid inference. If so, with these 
truth-tables the natural deduction rule of v-introduction fails, as 
we noted above. If one supposes that, likewise, that it is a tru- 
ism that if the conclusion of a valid inference is false so too is at 
least one premise — and is this any less of a truism? Perhaps it is — 
then the natural deduction rule of &-elimination (simplification) 
also fails. 

Now, of course, Frege did think that in order to save logic, by 
which he meant classical logic, a logically perfect language must 
satisfy the requirement that there be no non-referring singular 
terms, and that ordinary language is sadly deficient in this respect. 
Anyone less sanguine than Frege about a wholesale revision of 
everyday conceptions in favour of the logically perfect, will, I sus- 
pect, feel moved to hold on to Tappolet’s truisms and so reject the 
Fregean truth-tables for the sentences of everyday language. Rather, 
she will endorse these truth-tables: 


A proper name has a denotation if the proper name that results from that proper 
name’s filling the argument places of a denoting name of a first-level function 
of one argument always has a denotation, and if the name of a first-level func- 
tion of one argument that results from the proper name in question’s filling the 
&-argument places of a denoting name of a first-level function of two arguments 
always has a denotation, and if the same holds also for the ¢-argument-places. 
(Gg, vol. I, §29, emphasis added) 


He has preceded this by saying: 


A name of a first-level function of one argument has a denotation (denotes some- 
thing, succeeds in denoting) if the proper name that results from this function- 
name by its argument-places being filled by a proper name always has a denotation 
if the name substituted names something. 


3° Christine Tappolet, ‘Truth pluralism and many-valued logics: A reply to Beall’, 
Philosophical Quarterly, 50 (2000), pp. 382-5. 
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NON-FREGEAN TRUISTIC TRUTH TABLES 


B B 
A | -A ASB | T | - F AvB | T - F 
T | F T T | - F T T T T 
- A - - - F A - T - - 
F | T F F F F F T - F 
B B 
A->B | T | - AoB | T [| - 
T T |] - F T T]- 
A - T |? - A -=- - 2 - 
F T | T | T F F ] - T 


I put a ‘?’ rather than ‘~’ because one may well maintain that any 
instance of A — A should be True, but equally clearly not every 
sentence of the form A — B in which both A and B contain non- 
referring proper names should be TRugE. Arguably it’s a truism that 
if A entails B then ‘If A then B’ is true; and even more arguably, it’s 
a truism that A entails A. Likewise, if A and B say the same thing, 
‘If A then B’ should be true.3" 

At the same time as endorsing these truth-tables (which merely 
enshrine truisms),3? we don’t have to give up entirely on the original 
Fregean perception that leads to the thesis that sentences contain- 
ing non-referring singular terms are neither true nor false. 

Think of simple predications. A predicate refers to a concept; some 
objects fall under the concept, some don’t. A predicate therefore just 
refers to something that maps objects to the semantic values of sen- 
tences, which, for Frege, are truth-values (as Dummett has empha- 
sized: e.g., chapter 6 of The Interpretation of Frege’s Philosophy). 
And we need feel no obligation to say that a sentence comprising 


3! Regarding truisms, it has to be admitted that in twentieth-century logic nothing 
is sacred. Quantum logic has been seen as admitting true disjunctions neither 
of whose disjuncts need be true. Even the rule of &-elimination (simplification) 
has been denied: a conjunction may not entail its conjuncts (see, e.g., Robert 
Gahringer, ‘Intensional conjunction’, Mind, 79 (1970), pp. 259-60, and Bruce 
Thompson, ‘Why is conjunctive simplification invalid?’, Notre Dame Journal of 
Formal Logic, 32 (1991), pp. 248-54). 

32 In the case of the conditional, conditionally so: if there’s any truth in the ma- 
terial implication account of the conditional. 
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a simple predication and a non-referring singular term is anything 
other than neither true nor false. 

We must divorce falsity and non-truth. We do this for atomic sen- 
tences: for an atomic sentence to be false it must be not true and all 
the singular terms it contains refer. Otherwise it is neither true nor 
false. Rather than an analogue of the simple truth equivalence, we 
then proceed to give a recursive definition of falsity, guided by the 
platitudes enshrined in the non-Fregean truth-tables. We must also 
give an account of the quantifiers. The reader interested in seeing 
how this goes may consult the Appendix. 

Now, it is a fact to be celebrated that, if we take Tappolet’s truism 
that truth is what is preserved in valid inferences to heart, we find 
that the (formal) truth-tables above for negation, conjunction and 
disjunction deliver that all and only classically valid propositional 
logic inference patterns involving those connectives preserve truth. 
Employing classically valid inference patterns in conjunction with 
the truth equivalence, we can then derive the standard recursive 
clauses for truth concerning these connectives — accepting that ‘if 
A then B’ is true when A entails B. What is more, we also have that 
an atomic sentence is neither true nor false when, and only when, 
at least one of its terms fails to refer. And, returning to Dummett’s 
discussion of ‘It’s true that ...’ contexts, we find that not only may 
the thought expressed by such a sentence be neither true nor false, 
it is then true that it is neither true nor false. 


4 STATEMENTS OF NON-EXISTENCE 


To paraphrase Leonard Linsky, Frege does not address the analysis of 
negative existential sentences involving proper names, but we can 
construct a Fregean account of them.3 Existence is a higher-level 
concept, under which concepts of lower level fall, or not: to say that 
there is at least one @ is to say that at least one object falls under the 
concept that is the reference of ‘@’. To say that Jena exists is to say 
that at least one object falls under the concept identical to Jena; for- 
mally, Axx = a). To say that unicorns don’t exist is to say that noth- 
ing falls under the concept unicorn; formally 7Axpx. Likewise, one 


33 Leonard Linsky, Names and Descriptions (Chicago: University of Chicago Press, 
1977), P. 5. 
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might expect, to say that Pegasus does not exist is to say that noth- 
ing falls under the concept identical to Pegasus. But this suggestion 
falls foul of Frege’s general thesis concerning sentences containing 
non-referring terms: the thought expressed, that Pegasus does not 
exist, is neither true nor false on Frege’s account.4 

It has struck some as intolerable that this should be a consequence 
of Frege’s theses on non-referring singular terms. Linsky, for example, 
says that ‘Pegasus does not exist’ is true, a truth, indeed, that we must 
insist upon2s Now, while common sense balks at Meinong’s ‘There 
are objects of which it is true to say that there are no such objects’, it 
happily countenances assertions such as ‘There are lots of things that 
don’t exist: Atlantis, El Dorado, the planet Vulcan, Santa Claus, the 
Abominable Snowman, the Loch Ness Monster, the Big Grey Man of 
Ben Macdui ...° But be that as it may, it hardly sanctions a reflective 
insistence on the correctness of saying ‘Pegasus does not exist’. Of 
what is one denying existence? Not of Pegasus, for, as one would like 
to say, the point is that there is no Pegasus of which existence may be 
denied. There’s a real and pressing sense in which the sentence cannot 
be about Pegasus (even if, in some more attenuated sense of ‘about’, 
it is about Pegasus). The name ‘Pegasus’ does not refer; it expresses a 
sense but nothing answers to this mode of presentation. 

To say that Pegasus does not exist may, in some indirect way, 
be a claim about the name ‘Pegasus’ or the sense it expresses. The 
former is perhaps Frege’s view. The latter is Linsky’s contention. 
In negative existential sentences ‘exists’ ‘induces an oblique con- 
text in which the proper name denotes its customary sense’? This 
is, he says, ‘a rather satisfying result since it exploits the intuition 
that existence-contexts are indeed special, and that what prevents 


34 We have found Frege’s own account to be thoroughly unsatisfactory. We could 
with good conscience argue thus: as ‘Pegasus’ does not refer, ‘There is at least 
one object identical to Pegasus’ is not true; therefore its negation is true. For the 
time being I ask the reader to suspend her dissatisfaction. Dissatisfaction sus- 
pended, we note that the Fregean must say that the predicate ‘identical to Pegasus’ 
expresses a sense but fails to refer: no concept answers to the sense expressed. 
Leonard Linsky, ‘Frege and Russell on vacuous singular terms’, in M. Schirn 
(ed.), Studien zu Frege/Studies on Frege, vol. III (Stuttgart: Frommann, 1976), pp. 
97-115, at p. 112. 
36 If to be is to be the value of a bound variable, existence comes cheap in ordinary 
usage. 
37 Linsky, Names and Descriptions, p. 6. 
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“Pegasus does not exist” from being meaningless is the fact that the 
denotationless name “Pegasus” is not devoid of sense’.3* 

Whatever the merits of Linsky’s proposal, it has two significant 
demerits. The first is that in classical logic the sentence qa contain- 
ing the singular term a is logically equivalent to 74x(x = a & 7@x). 
So either we junk classical quantification theory or thoughts about 
objects have the same truth-conditions (which may, for the Fregean, 
mean that they express the same thought}3° as sentences about the 
modes of presentation of those objects. Neither is a happy place to 
end up. 

The second demerit is that it fails to take account explicitly of 
what Frege says about existence presuppositions. In ‘On sense and 
reference’ we find, 


If anything is asserted there is always an obvious presupposition that the 
simple or compound proper names used have a reference. If therefore one 
asserts ‘Kepler died in misery’, there is a presupposition that the name 
‘Kepler’ designates something; but it does not follow that the sense of 


38 Linsky, ‘Frege and Russell’, p. 112. Linsky does not restrict the induction of 
oblique contexts by ‘exists’ to negative existentials. Some support for Linsky’s 
position might be drawn from Anthony Kenny’s observations: 


If aman uses a proper name, then he implies that it has a bearer, that is to say, that 
the object which he means exists. If someone says ‘Satan exists’ or ‘Satan does 
not exist’ then he does not imply, but respectively asserts or denies, that Satan 
exists. It follows that he is not using ‘Satan’ in these sentences as a proper name... 
[W]hether Satan exists or not, ‘Satan’ is not used as a proper name either in ‘Satan 
exists’ or in ‘Satan does not exist’. Neither of these sentences, moreover, is about 
Satan, whether or not he exists. (Anthony Kenny, : ‘Oratio Obliqua’, Aristotelian 
Society Supplementary Volume, 37 (1963), pp. 127-146, at p. I4I. 


But why suppose it is existence statements that are special, why not the embed- 
ded identity? It seemed to Bas van Fraassen that ‘we cannot plausibly reject that 
‘t = t’ is false when t has a referent and r’ does not.’ He offers the example: that 
Santa Claus does not exist is sufficient reason to conclude that the president of the 
US is not Santa Claus (‘Singular terms, truth-value gaps, and free logic’, Journal of 
Philosophy, 63 (1966), pp. 481-95). 

39 See Gg, §32; ‘Compound thoughts’, CP, pp. 393 and 405; Letter to Husserl, 
9 December, 1906, PMC, pp. 70-1; ‘A brief survey of my logical doctrines’, PW, 
p. 70; but see Charles Parsons, ‘Review article: Gottlob Frege Wissenschaftlicher 
Briefswechsel’, Synthese, 52 (1982), pp. 325-43, at pp. 328-9, and Jean van 
Heijenoort, ‘Frege on sense identity’, Journal of Philosophical Logic, 6 (1977), 
pp. 103-8. 
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the sentence ‘Kepler died in misery’ contains the thought that the name 
‘Kepler’ designates something. If this were the case the negation would 
have to run not 


Kepler did not die in misery 
but 


Kepler did not die in misery, or the name ‘Kepler’ has no 
reference. 


That the name ‘Kepler’ designates something is just as much a 
presupposition for the assertion 


Kepler died in misery 


as for the contrary assertion. Now languages have the fault of containing 
expressions which fail to designate an object (although the grammatical 
form seems to qualify them for that purpose} because the truth of some 
sentence is a prerequisite. (‘On sense and reference’, pp. 168-9} 


It is, then, a presupposition of the sentence ‘Pegasus does not 
exist’ that the name ‘Pegasus’ designate something, and hence 
that ‘Pegasus exists’ is true. Thus the sentence ‘Pegasus does not 
exist’ cannot be (truthfully) asserted: one cannot acknowledge it as 
true for in the very attempt to do so one must accept its contrary. 
Frege’s observation concerning negations of sentences containing 
singular terms is correct to the extent that we do not normally 
make explicit existence assumptions when we negate a sentence. 
(Russell’s theory of descriptions is a case in which the distinc- 
tion between wide and narrow scope negations is in this respect 
abnormal.) 

Taking the observation at face value, Frege has a strong motive 
for insisting, as he does on numerous occasions, that in a perfected 
scientific language every properly constructed (closed) singular 
term refers, for only then is it the case that the language is used in 
accordance with the presuppositions of (its) correct usage. We can 
see from the way we say what the negation (or, more generally, the 
contrary) of a given sentence says that we take for granted that the 
proper names of our language refer. It is, then, no surprise if we run 
into difficulties when those presuppositions fail. Frege, never being 
one to cast doubt on the correctness of classical logic, takes the pre- 
suppositions as well founded. A language rid of imperfections must 
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accord with those presuppositions: well-formed proper names of the 
language must — as a matter of logic! — refer. 


§ THE PERFECTED LANGAUGE OFA 
DEMONSTRATIVE SCIENCE 


If we are to use a language in accord with the presuppositions for its 
use, all singular terms of the langauge must refer: 


A logically perfect language (Begriffsschrift) should satisfy the conditions, 
that every expression grammatically well constructed as a proper name 
out of signs already introduced shall in fact designate an object, and that 
no new sign shall be introduced as a proper name without being secured a 
reference. (‘On sense and reference’, p. 169] 


As Frege indicates here, there are general methods for forming 
proper names; all such names must be assured of a reference. The 
best known variable-binding term-forming operators (vbtos) gener- 
ate definite descriptions and set abstracts. Let a be a vbto. Then, 
for any predicate g(x), axq|x) is a singular term (in Frege’s termin- 
ology: a proper name). 

In Grundgesetze, terms for courses-of-values are introduced this 
way (in the notation &é®e) (Gg, §9).4° What Frege calls his ‘substitute 
for the definite article’ is introduced a little differently, as a function 
mapping objects to objects: 


if & = &(e = A), for some object A thenv€ = A, 
otherwise .& = & (Gg, §§11 and 31)4" 


The only objects Frege has previously introduced are the two truth- 
values, the True and the False, and courses-of-values. In §10 he has 
argued that the True and the False may be identified with courses- 
of-values. The net effect is therefore the same as introducing a vbto 
meeting these constraints: 


4° It is tempting to put ‘{x: @(x}}’, in a more modern notation, for Frege’s ‘éBe’ but 
that, while largely harmless, would be misleading in that Frege’s extension of 
a concept is closer to the graph of a set’s characteristic function than to the set 
itself. 

4¢ Frege’s Basic Law VI says only: Vx(x=\ &(e=x)). That is, the Law says nothing about 
how \& is to be interpreted when € is not of the form é(e=A) for some properly 
formed name A. 
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if a unique object falls under the concept g(€) then “xq@(x)’ 
denotes that object; 


otherwise 4xq/(x]’ denotes éqe. 


From the Fregean perspective, vbtos are second-level functions map- 
ping concepts to objects. Like all functions, they must be defined 
for all possible arguments — all concepts — and they must be well 
defined, that is, the function must assign the same object to co- 
extensive concepts, for co-extension is the analogue for concepts of 
identity between objects. In the Fregean scheme, the vbto a satisfies 
these two axioms, where we read the second-order quantifiers as 
quantifying over concepts: 


a-Existence: VX4z(z = ayXy); 
a-Extensionality: VXVY(Vx(Xx © Yx) > ayXy = ayYy). 


We should note that these are trivially consistent with respect to 
standard second-order semantics, for we may take a one-element 
domain, D = {o}, and a function a:(D) — D which assigns o to both 
subsets of D. We should note too that, as George Boolos observed, 
a-Extensionality may be considered a logical truth: given extensional 
semantics, o is interpreted as a function from subsets of the domain 
to the domain and Vx(Xx © Yx} is satisfied under an assignment 
of values to the second-order variables if, and only if, X and Y are 
assigned the same subset of the domain.‘? Lastly, we should note 
that in standard second-order logic o-Existence is a consequence of 
a-Extensionality as VXVx(Xx © Xx) is a logical truth. 


6 BASIC LAW V 
Introducing courses-of-values, in §3 of Grundgesetze, Frege says 


I use the words 
‘the function ®(&) has the same course-of-values as the function P(€)’ 
generally to denote the same as the words 


‘the functions ®(&) and ¥(&) have always the same value for the same 
argument’. 


# George Boolos, ‘Frege’s theorem and the Peano postulates’, The Bulletin of 
Symbolic Logic, 1 (1995), pp. 317-26, at p. 322. 
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This is Basic Law V informally stated. There is further discussion of 
courses-of-values in §§9 and 10, and a formal statement in §20. Later 
on he splits the law into Va and Vb. Va is a-Extensionality for the 
extension-of-concept vbto &. It is unexceptionable. As Montgomery 
Furth says, ‘This is no news to us; it merely follows from the exten- 
sionality of concepts’.43 Vb is the converse of Va. 


Converse of a-Extensionality: VXVY(ayXy = ayYy > Vx(Xx © Yx)). 


This says that the vbto a stands for a one-one function from con- 
cepts to objects. 


7. CANTOR’S THEOREM 


In the 1890-1 volume, the first volume, of the Jahresbericht der 
deutschen Mathematiker-Vereinigung Cantor published a proof 
of what is now widely known*# as Cantor’s Theorem: every set is 
of lower cardinality than the set of its subsets. Emphasizing its 
pertinence to Fregean concerns, we note that Cantor’s original 
proof was phased not directly in terms of subsets but in terms 
of functions defined on a given set and taking only two values 
(o and 1).45 
Cantor’s theorem can be phrased in two equivalent ways: 


(t) There is no function from a set X onto the set of all its 
subsets. 

(2) There is no one-one function from the set of all subsets of X 
into the set X. 


The orthodox textbook proof of Cantor’s Theorem, following 
Cantor’s original, is a proof of (1). 


43 Montgomery Furth, ‘Editor’s Introduction’, in Frege, The Basic Laws of 
Arithmetic; Exposition of the System, ed. and trans. M. Furth (Berkeley and Los 
Angeles: University of California Press, 1964), pp. xlv-xlvi. 

44 Ernst Zermelo, ‘Untersuchungen tiber die Grundlagen der Mengenlehre I’ 
Mathematische Annalen, 65 (1908), pp. 261-81, translated as ‘Investigations in 
the foundations of set theory I’ in J. van Heijenoort (ed.), From Frege to Gédel: A 
Source Book in Mathematical Logic, 1879-1931 (Cambridge, Mass.: Harvard 
University Press, 1967), pp. 199-215. 

45 Cantor’s proof is reproduced in Michael Hallett, Cantorian Set Theory and 
Limitation of Size (Oxford: Oxford University Press, 1984), p. 77. 
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Let f be a function from X into the set of all subsets of X. 
The set Y = {x e X: x ¢ f\(x)} is a well-defined subset of X. 
But no element of X is mapped to Y by f. For suppose, to 
the contrary, that f(y) = Y; we ask, Does y belong to f(y)? If 
ye fly), ie. if ye Y, then, by the definition of Y, y ¢ f(y); 
conversely, however, if y ¢ f(y) then y meets the defining 
condition for membership of Y and so ye Y, i.e. ye f(y). 
Thus ye fly) if, and only if, y ¢ f(y) —a contradiction. 


With a proof of (1) in hand, (2) may quickly be derived via a proof by 
contradiction. 


Suppose that there is a one-one function h from ¢(X) 
into X. As it is one-one it has an inverse: for any x in 
X, there is at most one subset of X mapped to x by A. 
The inverse maps some not necessarily proper subset Y 
of X onto ¢(X). Pick an arbitrary subset of X and map 
any remaining members of X — those not in Y — to that 
subset. We then have a function from X onto ¢(X}, in 
contradiction to (1). 


For present purposes it is of more interest to prove (2) directly. We 
do this twice over. 


Let g be a function from ¢(X} into X. Let Y be the subset 
{xe X:4Z CX [x = 9(Z) andx ¢ Z |}, a well-defined subset of 
X. Let y = g(Y). 

I, Ify ¢ Y then y satisfies the condition for membership of 
Y, i.e. y € Y. This suffices to establish that y ¢ Y. 


I, But now, think what this, i.e. y € Y, says. On the one 
hand, y = g{Y) and ye Y. On the other, for some subset Z of 
X,y=g(Z) andy ¢ Z. Thus g is not one-one as two distinct 
subsets of X are mapped to y. 


II, Suppose that g is one-one and that ye Y. For some Z, 
y=g(Z) and y¢ Z. But as g is one-one, Z = Y. So, ifye Y 
then y ¢ Y. This establishes that y ¢ Y. 

II, But think what this says: for any subset Z of X that 
gets mapped to y by g, y is a member of Z. But Y is one 
such and y, as just demonstrated, is not a member of it. 
Contradiction. — g cannot be one-one. 
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We have here three proofs: I, + Ip; II, + Iy; and I, + II,, for the latter 
two give us, respectively, ye Y and y¢ Y, a contradiction, on the 
assumption that g is one-one. 

To bring out the role of the clause ‘Y is a well-defined subset of X’, 
here’s a neat little exercise in set theory: 


The co-finite subsets of N are those subsets of N whose 
complements with respect to WN are finite. The set of all 
finite and co-finite subsets of N is countably infinite. Let 
X,, Xi, -, Xp». be some enumeration of this set. Show 
that the set 


Y={ne N: ne X,} 
is neither finite nor co-finite. 


PROOF Consider the complement of Y, N- Y={ne N:n¢ 
X,,}, which is finite or co-finite as Y is co-finite or finite. If 
it is either finite or co-finite then N — Y = X,,, for some 
me N. But then, me X,, if and only ifm <¢ N-Y if and 
only ifm¢ X,,,. So N —Y, and hence Y itself, is neither 
finite nor co-finite. 

The point is that here we can have a one-one correspondence 
between N and the family of finite and co-finite subsets of N, 
exactly because the ‘diagonalizing set’ N — Y doesn’t belong to that 
family. 

Cantor’s Theorem, published at around the time Frege was fin- 
ishing the writing of the first volume of Grundgesetze, provides a 
stark warning. Sadly, it was a warning to which Frege was blind. 


8 THE PARADOX 


With a vbto a in our (second-order) language, we may form the predi- 
cate containing one free variable 


AX(x = ayXy & AXx), 


which we shall abbreviate as (x). On the assumption that it is a suit- 
able substituend for the second-order quantifiers, i.e. on the assump- 
tion that this predicate does refer to a concept, we can show, as a 
matter of logic, that ¥(ay¥(y)). We shall conduct the proof in a weak 
second-order free logic, so that we explicitly mark assumptions that 
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a formula is an appropriate substitution instance for a quantifier — 
semantically, that a formula does refer to an entity falling within 
the range of the quantifiers, be that at first- or second-order.4* We 
take the natural deduction rules for quantifiers and identity in free 
logic from Tennant.‘’ The proof looks like this: 


aS ft 
VXaAz(z=ayXy) Aly t=ayyply) Alt 
ee —____________ = E 
Az(z = ayyply)) Alayy(y) 
14,-E 
Alayyply) 
== —_—_——2 
ayyply) = ayy(y) ap(ayy( y)) 
ee ees | 
ayy) = ayy) & -ylayy(y)) ay 
I 
AX(ayy(y) = ayXy & +X(ayy(y))) - 
Sess Definition 
lay) CRA 
playyply)) 


From a-Existence and the referential assumption !¥ — that the 
predicate 4X(x = ayXy & Xx) refers to a concept — we have derived 
W(axP(x)). Only the last step, an application of a weak form of clas- 
sical reductio ad absurdum, is essentially classical. 

This proof is a natural deduction free-logic variation on the proof 
Frege himself gives in the Appendix to Volume II of Grundgesetze. 
He then goes on to parallel step I; above. He summarizes the 
result: 


46 Stewart Shapiro and Alan Weir, ‘““Neo-Logicist” logic is not innocent’, Philosophia 
Mathematica, 8 (2000), §§IV and V, pp. 160-89, use free logic at first order but not 
second. 

47 Neil Tennant, Natural Logic (Edinburgh: Edinburgh University Press, 1978), 
pp. 167-8. Tennant takes (the first-order] d!a as an abbreviation for dx(x = a). One 
need not, for the rules for the quantifiers and identity allow one to prove their 
logical equivalence. In the present setting, in which we have taken over the rules 
at second order too, and in which the significance of ‘A!’ has yet to be fully 
worked out, it is best that we take A! as primitive. 
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In other words: for every second-level function of one argument of type 2 
there are two concepts such that, taken as arguments of this function, they 
determine the same value, but also such that this value does fall under the 
first concept and does not fall under the second. (Gg II, Appendix) 


As Frege realizes only too well, the result is quite general: it holds 
for any vbto o in the extensional/Fregean framework.** 

We can give a formal version of the proof II,. It’s more involved — 
see next page — but, as we shall see shortly, there is a point to con- 
sidering the I, + II, proof of Cantor’s Theorem. 

Making explicit the assumption that the predicate 4X(x = ayXy & 
Xx}, which we have abbreviated (x), refers to a concept, what the 
formal proofs give us is: 


(i) a-Existence + S!'¥ F P(axr?(x}); 


(ii) a-Existence + Converse of o-Extensionality + 4!¥ + 
PoP (x). 


Hence the combination of a-Existence, Converse of o-Extensionality, 
and the assumption that the predicate 4X(x = ayXy & 7Xx) refers to 
a concept is inconsistent.4? Moreover, in view of the publication of 
Cantor’s Theorem in 1890, this inconsistency was foreseeable.° 


48 Famously, in ‘On concept and object’, Frege tells us that ‘the concept horse’, being 
complete or saturated, names an object, not a concept. The expression ‘The con- 
cept’ is therefore a vbto. It requires rather strong Fregean nerves then to counte- 
nance that there must be two concepts, @(&) and y(€), such that 


the concept @ = the concept 


but the object that we may variously refer to as ‘the concept q’ or ‘the concept x’ 
falls under one of these concepts but not the other. If, as seems plausible, we take 
it that ‘the concept q’ names the extension of the concept @ — see Tyler Burge, 
‘Frege on extensions of concepts, from 1884 to 1903’, in Burge, Truth, Thought, 
Reason: Essays on Frege (Oxford: Clarendon Press, 2005), pp. 273-98, at pp. 283-4 — 
this is, of course, merely a restatement of the application that led Frege to rethink 
extensions in the Appendix to volume II of Grundgesetze. 

49 The use of second-order quantification in obtaining the contradiction is essen- 
tial. It is known that the (standard, hence also the free) first-order fragment of the 
system of Grundgesetze is consistent. See Terence Parsons, ‘On the consistency 
of the first-order portion of Frege’s logical system’, Notre Dame Journal of Formal 
Logic, 28 (1987), pp. 161-8. 

3° AsJ.N. Crossley points out (‘A note on Cantor’s Theorem and Russell’s paradox’, 
Australasian Journal of Philosophy, 51 (1973), pp. 70-1, at p. 71), a derivation 


VX VY(ayXy = ayYy > Vx(Xx @ Yx)) Aly 


Te” Wlawhl-a¥y> Valeo Yl) _@wbl= edb &-dlewbll VX3ele-oyX)) Sty Cah]! Te! 
ayywly) = ayy) > Vxlylx) = (a) ayyly) = aydly) adz(z = aywly)) dlayyly) 9 
Vxly(x} <> o(x)) layyly) ayyly) = aydly) & adlayyly)) 
_--- Vow) = ee Dern vlaryly))  bleryly)) ~dloyyly)) 
3X(axwlx) = xXx & aXlaxy(x))] ~wlayylyl) 5 
=ylayyly)) 
=ylayyly)) 


Proof that VX4z(z = axXx), VX VY(ayXy = ayYy > Vx(Xx © Yx)), ty Feylayyly)), 
where w(x} abbreviates 4X (x = ayXy & +Xx). 
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Foreseeable, not foreseen. John Burgess offers this account: 


The explanation is not that Frege rejected Cantor’s results. A sufficient 
explanation is that Frege (like so many others) was largely unaware of 
the bearing of Cantor’s cardinality theorems on the issues that con- 
cerned him. If he had pondered that bearing, he would surely have 
begun by translating Cantorian jargon into Fregean jargon. He would 
then immediately have seen that the Cantorian greater cardinality the- 
orem says that there are more Fregean ‘concepts’ than Fregean ‘objects’. 
He would then immediately have seen that this contradicts an axiom of 
the Fregean system, according to which there is a distinct ‘object’ asso- 
ciated with each ‘concept,’ namely, the ‘class’ that is its ‘extension.’ He 
would then surely have gone on to ponder whether or not the Cantorian 
proof can be reproduced within the Fregean system. He would then 
surely have seen that it can, and would thus have seen that his system 
is inconsistent.5! 


What adds pathos is that in his review of Frege’s Grundlagen in 
1885, Cantor had warned against taking extensions of concepts as 
the building blocks. Cantor already held then that there could be 
no set of all sets. Opinions divide on whether Cantor’s warning was 
obscurely put or Frege simply negligent in, apparently, failing to 
understand it? 


of Russell’s paradox is easily obtained from Cantor’s proof of his theorem: if 
we take the domain of all sets to be, itself, a set, then, for that set V, we must 
have that g@(V) is Vitself, for, on the one hand, all sets are contained in V, and, 
on the other, every set is a subset of V (as all its members are sets), and hence 
that the identity function is, per impossibile, a function from V onto the set of 
all its subsets. The set one then constructs in the course of Cantor’s proof that 
there is no such function is the set {x e V: x ¢ x}, the Russell set. But by 1890 
Cantor knew that the collection of all sets was, in the terminology he would 
later use, an absolutely infinite and inconsistent multiplicity, so he would not 
have carried out this application of his proof. (See Michael Hallett, Cantorian 
Set Theory and Limitation of Size (Oxford: Oxford University Press, 1984), 
chs. 1 and 4. 

s' John P. Burgess, ‘Frege and arbitrary functions’, in W. Demopoulos (ed.), Frege’s 
Philosophy of Mathematics (Cambridge, Mass.: Harvard University Press, 1995), 
pp. 89-107, at pp. IOI-2. 

32> Contrast Hallett, Cantorian Set Theory, pp. 126-7, and W. W. Tait, ‘Frege versus 
Cantor and Dedekind: On the concept of number’, in Tait (ed.), Early Analytic 
Philosophy: Frege, Russell, Wittgenstein (Chicago: Open Court, 1997), pp. 213-48, 
esp. §12. 
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9g. WAYS OUT, EXPLORED AND UNEXPLORED 


In recent years much highly productive effort has been spent in 
exploring weakened versions of Frege’s theory} What concerns me 
here is what responses were open to Frege in the light of his philoso- 
phy in the years from 1890 to Russell’s delivery of his bombshell. It 
seems to me that there are two responses open to Frege, neither of 
which is there any evidence he considered. 

The first is prompted by our having made the concept-existence 
assumption explicit in using a free-logic framework in deriving 
inconsistency. So one can read the proof as showing that o-Existence 
and Converse of a-Extensionality jointly entail that the predicate 
4AX(x = ayXy & AXx) does not refer to a concept. Formally, it is quite 
consistent to take that line, for in free logic, where the existence 
presuppositions of classical logic figure as refutable assumptions, 
a-Existence, a-Extensionality, and Converse of o-Extensionality are 
consistent. The little set-theoretic exercise with finite and co-finite 
sets shows this: take the domain to be the set of natural numbers, 
take concepts to be finite and co-finite subsets of that domain and, 
under some enumeration of the finite and co-finite subsets, take 
ax(x) to be the index of the set to which is mapped (and similarly 
for assignments of concepts to the second-order variables). 

Under what conditions does a predicate not refer to a concept? 
In Grundgesetze Frege is quite explicit on this: @(&) denotes a func- 
tion (concept) if, whenever ‘E’ is replaced by a name that denotes, 
the resulting sentence denotes (§§29 and 31). In volume II of 
Grundgesetze we get something perhaps a little different: 


Any object A that you choose to take either falls under the concept ¥ or 
does not fall under it; tertium non datur. (Gg II, §56)54 


33 See the papers collected in §§II and III of Demopoulos, Frege’s Philosophy of 
Mathematics, and John P. Burgess, Fixing Frege (Princeton: Princeton University 
Press, 2005.) 

4 Frege seems to be skittering between objectual and substitutional readings of 
his quantifiers. On Frege’s reading of quantifiers see Leslie Stevenson, ‘Frege’s 
two definitions of quantification’, Philosophical Quarterly, 23 (1973), pp. 207-23, 
which goes some way to explaining why objectual and substitutional readings 
may not be so far apart for Frege. At this point it is first-order quantifiers that 
concern us. Dummett remarks that at second order Frege’s ‘formulations make 
it likely that he thought of his function-variables as ranging only over those 


500 PETER MILNE 


Immediately before this Frege says, 


The law of excluded middle is really just another form of the requirement 
that the concept have a sharp boundary. 


A concept without sharp boundary is, he says, ‘wrongly termed a 
concept’. There are other places in his writings where Frege makes 
similar stipulations.’ We now see how to read our marker for the 
second-order existence assumption in our proof of contradiction: 


‘AY’ means Vx(‘P(x) v>P(x)). 


Of course, if the Law of Excluded Middle is part of our free logic, 
this does no good. More precisely, we would have that a-Existence 
and the Converse of o-Extensionality are inconsistent in a second- 
order classical free logic. But to have the Law of Excluded Middle 
as part of our logic wouldn’t be to play the game, if we wish to 
turn existence presuppositions into explicitly formulated existence 
assumptions.°° 

Our proof of -¥(ay?(y)) from a-Existence, Converse of 
a-Extensionality and 4! uses no essentially classical rule. Not so 
our proof of P(ax?(x}) from a-Existence and I!'¥; it uses classical 
reductio ad absurdum. But it uses it only once, as the last step in 
the proof. Instead we could use reductio ad absurdum to obtain a 
proof of 77¥(axP?(x})), which suffices for obtaining a contradiction 
from a-Existence, Converse of a-Extensionality and 4!¥, the latter 
now construed as Vx(‘P(x) v7'P(x}). 

In this setting we read our proof as a proof of 


AV x(SX(x = ayXy & aXx) vAAX(x = ayXy & AXx)). 


The predicate 4X(x = ayXy & Xx) cannot, on pain of contradic- 
tion, denote a concept. As our a-Existence claim is confined to 


functions that could be referred to by functional expressions of his symbolism’ 
(Dummett, Frege: Philosophy of Mathematics, p. 220). 

ss ‘Function and concept’, p. 148; ‘The argument for my stricter canons of defini- 
tion’, PW, p. 152; ‘Logic in mathematics’, pp. 229, 241, 243. 

6 Frege considers, but rejects, failure of the Law of Excluded Middle. He does so 
because he sees its failure as indicating that extensions of concepts would not 
be proper objects. He does not consider that the fault could lie with the predicate 
used. (See the Appendix to Gg, vol. II.) 
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concepts, it does not apply to this predicate — this predicate is not an 
allowed substituend — and the known route to paradox is blocked. 

Can anything more general be said? In first-order intuitionist 
logic, ~Vx(@~x v 7@x) is formally consistent (although Ax 7(@x Vr@x} 
is not). Now, our current reading of 3! limits the range of the second- 
order quantifiers to what, in intuitionist terms, are decidable prop- 
erties. If the predicate 4X(x = ayXy & -Xx) denotes a decidable prop- 
erty, paradox ensues. But even though the variable X ranges over 
decidable properties, it is not immediately evident that 4X(x = ayXy 
& -Xx) is itself decidable. Providing a semantic model in which the 
denotation of 4X(x = ayXy & AXx) falls outside the range of second- 
order quantifiers appropriately limited in range so as to secure truth 
of VXVx(Xx V-Xx) turns upon fine points in the interpretation of 
second-order quantifiers in the model-theory of second-order intu- 
itionist logic. One thought against decidability of 4X(x = ayXy & -Xx} 
would be that, just as the domain of individuals can increase from 
lesser to greater states of information (earlier to later nodes) in 
Kripke models for first-order intuitionist logic, so too can the range 
of the second-order quantifiers when we make the move to second 
order: as information increases one learns of new decidable proper- 
ties (or learns of old ones that they are decidable). 

All of this may seem, even if feasible, desperately ad hoc. All I 
wish to claim for it is that it has its roots in Frege’s pre-paradox 
writings. 

A second route is also licensed by those writings, and perhaps 
more so than Frege realized. Consider, for a moment, Frege’s stipula- 
tions regarding his surrogate for definite descriptions. The surrogate 
behaves as it should when exactly one object falls under the concept 
used in constructing the description: it denotes that object. When 
less than or more than one object falls under the concept, it denotes 
the extension of the concept. This isn’t a matter of getting anything 
right: it’s just a stipulation that ensures description-terms always 
have a reference. The same attitude is to the fore when, in ‘Function 
and concept’, Frege says that we must ‘lay down rules from which 
it follows, e.g., what “© + 1” is to mean, if “©” refers to the Sun’ 
(‘Function and concept’, p. 148). He follows this injunction with 
the comment, ‘What rules we lay down is a matter of comparative 
indifference.’ In principle it is open to Frege to behave just as cava- 
lierly in the case when it is determined that a predicate does not 
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pick out an extension, cases of the kind Cantor was well aware of, 
cases of the kind that emerged from Cantor’s, Russell’s and Burali- 
Forti’s paradoxes. In a logically perfect language, set-abstract terms 
that seem to pick out those ‘impossible sets’ must be assigned some 
reference, but need not denote extensions of the predicates occur- 
ring in them. Basic Law Vb then needs to be qualified. It prescribes 
‘normal behaviour’, when set-abstracts do refer to, so to say, the 
right extensions. ‘Abnormal’ predicates may be assigned the same 
extension even though not co-extensive — we know there must be 
some predicates for which this happens. The problem with such an 
approach is in determining the range of the ‘abnormal’. (This is not 
to say that the ‘abnormal’ cases must be explicitly taken care of in 
the revised basic law: compare Basic Law VI, which describes only 
the well-behaved cases for definite descriptions.} 

This too was not the way Frege chose to go. Because of the con- 
structive role played by extensions of concepts in both Grundlagen 
and Grundgesetze, Frege took the route of rethinking the very 
notion of extension of a concept in the light of the very gen- 
eral result he obtained in the Appendix to the second volume of 
Grundgesetze: some concepts must have the same extension even 
though not being co-extensive. It may be true that ‘the function ®(€) 
has the same course-of-values as the function P(E)’ even though it is 
not the case that ‘the functions ®(€) and ‘¥(é) have always the same 
value for the same argument’. Frege made the minimal change pos- 
sible in the light of how he came to that discovery. The only prob- 
lematic examples he knew of being obtained from AX(x = ayXy & 7Xx} 
and VX(x = ayXy — Xx), he proposed that two concepts ®(€) and ‘¥(é} 
have the same extension if, and only if, the functions ®(&) and ¥(é) 
have always the same value for the same argument save with the 
possible exceptions of the object that is their common extension. 

It is known that Frege’s specific proposal fails to avoid paradox (as 
recognized by Lesniewski, Geach and Quine).”7 Dummett says, 


37 See Gregory Landini, ‘The ins and outs of Frege’s way out’, Philosophia 
Mathematica, 14 (2006), pp. 1-25 for a recent, and somewhat wayward, discus- 
sion. One enterprise that has attracted a small following away from the main- 
stream of Frege scholarship is the investigation of something akin to Frege’s 
system in weak logics. The naive comprehension principle (roughly, a-Existence 
for set abstracts) is known to be consistent in certain weak logics. It is also known 
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The inconsistency of Frege’s Grundgesetze system was not a mere accident 
(though a disastrous one} due to carelessness of formulation. He discov- 
ered, by August 1906, that it could not be put right within the framework of 
the theory, that is, with the abstraction operator as primitive and an axiom 
governing the condition for the identity of value-ranges: but the underlying 
error lay much deeper than a misconception concerning the foundations of 
set theory. It was an error affecting his entire philosophy.*® 


Exactly what Frege realized in late spring or the summer of 1906 
is not quite clear. Surmise is aided by the unfinished manuscript 
of a response to an article of Arthur Schénflies’s. A list of headers 
includes, for parts unwritten, 


Concepts which coincide in extension, although this extension falls under 
the one but not the other. 


Remedy from extensions of second level concepts impossible. 


Set theory in ruins. 


Clearly the hopes of the Appendix to volume II of Grundgesetze had 
been dashed.°° 

One methodological error is Frege’s belief that in a logically per- 
fect language all properly formed singular terms must refer. As 
indicated above, there are ways to dilute the consequences of that 
principle, but it is, nevertheless, ill founded. 

It is true that we usually do not use names that we know do not 
refer (save perhaps ones like ‘Santa Claus’ that have a recognized 
social context for their use). Standard logic codifies usage with ref- 
erential assumptions built in. Frege himself says that in a logically 
perfect language ‘no new sign shall be introduced as a proper name 
without being secured a reference’. He attempts to secure reference 
by stipulation. This way of proceeding is very much at odds with 
not just ordinary but also mathematical practice. 


that this need not be the comfort it may at first seem: the naive comprehension 
principle is consistent in what Petr Hajek calls Basic Fuzzy Logic but the theory 
is not consistent with the existence of a set of natural numbers obeying a certain, 
moderately strong schema of mathematical induction (Petr Hajek, ‘On arithmetic 
in the Cantor-Lukasiewicz fuzzy set theory’, Archive for Mathematical Logic, 44 
(2005), pp. 763-82). 

% Dummett, Frege: Philosophy of Mathematics, p. 223. 

59 ‘On Schoenflies: Die logischen Paradoxen der Mengenlehre’, PW, p. 176. 

6° See further Dummett, Frege: Philosophy of Mathematics, pp. 4-6. 
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Our language contains general means for producing singular 
terms, e.g., definite descriptions. In some sense they are part of our 
language: they are products of its generative capacity. But by and 
large they are not part of our Janguage-in-use. To take one of Frege’s 
own examples, exactly because there is no least rapidly convergent 
series, the mathematician has no use for the expression ‘the least 
rapidly convergent series’. True, false beliefs can lead one to use 
non-referring singular terms, but in use, in conversation say, mat- 
ters will not run along normal lines if some parties are appraised of 
the facts that deny the term a reference. 

Supported by theoretical claims, notably the aboutness thesis 
and the functional conception of concepts, connectives and quanti- 
fiers, which lead to the unassertibility of singular negative existen- 
tial claims, Frege mistakes a defeasible presumption of reference in 
ordinary usage for a presupposition. He then takes it as given that a 
properly systematic, logically perfected language must respect that 
supposed presupposition for all singular terms generable in the lan- 
guage, not just those that have found a use to date. This leads to 
oddity but is not itself responsible for error. Error comes in the con- 
trast between the treatment of definite descriptions and of terms for 
extensions of concepts: the wholesale attribution of references with 
a particular characteristic — satisfaction of Basic Law V — to the lat- 
ter, the more relaxed who-cares-as-long-as-there-is-a-reference? atti- 
tude to description-terms when not exactly one item falls under the 
concept involved. 


IO FREGEAN SET-THEORY: RETAINING A SEMBLANCE 
OF FREGEAN PREOCCUPATIONS 


What were called above Frege’s and Dummett’s trilemmata show 
that we cannot maintain all that Frege says about truth. But we 
can keep a fair amount and a surprisingly large simulacrum of the 
whole Fregean project, once we reject the functional account of the 
connectives. To be more exact, we may maintain, with Frege: 


I) Truth is unanalysable and sui generis. 
II) For any assertoric sentence P, P and ‘It is true that P’ express 
the same thought. 
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III) If singular terms are used in the ordinary way in sentences 
involving simple predications, what one intends to speak of 
is their reference. 

IV) Concepts map objects to truth-values. 

V) Simple, i.e. logically unstructured, predicates refer to con- 
cepts (if they refer at all). 

VI) Our propositional logic is classical (at least for negation, 
conjunction and disjunction). 

VII) Sentences comprising a simple predication and one or more 
non-referring singular terms are neither true nor false. 

VIII) For reasoning within the scope of presumptions of refer- 
ence, our first-order logic is standard first-order logic. 

IX) Basic Law V applies to extensions of concepts (or set abstracts} 
with second-order quantifiers ranging over sharply defined 
concepts. Le., we have o-Existence, a-Extensionality, and the 
Converse of o-Extensionality for the extension-of-a-concept 
vbto. 


What is unFregean is that 


X) We adopt the semantic conception of falsity. 
XI) We accept various truisms incompatible with the functional 

understanding of the logical connectives. 

XII) Our general, first- and second-order logic is classical but 
free. 

XIII) For some sentences P, it is true that not-P even though it 
is not false that P. (This is how Dummett’s trilemma is 
evaded.} 


In this setting, ‘34x(x = a)’ is true when a does not refer, which is to 
the good. Furthermore, the logic being free, there is room to give an 
inferentialist account of vbtos, as does Tennant. 

We have Basic Law V in form. It is consistent provided appropri- 
ate constraints are placed on the range of the second-order variables, 
ie. on what count as concepts. (The finite—-co-finite subsets-of-N 
interpretation shows that consistency is attainable.) The hard work 


* Neil Tennant, ‘A general theory of abstraction operators’, Philosophical Quarterly, 
54 (2004), pp. 105-33 (on which see further Peter Milne, ‘Existence, freedom, iden- 
tity, and the logic of abstractionist realism’, Mind, 116 (2007), pp. 23-53). 
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goes into what we might call ‘the theory of second-order 5!’, which 
remains to be elaborated, i.e. in specifying concepts. What are the 
closure conditions of the domain of (extensions of) concepts? Which 
predicates with one free first-order variable (and no free second-order 
variable) refer to concepts? Investigation of these topics puts a new 
spin on the old Quinean saw that second-order logic is set theory. 


APPENDIX 


We need several clauses to take care of falsity, clauses providing a 
recursive account: 


(i) For any atomic sentence Rt,t,...t, 
It’s false that Rt,t,...t, if, and only if, 
aRt,t,...t, and Als, and Als, ... and A!r,. 


(This applies as much to identity statements as any other atomic 
formulas.} 


(ii) For any assertoric sentence P, 
it’s false that -P if, and only if, P. 

(iii) For any assertoric sentences P and Q, 
it’s false that P v Q if, and only if, it’s false that P or it’s false 
that Q. 

(iv) For any assertoric sentences P and Q, 
it’s false that P v Q if, and only if, it’s false that P and it’s 
false that Q. 

[(v) For any assertoric sentences P and Q, 
it’s false that P > Q if it’s true that P and it’s false that Q.| 


One feature of this account is to be noted. We have included a 
minimalist account of reference: 


‘t’ refers if, and only if, A!r 
or, equivalently, 
‘t’ refers if, and only if, t = t. 


This, on the face of it, is a rather unFregean thing to do. On the 
face of it, Frege would want to explain the failure of ‘t = t’ to be true 
by saying that ‘t’ fails to refer. But, on the other hand, he might be 
thought to come close to equating the two when he says, 
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People certainly say that Odysseus is not an historical person, and mean by 
this contradictory expression that the name ‘Odysseus’ designates nothing, 
has no reference.” 


It all rather depends on what he means by ‘mean’. He might, after 
all, just be saying that what people who say that Odysseus is not an 
historical person really mean to say, what they are trying to express 
by that — as he calls it, but he’s on dodgy ground in his own terms 
doing so — contradictory formulation, is that the name ‘Odysseus’ 
fails to refer. 

It remains to extend the definition of falsity to the first-order 
quantifiers. Here we make matters easy for ourselves by assum- 
ing that every object has a name. There may, of course, be singular 
terms that do not refer. 


(vi) For any sentence Vx 


it is false that Vxq@ just in case, for some singular term t, A!r and it 
is false that ¢[¢/x]. 


(vii) For any sentence Arp 


it is false that Arq just in case, for every singular term t, if 4!r then 
it is false that q[t/x]. 

Our definition of truth being given by the equivalence scheme, 
we do not have, as yet, any constraints on how either connectives 
or quantifiers behave with respect to truth. But that is as it should 
be. If one holds that the equivalence thesis says all there is to say, 
fundamentally, about truth, one does not look to it to justify one’s 
logic. Rather, one looks to the logic to draw out consequences of the 
equivalence thesis. If the propositional logic is classical we find that 
ap is true if, and only if, p is not true. 

What we do find is that the negation—conjunction—disjunction 
fragment of classical propositional logic is sound and complete 
should we aim to obtain Tappolet’s truisms. In similar truistic 
spirit, bearing in mind that some names may not refer, what we'd 
expect to hold for truth is this: 


(vi?) For any sentence Vx 


6 ‘Introduction to logic’, p. 191. 
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it is true that Vxq@ just in case, for all singular terms ‘t’, if A!r then it 
is true that g[¢/x]. 


(vii?} For any sentence Arp 


it is true that Arq just in case, for some singular term ‘t’, 4!s, and it 
is true that g[#/x]. 

The logic we want will fail to be classical precisely because we 
are not granting that all singular terms refer, equivalently, we are 
not granting A!t, equivalently, Ax(x = t), for all singular terms t. So 
formulas of that form play a special role. We may adopt, for example, 
the natural deduction rules as laid out in Tennant’s Natural Logic, 
including now his ‘denotation rule’, or we might take the axiomatic 
system of Tyler Burge’s ‘Truth and singular terms’.*} The denotation 
rule (or Burge’s axiom (Ag}) has it that an atomic formula entails 
a(x = t) for any name occurring in it, and that’s what we want: an 
atomic sentence is true only if all the terms it contains refer. 
Ignoring the conditional and biconditional, this logic, however for- 
mulated, is sound and complete with respect to truth-preservation 
as determined by our truisms (suppressing any worries, which are 
certainly not special to this context, issued by the appeal to a sub- 
stitutional reading of the quantifiers). 

(Is it a truism, once we allow truth-value gaps, that a false conclu- 
sion may only follow from premises at least one of which is false? 
Or that a false conclusion cannot follow from true premises? If the 
former, our propositional logic is weakened, for the rules of disjunct- 
ive syllogism, double negation introduction, and ex falso quodlibet 
cease to hold.) 


6 Tyler Burge, ‘Truth and singular terms’, Notis, 8 (1974), pp. 167-81; reprinted in 
M. Platts (ed.), Reference, Truth and Reality (London: Routledge and Kegan Paul, 
1980), pp. 309-25. Both treat definite descriptions, which I have been studiously 
ignoring. Burge treats function symbols. 
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13 Frege and Russell 


I 


Frege and Russell are often linked, as the founders of twentieth-cen- 
tury analytic philosophy. Besides this historical, retrospective, con- 
nection, there are also important similarities in doctrine between 
them.' Each was a logician, whose work in logic was closely inte- 
grated with his work in philosophy; each held that philosophical 
problems can be clarified and, in some cases, solved, by means of 
logic. (This view that the technical and the philosophical are not 
distinct is characteristic of one clear line of thought in twentieth- 
century analytic philosophy.) Each argued for, and tried to prove, 
logicism, the thesis that arithmetic can be reduced to logic, and is 
thus no more than logic in disguise.* Each was strongly opposed to 
psychologism; each believed in a ‘third realm’, neither physical nor 
mental, which provides the subject matter for objective judgements 


* I speak, here and throughout this essay, of Russell’s views after his break with 
Idealism, around 1900, and before his shift towards pragmatism and behaviourism, 
around 1920. All of his works which played a foundational role for twentieth-cen- 
tury analytic philosophy were written in these two decades. Frege’s views change 
much less markedly. I do attribute logicism to Frege, although he abandoned that 
view towards the end of his life. I also attribute to him a view of functions as non- 
linguistic entities, in spite of some remarks to the contrary in the early sections of 
Begriffsschrift. Finally, I attribute to him some version of the distinction between 
sense and reference that the he puts forward in the 1892 essay ‘On sense and ref- 
erence’, although not articulated clearly until that essay, the distinction seems to 
me present, although in nascent form, as early as Begriffsschrift. 

Russell accepted, as Frege did not, that geometry can be reduced to arithmetic, 
and thus, via logicism, to logic. Frege’s view here reveals something important 
about his inchoate epistemological views; I shall not go further into this matter 
here, however. 


b 
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about abstract matters. (In Frege’s case, however, it is perhaps unclear 
just what this belief comes to.) In particular, each believed that our 
declarative sentences have an objective content, independent of 
human action — that, as Frege puts it, there is not my Pythagorean 
theorem and your Pythagorean theorem but the Pythagorean the- 
orem, independent of both of us, and timelessly trues (Russell to 
some extent backs away from this view after 1906, as we shall see; 
the shift, however, has relatively little effect on the issues I shall be 
discussing in this essay. See p. 538, below.] 

The primary focus of this essay, however, is not on the similar- 
ities between the views of Frege and of Russell but on their differ- 
ences. It is no part of my concern to deny the similarities indicated 
above; they are real, and central to the thought of each of our phi- 
losophers. Nor do I mean to cast in doubt the natural pairing of 
Frege with Russell. On the contrary: it is because their views are in 
some ways so similar, and the pairing so natural, that differences 
between them are of great interest. Let me briefly outline my dis- 
cussion of some of these differences. 

I begin, in §2, with a rather well-known difference. Frege dis- 
tinguishes the sense (Sinn) of an expression from its reference 
(Bedeutung), whereas Russell denies that any such distinction is 
fundamental. I connect this difference with aspects of Russell’s 
epistemology; in particular, with the fact that he takes acquaint- 
ance — a direct and unmediated relation between the mind and a 
known object — to be the foundation of all our knowledge. These 
views of Russell's pose significant difficulties. In the period before 
‘On denoting’ he attempted one kind of resolution of these diffi- 
culties, putting forward what I shall call ‘the theory of denoting 
concepts’. This theory accepts a distinction, for some expressions, 
which is in some ways akin to Frege’s distinction between sense 
and reference; it is the subject of §3. The next section deals with the 
theory of descriptions, which Russell put forward in ‘On denoting’ 
and held thereafter. §5 elaborates on the way in which that theory 


3 See ‘Thoughts’, pp. 68-9 of the original printing; pp. 362-3 of CP. The expression 
‘third realm’ is in this same passage. 

4 Bedeutung is sometimes translated as ‘meaning’, but Russell sometimes uses the 
word ‘meaning’ for something akin to Fregean Sinn. In this chapter, ‘reference’ is 
used throughout for Bedeutung. 
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enables Russell to avoid any analogue of the Fregean distinction. 
Central to Russell’s answer is the idea that most apparent referring 
expressions are not genuine referring expressions; in particular, that 
there are no complex referring expressions. Functional expressions, 
such as ‘2 + 3’ or ‘the father of Alexander the Great’, are, on the face 
of it, complex referring expressions. In accordance with what we 
have just said, Russell’s new (post-1905) view cannot accept these 
expressions as primitive; they must, rather, be defined as needed. 
This point leads in turn to a further issue. For Frege, the function- 
argument method of analysis is fundamental. Since Russell does 
not take functions as primitive, he cannot agree with Frege on this 
central point. §6 concerns this difference, and the conception of the 
world that underlies Russell’s idea of analysis. It also takes up the 
question of how, consistent with this conception, Russell can define 
functions. Finally, in §7, I discuss ways in which the metaphysical 
differences which have occupied us in earlier sections make a dif- 
ference to the logics of Frege and of Russell. Throughout these dis- 
cussions I devote more space to Russell than to Frege. 

Before beginning the comparison and contrast outlined above, 
I shall very briefly discuss the question of the influence of Frege 
on Russell. Russell’s work in the philosophy of mathematics does 
not begin until the mid-1890s; his anti-psychologism, his develop- 
ment of a system of logic and his logicism all post-date his rejec- 
tion of Idealism in 1899. By this time most of Frege’s works were 
already in print. (Volume II of Grundgesetze and the three late 
essays ‘Thoughts’, ‘Negation’ and ‘Compound thoughts’ form the 
main exceptions, together, of course, with those of his works which 
were not published at all in his lifetime.) In view of this chronology, 
and of the doctrinal overlap indicated in the first paragraph of this 
essay, one might be inclined to think that Russell learned a great 
deal from Frege. Further plausibility accrues to this idea from simi- 
larities in the techniques used at certain points in the attempt to 
reduce mathematics to logic, including the technique for the defin- 
ition of number, the so-called Frege-Russell definition of number. 

According to Russell, however, the main lines of his philosoph- 
ical views, his logic, and his attempt to reduce mathematics to 
that logic, were all laid down before he studied Frege’s work. He 
completed the main text of The Principles of Mathematics on the 
last day of December 1901. By his own account he had looked at 
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some of Frege’s work before that date, but had not studied it with 
the care needed to understand it. In June 1902 he wrote his fam- 
ous letter to Frege, announcing the discovery of the contradiction 
in Frege’s logic (i.e. of what is now known as ‘Russell’s paradox’). 
That letter makes it sound as if his close study of Frege’s work is 
just beginning: ‘I have known of your Basic Laws of Arithmetic 
for a year and a half, but only now have I been able to find the 
time for the thorough study I intend to devote to your writings’> 
Similarly, in the Preface to The Principles of Mathematics, dated 
December 1902, he says: ‘Professor Frege’s work, which largely 
anticipates my own, was for the most part unknown to me when 
the printing of the present work began’.’ For this reason, he says, 
he discusses Frege’s work in detail in an appendix, written while 
the main body of the work was at press. Later in the Preface, he 
acknowledges the influence of Cantor and of Peano and says: ‘If I 
had become acquainted sooner with the work of Professor Frege, 
I should have owed a great deal to him, but as it is I arrived inde- 
pendently at many results which he had already established’ (p. 
xviii). In later works, looking back on this period, he tells the 
same story.’ 

It would be easy to be sceptical, even cynical, about Russell’s 
account of what he learned from Frege. What evidence there is, how- 
ever, seems to favour it. Without pretending to have a definitive 
view, I am inclined to take Russell’s account at face value, and to 
think that the decisive influences on Russell, from his rejection of 
Idealism to the writing of The Principles of Mathematics, were G. E. 
Moore, in metaphysics, Peano, in logic, and Cantor and Weierstrass 
in mathematics. To begin with, Russell was always generous in his 
acknowledgements; there is no reason at all to think he would make 


Russell to Frege, 16 June 1902. The correspondence is published in WB. The pas- 
sage quoted here is at p. 213. I largely follow the English translation by Hans Kaal 
in PMC: the passage quoted here is at p. 130 of that work. 

Bertrand Russell, The Principles of Mathematics (Cambridge: Cambridge 
University Press, 1903), p. Xvi. 

See Bertrand Russell, ‘My mental development’, in Paul Arthur Schilpp (ed.), The 
Philosophy of Bertrand Russell (Evanston, Il.: Northwestern University, 1944), 
especially p. 13; and My Philosophical Development (London: Allen and Unwin, 


1959, p. 66). 
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an exception in this one case. More important, perhaps, the internal 
evidence strongly suggests that Russell first developed his logic by 
building on what he learned from Peano, rather than by following 
Frege. The logic of The Principles of Mathematics strikes anyone 
who had studied Frege with care as clumsy, or perhaps even con- 
fused. The idea that this logic was developed by beginning with 
Peano, by contrast, seems entirely plausible. 

Taking Russell’s account at face-value, however, does not mean 
that we should conclude that he owes nothing at all to Frege. Frege, 
Russell, and Peano did not live in separate intellectual worlds. 
There is some reason to believe that Russell may have first come 
across the idea for his definition of number (which is also Frege’s) in 
a 1901 essay by Peano (who discusses the idea, but rejects it). And 
Peano, presumably, had read Frege’s Grundgesetze, since he wrote 
a review of it in 1895.8 Russell’s logic, moreover, developed signifi- 
cantly after he wrote The Principles of Mathematics, and there is 
every reason to think that Frege’s influence, along with the con- 
tinuing influence of Peano, was important in this development. 
This influence is, indeed, explicitly acknowledged; in the Preface 
to Principia Mathematica, Whitehead and Russell say: ‘In all ques- 
tions of logical analysis, our chief debt is to Frege.’ 


2 


Let us begin our main discussion with a disagreement between 
Frege and Russell that occurs in their correspondence. The issue 
arose from a discussion of truth. In a letter dated November 1904. 
Frege had said: ‘Truth is not a component part of a thought, just 
as Mont Blanc with its snowfields is not itself a component part 
of the thought that Mont Blanc is more than 4,000 metres high.” 
Russell’s reply ignored the issue about truth, which was the point of 
Frege’s remark (and with which he agreed], and seized on the inci- 
dental illustration to articulate his objections to Frege’s distinction 
between sense and reference: 


8 See Gregory H. Moore, Editor’s Introduction, The Collected Papers of Bertrand 
Russell, vol. Ill, especially p. xxvii. 
9 WB, p. 245, PMC, p. 163. 
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I believe that in spite of all its snowfields Mont Blanc itself is a component 
part of what is actually asserted in the proposition [Satz] ‘Mont Blanc is 
more than 4,000 metres high’. We do not assert the thought, for this is a 
private psychological matter: we assert the object of the thought, and this 
is, to my mind, a certain complex (objective proposition [objectiver Satz], 
one might say) in which Mont Blanc is itself a component part. If we do not 
admit this, then we get the conclusion that we know nothing at all about 
Mont Blanc ... In the case of a simple proper name like ‘Socrates’, I can- 
not distinguish between sense and reference; I see only the idea, which is 
psychological, and the object. Or better: I do not admit the sense at all, but 
only the idea and the reference. 


This passage indicates very general differences in the underlying 
philosophical views of Frege and of Russell. 

Consider the judgement expressed by the sentence ‘Mont Blanc 
is over 4,000 metres high’. Each of Frege and Russell holds that in 
making this judgement we are somehow related to an objective 
non-linguistic entity — we ‘grasp’ it (fassen is Frege’s word). Frege 
calls this entity a ‘thought’. Russell speaks of such an entity as an 
‘objective proposition’ (objectiver Satz, in the letter to Frege), for him 
a thought is ‘a private psychological matter’. Thus far the differences 
are perhaps only terminological, but the next point is substantial. 
For Russell, a proposition, what we are most directly related to in 
making judgements, will in paradigmatic cases contain the entity 
we are talking about. It is explicit in the above passage that Mont 
Blanc is a constituent — a ‘component part’ — of the proposition 
expressed in the judgement. For Frege, by contrast, thoughts do not 
contain the entities themselves, the subjects of our judgement. The 
constituents of Fregean thought are the senses of expressions that 
refer to the entities we mean to be talking about — not those entities 
themselves."! 


10 WB, pp. 250-1, PMC, p. 169. The emphasis here is added. Russell makes a very 
similar point in the 1911 essay, ‘Knowledge by acquaintance and knowledge by 
description’. He discusses ‘the view that judgements are composed of something 
called “ideas”, and says: ‘in this view ideas become a veil between us and outside 
things — we never really, in knowledge, attain to the things we are supposed to be 
knowing about, but only to the ideas of those things’ (Russell, Collected Papers, 
vol. VI, p. 155). 

There are some reasons to be hesitant in attributing to Frege the idea that thoughts 
have constituents at all. The attribution is supported by some of Frege’s texts, 
however, and certainly facilitates the comparison between Russell and Frege that 
is my concern here. 
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Russell’s view can be elaborated and illustrated by briefly con- 
sidering his attitude towards truth and facts. Truth, for him, is an 
indefinable property of propositions (as, of course, is falsehood); a 
fact is simply a proposition which is true. In this view, he retains 
something like the ordinary notion of a fact, as consisting perhaps 
in an object’s having a certain property, or standing in certain rela- 
tions to one or more other objects. These ‘objective complexes’, as 
Russell calls them, are made up of one or more objects, together 
with some of their properties or relations.‘? And true propositions 
are identified with such entities. Thus Russell says: 


People imagine that if A exists, A is a fact; but really the fact is ‘A’s exist- 
ence’ or ‘that A exists’. Things of this sort, i.e. ‘that A exists’ ... I call prop- 
ositions, and it is things of this sort that are called facts when they happen 
to be true. 


Here again we see, in a slightly different context, the view that a 
proposition about a particular object will, paradigmatically at least, 
contain that object, just as one might naturally think of a fact as 
containing, or made up of, an object (together perhaps with a prop- 
erty of the object). If the proposition is true, then it simply is the 
fact; if the proposition is false, then it is, so to speak, just like a fact 
except that it happens not to be true. The proposition is equally real 
in either case. 

So far we have elaborated a little on Russell’s opposition to Frege 
about the way that names function: for Russell, the presence of a 
name in a sentence implies, at least in paradigmatic cases, that the 
sentence expresses a proposition which contains the named object. 
We have as yet, however, seen no reasons for this opposition. The 
vital clue here, I think, is given by the sentence emphasized in the 
passage quoted above: ‘If we do not admit this, then we get the 
conclusion that we know nothing at all about Mont Blanc ...’ The 
emphasis here should be on the ‘about’ rather than on the ‘know’. 
The issue is not one of our having correct beliefs about Mont Blanc, 
but rather one of our having beliefs which are genuinely about that 


2 The phrase ‘objective complex’ occurs, for example, in an essay dated June 1905 
called ‘The nature of truth’, first published in Russell’s Collected Papers, vol. IV, 
PP. 492-506; see Pp. 495. 

3 [bid., p. 492. 
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mountain at all. (Ishall speak of this sort of issue as epistemological, 
since it is not merely about how things are but also about our rela- 
tion to them. This is perhaps an extension of the usual sense of the 
word.} Let us suppose, with Frege and Russell, that the sentence 
‘Mont Blanc is over 4,000 metres high’ expresses an objective entity, 
and that we do indeed ‘grasp’ that entity. How does that grasping 
enable us to believe something about the actual snowy mountain 
itself? For Russell, it does so because the entity that we grasp con- 
tains that mountain as a constituent. Frege’s view, if we express it 
in these alien terms, must be quite different: that what we most 
directly or immediately know or grasp has as a constituent (perhaps) 
the sense of the expression ‘Mont Blanc’. But how, in virtue of grasp- 
ing that entity, do we know something about the mountain, which 
is altogether distinct from it? From Russell’s point of view this ques- 
tion — ‘the in-virtue-of problem’, we might call it — presents a severe 
difficulty; his view attempts to avoid that difficulty by insisting 
that, at least in paradigmatic cases, we grasp propositions which 
contain the very entities which they are about. 

These issues must be seen in the context of epistemology. 
Throughout the period which is our concern, Russell takes it that 
knowledge is at bottom a matter of a direct and unmediated relation 
between the mind and the known object. (Clearly nothing of the 
sort holds for Frege.) Russell insists that there is such a relation, and 
that it plays the fundamental role in knowledge. It is only by being 
in direct contact with some external object that the mind able to 
know anything at all outside itself. ‘External’ here does not carry 
its usual spatio-temporal implications: it means only non-mental, 
or outside the mind. Russell has no qualms at all about assuming 
that we also have this kind of knowledge of purely abstract entities. 
On the contrary: he applies his basic picture of knowledge both to 
abstract objects and to concrete. That distinction, indeed, is rela- 
tively unimportant to his thought during the time with which we 
are concerned. For the first few years of that period he holds that all 
entities subsist or have being; some have the additional property of 
existing, i.e. (roughly, being in space and time). Our being in a direct 
epistemic relation to an entity does not, in this view, require that it 
should exist, in this sense. 

Russell thus postulates a fundamental epistemic relation holding 
between a mind, on the one hand, and an object — existing or merely 
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subsisting — on the other hand. After 1905 Russell calls this relation 
acquaintance, and it comes to play an increasingly explicit role in 
his thought. But even before 1905, from his rejection of Idealism 
onwards, it is an essential element in his philosophy. In the Preface 
to the Principles of Mathematics, for example, he says: 


The discussion of indefinables — which forms the chief part of philosoph- 
ical logic — is the endeavour to see clearly, and to make others see clearly, 
the entities concerned, in order that the mind may have that kind of 
acquaintance with them which it has with redness or with the taste of a 
pineapple. (p. xv) 


Russell speaks here of our knowledge of simple sensory qualities 
to suggest the directness and immediacy which are characteristic 
of his notion of acquaintance. There have, of course, been philos- 
ophers — including his Idealist opponents — who thought that not 
even simple sensory qualities are in fact known in the direct and 
immediate way that Russell wants to convey. Such qualities, how- 
ever, may at least seem to be known in that sort of way, and this 
may be enough to achieve his rhetorical purposes here. 

I shall speak of Russell’s insistence on a direct and unmedi- 
ated relation between the mind and the known object as his direct 
realism; I shall include under this head the idea that propositions 
paradigmatically contain the entities they are about.'4 This view, 
or nexus of views, must, I think be traced to Russell’s rejection of 
Idealism. The Idealists had insisted that knowledge is mediated by 
a complex structure, which is also (or therefore] the structure of the 
world; our knowledge of this structure thus gives us knowledge of 
the world which is purely rational in its basis. Russell, following 
G. E. Moore, had cut through all such considerations by insisting, 
to the contrary, that the most basic sort of knowledge is direct and 


™ Tt might be said that the term ‘direct realism’ is inappropriate, because Russell 
comes to believe that we do not have direct knowledge of ordinary objects — 
tables and chairs and other people, and the like. By 1912, his view is that our 
knowledge of these things is indirect, mediated by our knowledge of sense-data 
and universals (which are known directly). I use the term ‘direct realism’ because 
it emphasizes the fact that his view is always that some entities must be known 
directly and immediately, even though his views about which entities are known 
directly changes over time. Still, there are no doubt uses of the term according to 
which Russell’s view, at least in the second half of the period we are concerned 
with, would not count as direct realism. 
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unmediated. The presence of an intervening structure would, from 
that point of view, simply mean that our knowledge failed to attain 
its desired object. We would end up knowing not the object itself 
but rather only the intervening structure. There is, of course, much 
more to be said about the origin of this view of Russell’s, but that 
would take us aside from the comparison of Frege with Russell. We 
shall therefore treat Russell’s direct realism, in the sense indicated, 
as more or less an axiom of his thought." 


3 


Russell’s direct realism seems to give a clear and straightforward 
answer to the question how the propositions we express manage 
to be about the entities they are about: they are about them in vir- 
tue of containing them. Presumably our ‘grasping’ a proposition 
implies our ‘grasping’ its constituents; presumably it is this that 
allows our thought to get right through to those objects, which are 
the things that we mean to be talking about. This picture was, I 
think, his underlying instinctive view throughout the period which 
is our concern — the view towards which he was always attracted, 
and which he tended to assume. It faces, however, great difficulties. 
Russell attempted to resolve those difficulties in one way in the 
period from 1901 until June 1905, when he came across the funda- 
mental idea of ‘On denoting’, thereafter he resolved them in a quite 
different way. These two different ways of responding to difficulties 
in the underlying picture go along with differences in the view that 
Russell takes of analysis, and related matters, and are therefore of 
quite general significance. In this section I shall briefly discuss the 
first method of resolution and its concomitants; in the next section 
I shall turn to the second. 


'’ Fora much more detailed discussion of this and of related issues, see Peter Hylton, 
Russell, Idealism, and the Emergence of Analytic Philosophy (Oxford: Oxford 
University Press, 1990}, especially ch. 4. The fact that Russell is reacting against 
neo-Hegelian Idealism, whereas Frege is not, is itself an important point of con- 
trast between the two, and connected with others. I shall not, however, go into 
this matter further in this essay. 

6 The first statement of the new view is in a manuscript entitled ‘On fundamen- 
tals’, published for the first time in Collected Papers, vol. IV, pp. 360-413; the 
manuscript is dated ‘1905’, and the words ‘begun June 7’ are on the first folio. 
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Let us begin with the difficulties facing the underlying picture. 
It is undeniable, one might suppose, that I understand propositions 
about Socrates; but it may appear as quite implausible that I stand 
in some direct epistemological relation to him, for he no longer 
exists. The case of Pegasus or the present King of France, who have 
never existed, may seem to be worse. So Russell must accept that 
I can be in direct epistemological contact with what we might call 
non-existent concreta — entities which are of the right kind to exist, 
but happen not to. This consequence is something that Russell was 
for a time willing to accept, making heavy use of the distinction, 
to which we have already alluded, between existence and subsist- 
ence. Pegasus, though he does not exist (roughly, is not in space 
and time}, does, Russell thinks subsist (is nonetheless real). And 
Russell was, as we have said, willing to accept that we can stand 
in direct epistemological relations to non-existent concreta (as well 
as to other non-existent objects, those that we would call abstract 
objects). So he was, for a time, willing to accept this sort of appar- 
ently implausible consequence of his direct realism. (As we shall 
see, however, this is a point on which he changed his mind, even 
before ‘On denoting’) 

There is, however, another sort of difficulty, which he never 
accepted. Suppose I say, for example, ‘Every natural number is either 
odd or even.’ The underlying picture of direct realism might sug- 
gest that I am expressing (and grasping) a proposition which con- 
tains all of the infinitely many the natural numbers. Russell was 
willing to be agnostic about whether there in fact are any such 
infinitely complex concepts. But he denied that we can grasp prop- 
ositions that have this sort of infinite complexity (see Principles of 
Mathematics, §72). That we grasp infinitely complex propositions 
was too implausible for Russell to accept, even in the most extreme 
and unrestrained phase of his realism. So the issue of generality — 
how we can, for example, grasp a proposition about all the natural 
numbers — is one which does not fit neatly into his direct realism. 
It is this issue which first forces upon Russell some modification of 
his direct realism." 


7 In the Preface to The Principles of Mathematics, 2nd edn (London: Allen and 
Unwin, 1937), he speaks of his work on the philosophy of dynamics, and says: ‘I was 
led to a re-examination of the principles of Geometry, thence to the philosophy 


520 PETER HYLTON 


An unqualified version of direct realism thus serves as a para- 
digm for Russell. He relies on it and presupposes it at many points, 
and makes statements which seem to imply this unqualified view. 
The passage we saw in the letter to Frege is an example. But it is 
always a modified or qualified version which he explicitly advocates. 
He takes it that the most direct way in which a proposition can be 
about an object is simply by containing it; but he recognizes that we 
must have some way of making sense of cases in which a propos- 
ition is about an entity or entities which it does not contain; in such 
cases we might speak of the proposition’s being indirectly about the 
entity. (In these terms we can say that Frege’s view is one in which 
there is only indirect aboutness: a thought is about an object in vir- 
tue of containing the relevant sense. But of course these terms of 
description are Russell’s, and quite foreign to Frege’s thought.) 

From 1900 or 1901 until June 1905 the modification to the under- 
lying picture — Russell’s way of accommodating indirect aboutness — 
is what I shall call the theory of denoting concepts. This doctrine 
simply accepts that direct realism does not hold in all cases; it allows 
a large class of exceptions to the general rule that the entity which a 
proposition is about is contained in the proposition, the general rule 
functions as a paradigm in Russell’s thought, but certain cases are 
allowed to violate it. For certain kinds of phrases Russell accepts a 
distinction in some ways analogous to Frege’s distinction between 
sense and reference. The analogue of the sense of an expression 
is what he calls the denoting concept which it expresses, or as he 
later comes to say, its meaning; the analogue of the reference is 
the denotation of the expression, or object it denotes — if it does in 
fact succeed in denoting something." The phrases to which Russell 


of continuity and infinity, and thence, with a view to discovering the meaning 
of the word any, to Symbolic Logic.’ (p. xvii). The question of ‘the meaning of the 
word any’ is exactly what I am calling the issue of generality. 

8 Here there is a point which, though more or less incidental to our discussion, is 
in other contexts quite crucial. It is not implied by Russell’s other views about 
denoting that a denoting concept must always succeed in denoting; it is entirely 
consistent with his view that such a concept should not in fact denote anything. 
At some moments he recognizes and accepts this point quite explicitly; see, for 
example, The Principles of Mathematics, §73. (At other moments, however, he 
seems to imply the opposite; see §427 of the same work.) For further discussion, 
see Hylton, Russell, Idealism, especially chs. 5 and 6. The point made in passing 
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initially applies this distinction are descriptions, both definite 
descriptions such as ‘the President of the USA in 2000’ and indefin- 
ite descriptions, such as ‘any prime number’. Where such a phrase 
occurs in a sentence, that sentence is taken to express a proposition 
which contains not the corresponding object or objects but rather 
a concept which denotes that object or those objects; the propos- 
ition contains a denoting concept but is about — indirectly about — 
the denoted object or objects. Here there is an in-virtue-of problem. 
How, in virtue of containing a denoting concept, is the proposition 
about an entity wholly distinct from it, an entity which we do not 
in any sense ‘grasp’? To this question Russell has no answer: the 
relation of denoting is simply asserted to have that effect.’ 

Using this theory, Russell hopes to account for generality by 
(roughly speaking) treating a phrase such as ‘any natural number’ - or 
‘any object’ — as representing a denoting concept. In this attempt he 
is unsuccessful; the theory proves unable to give a coherent account 
of multiple generality.*° The theory was, however, more successful 
in resolving other difficulties. Russell uses it, for example, to explain 
how true identity statements can be informative: at least one of the 
expressions flanking the identity symbol must be a denoting phrase 
(see Principles of Mathematics, §64, pp. 63-4). And Russell came to 
see that the theory could be extended to cover proper names (ordin- 
ary proper names, as opposed to what Russell later called ‘logically 
proper names’) quite generally. This extension resolves the issue of 
names which appear to name concrete existing objects, but where 


here undermines one still very common account of Russell’s motivation for 

adopting the theory of descriptions. 
‘9 There are, however, passages in Russell’s writings, not written for publication, 
which suggest that he was attempting to find an explanation of denoting in terms 
of propositional functions. There is, however, no sign that he ever found a way 
of doing this which satisfied him — unless, indeed, one thinks of the theory of 
descriptions as being such an explanation. See especially, Collected Papers, vol. 
IV, pp. 340, 342. (In this essay I have not attempted to do justice to all the intri- 
cacies of Russell’s thought suggested by his unpublished work.) In this note Iam 
indebted to correspondence with Russell Wahl. 
He says: ‘Thus x is, in some sense, the object denoted by any term; yet this can 
hardly be strictly maintained, for different variables may occur in a proposition, 
yet the object denoted by any term is, one would suppose, unique’ (Principles of 
Mathematics, §93, p. 94). 1am here attempting to do no more than indicate the 
difficulties which Russell encounters. 
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in fact there is no such object (‘Pegasus’ or ‘Vulcan’, for example). 
In The Principles of Mathematics Russell had denied that there are 
any such names: names which seemed to name nothing were said to 
name non-existent but still subsistent (and thus real] entities. But in 
fact the theory of denoting concepts has the resources to avoid that 
conclusion; it can thus avoid non-existent concreta, and the idea 
that we can be acquainted with such things." 

Russell himself, in Appendix A of the Principles of Mathematics, 
says that Frege’s distinction between sense and reference is ‘roughly, 
though not exactly, equivalent’ to his own distinction between a 
denoting concept and the denoted object (see §476, p. 502). The most 
obvious difference is that Frege applied the distinction very widely, 
whereas for Russell it was far more restricted. The clear point of 
similarity is that in each case we have what we might speak of 
as a representational element in the object of judgement (Frege’s 
thought, Russell’s proposition). A paradigmatic subject—predicate 
proposition for Russell, one not containing a denoting concept, 
does not contain something which represents its subject; rather the 
subject itself is contained in the proposition. But when we employ 
a description we express a proposition which contains an element 
which does in this sense represent the subject; this element is of 
course the denoting concept corresponding to the description, for 
that denoting concept is not itself the subject of the proposition, not 
what the proposition is about.” Frege’s senses, if we think in such 
terms about them, are clearly representational in the same sort of 
way: a thought is not about the senses which (perhaps) make it up, 
but rather about the references (if any) of the expressions whose 
senses they are.” 

The theory of denoting concepts strongly suggests a picture 
according to which the structure of a proposition is, in general, 


> For Russell’s acknowledgement of these points, see, in particular, his ‘The exist- 
ential import of propositions’, Collected Papers, vol. IV, pp. 486-9. 

» Of course there can be propositions which have denoting concepts as their sub- 
jects, but such a proposition must contain not that denoting concept which it is 
about, but rather some other denoting concept which denotes it. 

23 This rather cumbersome way of speaking is necessary because for Frege it is an 
expression which has a sense and (in the usual case) a reference. For Russell, 
by contrast, it is the denoting concept, not a linguistic item, which denotes the 
object. 
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quite closely related to the structure of a sentence which expresses 
it. (It may be that Russell was in part led to the theory because he 
already held the general picture.) The proposition expressed by the 
sentence ‘Every natural number is either odd or even’, according to 
the theory of denoting concepts, expresses a proposition which con- 
tains a component corresponding to the words ‘every natural num- 
ber’. This component is of course a denoting concept, and for further 
progress in analysing the sentence we need to consider that denot- 
ing concept and its function. When we analyse the sentence, to gain 
insight into the structure of the proposition which it expresses, we 
retain its grammatical structure. The point is quite general: gram- 
matical structure is taken as a good, though not infallible, guide to 
the structure of the underlying proposition; each word or seman- 
tic unit is assumed to correspond to an element in the proposition. 
Thus Russell says: 


The study of grammar ... is capable of throwing far more light on philo- 
sophical questions than is commonly supposed by philosophers. Although 
a grammatical difference cannot be uncritically assumed to correspond 
to a genuine philosophical difference, yet the one is primd facie evidence 
of the other ... Moreover it must be admitted, I think, that every word 
occurring in a sentence must have some meaning ... The correctness of our 
philosophical analysis of a proposition may therefore be usefully checked 
by the exercise of assigning the meaning of each word in the sentence 
expressing the proposition. On the whole, grammar seems to me to bring 
us much nearer toa correct logic than the current opinions of philosophers. 
(Principles of Mathematics, §46, p. 42) 


The picture of analysis which this suggests is one which will 
go word by word, or phrase by phrase, rather than sentence by sen- 
tence. For the most part it will be taken for granted that a word or 
phrase in a sentence corresponds to some element in the proposition 
expressed by the sentence; the interesting question will then be as 
to the nature of that element. (Is it, for example, a denoting concept, 
and if so of what kind?) There is here no a general contrast between 
grammatical structure, or surface structure, and underlying or 
logical structure. On the contrary: we can, for the most part, read 
off the underlying structure from the structure of the sentence. To 
put essentially the same point a different way: language is conceived 
as a largely transparent medium, through which propositions may 
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be perceived without systematic distortion; the transparency of the 
medium makes it possible largely to ignore it. 

These ideas, like Russell's reliance on the notion of acquaintance, 
can be put in the context of his opposition to Idealism, and espe- 
cially to the monism which he attributed to F. H. Bradley. Pluralism, 
the existence of many distinct things which (at least sometimes) 
stand in relations to one another, is immediately suggested by our 
ordinary discourse, by the surface of our language. If the surface of 
language is a generally reliable guide to the underlying structure, 
then propositions will indeed contain a plurality of objects in rela- 
tion to one another. So Russell’s opposition to Idealism gives him 
reason to hold that there is no systematic distortion here, that the 
grammatical structure of a sentence is in general a good guide to 
the underlying structure of the proposition which it expresses. This 
is an idea which, as we shall see, is in very marked contrast to the 
view he held after June 1905. 


4 


Russell’s famous essay ‘On denoting’ rejects the theory of denoting 
concepts, and argues for the theory of descriptions. The essay con- 
tains detailed arguments against the theory of denoting, arguments 
which we shall not examine here.*4 The crucial thing to note about 
them is that they all operate within the context of Russell’s direct 
realism. Within that context the theory of denoting concepts is an 
anomaly from the outset; once Russell sees how to avoid that the- 
ory he is very ready to do so. A crucial shift from the earlier view is 
that now Russell takes the idea of generality — ‘the variable’, as he 
says — as primitive and unexplained. The major motive for the the- 
ory of denoting was to explain generality — roughly, by treating the 


24 The interpretation of these arguments is very controversial. For a general 
account, see again, ch. 6 of the work cited in note 4. For an attempt to come 
to terms with the text in detail see Michael Pakaluk ‘The interpretation of 
Russell’s “Gray's Elegy” argument’, in A. Irvine and G. Wedeking (eds.), Bertrand 
Russell and Analytic Philosophy (Toronto: University of Toronto Press, 1993). 
See also Harold Noonan, ‘The ‘Gray’s Elegy’ argument — and others’, in R. Monk 
and A. Palmer (eds.), Bertrand Russell and the Origins of Analytic Philosophy 
(Bristol: Thoemes, 1996), pp. 65-102; and Michael Kremer, ‘The argument of “On 
denoting”’, Philosophical Review, 103 (1994), pp. 249-97. 
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phrase ‘any object’ as expressing a denoting concept. But, as we have 
seen, the theory of denoting did not in fact succeed in this task; 
Russell now abandons the goal entirely, and simply takes generality 
for granted, as primitive and unexplained. (But see note 29, below, 
for a qualification to this statement.] 

Presupposing generality, Russell is then able to explain indefinite 
descriptions in the familiar manner: ‘Every prime number is odd’ 
is explained as ‘For any object x, if x is a prime number then x is 
odd’, and so on. He had seen the possibility of doing this as early as 
1902, but at that stage it had not influenced his philosophical views. 
Definite descriptions presented more of a challenge; it was Russell’s 
seeing how to treat them in the analogous way that made it pos- 
sible for him to develop the new view. The analogous treatment of 
‘The President of the USA in 2000 was a Democrat’ is to explain it 
as ‘There is an object x such that x served as President of the USA 
in 2000 and x was a Democrat, and for every object y, if y served as 
President of the USA in 2000 then y is identical to x.’ More briefly 
and idiomatically: ‘There is one and only one thing which served as 
President of the USA in 2000, and it was a Democrat.’ 

The sentence we started with above is certainly about President 
Clinton. As analysed, however, it expresses a proposition which 
does not contain that man; it is indirectly about him. So one might 
think that here too, as in the theory of denoting, there is a violation 
of Russell’s direct realism. But in fact this is not so: here there is no 
in-virtue-of problem. Here the idea of indirect aboutness does not 
rely on a mysterious relation of denoting, introduced only for this 
purpose. It relies, rather, on familiar ideas. The sentence is about 
Clinton because it contains a predicate, ‘served as President of the 
USA in 2000’, which holds of him and of no one else. This explan- 
ation uses the idea of a predicate’s holding of, or being true of, an 
object; this is not an idea which is mysterious or objectionable in 
the same way that the idea of denoting is. In particular, it is not an 
idea introduced ad hoc to solve — or to label — this particular prob- 
lem; it is, rather, an idea which is needed for quite general purposes 
in almost any account of language. 

So one way of putting the point of the theory of descriptions is 
that it is to explain in a transparent and wholly unmysterious way 
what the theory of denoting ‘explains’ in a mysterious and ad hoc 
fashion: how a proposition succeeds in being about entities which it 
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does not contain. Since the entities contained in a proposition that I 
understand must be entities with which Iam acquainted, the theory 
equally explains, in non-mysterious fashion, how I can understand 
propositions about entities with which I am not acquainted. Russell 
says, for example: ‘All thinking has to start from acquaintance; but 
it succeeds in thinking about many things with which we have no 
acquaintance.”5 This idea is not new in Russell’s thought in 1905. 
What is new is that he now has an explanation of indirect aboutness 
which does not appeal to an unexplained representational element. 
The explanation is not question-begging or ad hoc, and does not 
raise an in-virtue-of problem”. 

Russell now has no hesitation in extending this analysis to many 
phrases which grammatically are proper names, and treating them 
as if they were disguised or truncated definite descriptions.’’ He is 
thus left with a very small category of genuine (or logically) proper 
names; for those names, unlike others, their occurrence in a sen- 
tence does indicate that the sentence expresses a proposition in 
which the corresponding object occurs. Logically proper names can 
only be used to name objects with which the speaker is acquainted, 
and from 1905 on Russell holds that each person is acquainted only 
with a limited range of entities. (The range gets more limited as 


»* Bertrand Russell, ‘On denoting’, Mind (1905), p. 480; Collected Papers, vol. IV, 
P. 415. 

>6 It might be thought that, by doing this, ‘On denoting’ vindicates direct realism. 
Certainly this is one of the aims of that work, but we should not exaggerate 
the extent to which it succeeds. The crucial qualification here is one which we 
have already mentioned: the theory leaves Russell wholly without an explan- 
ation of generality. According to the new theory, generality is involved in almost 
everything we say, yet it is entirely unclear how it fits into the picture of direct 
realism. It is all the more important to stress this point, in view of the fact that 
generality was the strongest of Russell’s original motives for introducing the the- 
ory of denoting. In some writings after ‘On denoting’, which were not intended 
for publication, Russell speaks of ‘On denoting’ not as eliminating denoting but 
rather as reducing it all to a single case, that of the variable. See Hylton, Russell, 
Idealism, pp. 255ff. 

Russell speaks of the name ‘Romulus’ as ‘a sort of truncated description’ in the 
sixth of his ‘Lectures on the philosophy of logical atomism’, Collected Papers, 
vol. VIII, p. 213. In The Problems of Philosophy (Oxford: Oxford University Press, 
I912, reset 1946) he says: ‘Common words, even proper names, are usually really 
descriptions. That is to say, the thought in the mind of a person using a proper 
name correctly can generally only be expressed explicitly if we replace the proper 
name by a description.’ (p. 54). 
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time goes by; this trend started before ‘On denoting’, and is to some 
extent independent of it.) So philosophical analysis is required to 
show that sentences about other entities are only indirectly about 
them, and to work out what such sentences are directly about. Only 
entities with which we are acquainted can occur in propositions we 
can grasp. Almost all of our knowledge appears to violate this dic- 
tum, and so must be analysed to show that it does not in fact do so. 
Russell’s position thus commits him to an extensive programme of 
analysis which is, in the broad sense, epistemologically driven: by 
the need to show how we are able to think about various entities 
with which we are not acquainted. It is this programme which 
issues in such works as Our Knowledge of the External World. (Such 
a programme of analysis, it need hardly be said, has no analogue in 
Frege’s work; Frege’s general philosophical views simply do not give 
rise to a need for anything of the sort.) 

The theory of descriptions assumes enormous importance for 
Russell. He quickly comes to hold that we are acquainted with 
almost none of the concrete objects that we take ourselves to know 
about. (His reasons essentially have to do with the possibility of 
error and illusion. In the case of abstract objects he is more willing 
to accept that we are acquainted with the things we appear to know 
about.) So most of what we take to be our knowledge about things 
is descriptive knowledge, not knowledge by acquaintance. And all 
such knowledge, so he holds from 1905, is to be explained along the 
lines laid down by the theory of descriptions. The theory of descrip- 
tions is the method of analysis, and hence of the first importance for 
Russell’s epistemology. 

One immediate consequence of the developments we have been 
discussing is a complete repudiation of the idea that (surface) gram- 
mar is, in general, a good guide to the form of the underlying propos- 
ition. We briefly examined this idea, as it occurs in the Principles of 
Mathematics, and saw that it is a natural concomitant of the theory 
of denoting concepts. In that theory, a subject-predicate sentence, 
with a description (definite or indefinite} for the subject, is taken to 
express a proposition with subject-predicate form, with a denoting 
concept taking the place of the subject. In the new theory, however, 
from 1905 onwards, such a sentence is taken to represent a propos- 
ition with a wholly different form. (A sentence containing a def- 
inite description expresses an existentially quantified proposition.} 
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From 1905 on, Russell’s work is full of warnings that the structure 
of a sentence, its surface grammar — is almost always misleading 
as to the form of the underlying proposition. The goal of analysis 
remains, as before, the production of a sentence which accurately 
reflects the proposition expressed by the original sentence. But 
now the emphasis is very much on the form of the proposition 
(and, hence, of the sentence produced by the process of analysis). 
This form will not in general be the same as that of the sentence 
being analysed; this will, indeed, hardly ever happen. Logical forms 
become the focus of analysis. 

This change in turn has a consequence which may at first sight 
appear paradoxical. Precisely because it is misleading, language, 
which Russell had previously more or less ignored, becomes an 
increasing concern. When he thought of language as a more or less 
transparent medium, through which the proposition could be read- 
ily perceived, Russell could afford to pay it no special attention; he 
proceeded at once to talk of the underlying proposition, his true 
concern. But after 1905 he has to be self-conscious about language, 
if only to avoid being misled by it.2* Before 1905 all of Russell’s 
remarks about language (in the sense of the actual words) are casual 
and superficial, not in any sense part of a theory of language. After 
1905 this begins to change. With the notion of an incomplete sym- 
bol we have, for the first time in Russell’s work, a technical term 
which is quite explicitly and exclusively linguistic: some symbols 
are incomplete, but no constituents of propositions are (in anything 
like the same sense} incomplete. Russell is driven to pay attention 
to language precisely because of its misleadingness,; one might say 
that it is here that ‘Philosophy of Language’, in something approxi- 
mating its modern sense, comes into being. 


28 Thus: ‘There is a good deal of importance to philosophy in the theory of sym- 
bolism, a good deal more than at one time I thought. I think the importance is 
almost entirely negative, i.e., the importance lies in the fact that unless you are 
fairly self-conscious about symbols, unless you are fairly aware of the relation 
of the symbol to what it symbolizes, you will find yourself attributing to the 
thing properties which only belong to the symbol’ (‘Lectures on the philosophy 
of logical atomism’, p. 166). Later in the paragraph Russell says that good philoso- 
phers think about the real philosophical concerns, as opposed to symbols, for a 
minute every six months, whereas bad philosophers never do. 
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Another consequence of the new paradigm of philosophical an- 
alysis is a shift in the role played by the idea of acquaintance, or 
rather the reinforcement of a shift which was already underway. 
This is a complex and subtle matter, and concerns shifts in Russell’s 
attitude as much as real changes in doctrine. In the Principles of 
Mathematics the notion of acquaintance had functioned, more or 
less, as a ‘dependent variable’: if Russell’s philosophical analyses 
made it expedient for him to claim that we are acquainted with a 
certain entity, then he would make the claim. After that work the 
notion of acquaintance comes increasingly to impose independent 
constraints upon analysis, the results of a preliminary philosoph- 
ical analysis are to be checked by seeing whether we are in fact 
acquainted with the entities which, according to the analysis, we 
must be. The results of this checking were not wholly independ- 
ent of the exigencies of the analysis, still Russell is increasingly 
restrictive in his view of what entities we are acquainted with. It is 
for this reason that one finds in Russell’s work after the Principles 
of Mathematics appeals to ‘inspection’, which is meant to remind 
us with which entities we are actually acquainted, these facts are 
supposed to constrain philosophical theorizing. 

This trend towards greater psychological realism about acquaint- 
ance begins before ‘On denoting’, but the new view greatly encour- 
ages the trend. Before 1905, analysis takes the form of a sentence 
for granted, and aims to clarify our understanding of the parts; the 
analysis is complete, presumably, when we have a clear understand- 
ing of each of the parts of the sentence. It may not always be evident 
how we are to know when the analysis is complete, but at least it 
makes sense to think that each step is bringing us closer to the fully 
analysed sentence, and thus to the form of the proposition itself. But 
after 1905 the process of analysis may at any step reveal a wholly 
new logical form. There is no particular reason to think that the 
seventeenth step in the progressive analysis of a sentence is closer 
to the real form of the proposition than is the thirteenth. How are 
we to know that we have reached the terminus of analysis, if we 
cannot easily think of ourselves as getting closer and closer to it? 


22 This may overstate the matter to some extent, but not by much. I owe the com- 
parison with the idea of ‘dependent variable’ to Andrew Lugg. 
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The notion of acquaintance comes to provide an answer to this ques- 
tion: the terminus of analysis is reached when we have a sentence 
where each term refers to an object with which we are acquainted. 
But of course this answer presupposes that acquaintance functions, 
at least to some extent, as an ‘independent variable’, and is not sim- 
ply answerable to the needs of the analysis. 

Over the last few paragraphs we have been emphasizing the 
difference that the theory of descriptions makes to Russell’s view 
of how analysis proceeds, and something of the wider signifi- 
cance of this shift. But it is also important to stress that there is 
an underlying continuity in Russell’s conception of analysis. It is, 
one might say, the same sort of question he is trying to answer 
before 1905 and after, even though the answers he gives are not 
the same. The question is: what are the constituents of this prop- 
osition? Russell continues, that is to say, to conceive of a propos- 
ition as a complex entity made up of simpler entities, in something 
like the way a wall is made up of bricks. This general conception 
largely survives even Russell’s adoption of the so-called ‘multiple 
relation theory of judgement’, which involves his abandoning the 
idea that propositions exist as objective entities independent of us 
(we shall discuss the new theory at more length shortly). The ques- 
tion of the constituents of a proposition is simply reframed, to ask 
about the constituents involved in a judgement; the underlying 
conception does not seem to change. We shall return to these mat- 
ters inin §4. 


5 


As we have seen, the theory of descriptions was, for Russell, a way 
of defending his direct realism (at least if one does not focus on 
the issue of generality). Let us come at this from a different angle, 
by seeing exactly how the theory of descriptions enables Russell to 
avoid any version of the distinction between sense and reference for 
singular referring expressions. In the next section we shall draw on 
these ideas to articulate a further consequence of Russell’s position, 
concerning the notion of a function; this is, again, directly relevant 
to the contrast between Frege and Russell. 

Ishall consider two kinds of reason for holding that there must be a 
distinction analogous to Frege’s distinction of sense from reference, 
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and argue that in each case the theory of descriptions enables 
Russell to avoid that reason. The first kind of reason is straightfor- 
ward: there are empty names, names which name nothing, such as 
‘Vulcan’ and ‘Pegasus’. If understanding a name consists in being 
related to an object, then it would seem that one cannot understand 
an empty name. Yet we do seem to understand sentences contain- 
ing such names. Frege accounted for this by saying that in such a 
case the name has a sense, and hence it is possible to understand it 
even though it lacks a reference. He takes it to be a consequence of 
this view that a sentence containing such a name will also have a 
sense, and hence be capable of significant use, but lack a reference, 
ie. lack a truth-value. 

Russell’s approach is quite different. He claims that (apparent) 
names are of two wholly different kinds.3° On the one hand there 
are logically proper names, which function simply as labels which 
the speaker affixes to objects with which he or she is acquainted. 
These names function in accordance with Russell’s paradigm; they 
are, however, very rare, at least in our ordinary language. On the 
other hand there are all the other (apparent) names. These are not, 
by Russell’s standards, genuine names at all. Sentences in which 
they appear are to be analysed in accordance with the theory of 
descriptions, and in the analysed sentences the apparent names do 
not appear. (I shall sometimes call these apparent names ‘descrip- 
tive names’, just to have a label for them.} 

Now it is Russell’s view that logically proper names cannot be 
empty: If Ican use a word as such a name then I am acquainted with 
its bearer, and this is not possible unless there is such an entity. I 
thus have an epistemological guarantee that the name is not empty. 
Names which lack this guarantee are not logically proper names, 
but merely descriptive names. When a sentence containing an 
(apparent) name of this latter sort is analysed we obtain a sentence 
in which the given name does not appear at all. (Hence Russell’s 
view that these names are not genuine names at all: they do not sur- 
vive analysis.) So for Russell there is no problem of empty names. 
Genuine names, logically proper names, cannot be empty. Other 


3° Note that this kind of contrast can be drawn, to much the same effect, within the 
theory of denoting concepts. Iam here not concerned to contrast that theory with 
the theory of descriptions, but rather to contrast the latter with Frege’s view. 
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apparent names are not really names at all, and hence cannot be 
empty names. (Russell’s approach also has the advantage that a sen- 
tence containing an empty descriptive name will have a truth-value; 
avoiding truth-valueless sentences in this way which will make for 
a smoother logic. Frege achieves the same end by stipulating a ref- 
erent for any singular referring expression which would otherwise 
be empty.) 

There is also a second sort of reason for introducing some ver- 
sion of distinction between sense and referencewhich is rather more 
complex, and shows up in various ways. The underlying point could 
be put like this: two singular referring expressions with the same 
referents, such as ‘Socrates’ and ‘the teacher of Plato’, may none- 
theless have different semantic roles. So saying that it refers to a 
certain object cannot be the whole story about the semantic role of 
such an expression, and understanding such an expression cannot 
consist simply in being in some relation to its referent. Therefore 
the semantics of such an expression must take account not only of 
what Frege calls the reference of the expression but also of some- 
thing else, and this something else will be at least analogous to 
what Frege calls the sense of the expression. Let us flesh out this 
argument by seeing why we cannot take a singular referring term’s 
referring to the object that it refers to as the whole story about its 
semantic role. (Our doing this will also indicate what the idea of 
‘semantic role’ comes to here, for we should not take that idea to be 
self-evident in this context.) 

Consider a true statement of identity, such as ‘Socrates is the 
teacher of Plato’. It is clear that someone may understand the 
sentence without knowing whether it is true — or while being 
convinced that it is false.' This possibility seems to be straight- 
forward, and to arise in quite ordinary cases. But if the two expres- 
sions flanking the identity symbol have the same semantic role, 
then such a case would appear to be impossible, or at least quite 
anomalous. The sentence seems to convey information, whereas 
the sentence ‘Socrates is Socrates’ does not. If the two (apparent]) 
singular referring expressions, ‘Socrates’ and ‘the teacher of Plato’, 
have the same semantic role, then it is hard to see how this can 


31 Frege begins ‘On sense and reference’ by talking about cases of this sort. 
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be so. Similarly, there is the phenomenon now known as ‘referen- 
tial opacity’? John may believe that Socrates died from drinking 
hemlock, while not believing that the teacher of Plato died from 
drinking hemlock. So John’s understanding of each expression 
must involve more than simply a relation to object to which it 
refers, the word ‘Socrates’ must have a different semantic role from 
that of the phrase ‘the teacher of Plato’. Yet another way of get- 
ting at what is, I think, the same underlying issue has to do with 
inference. From ‘All teachers are wise’ and ‘Plato had exactly one 
teacher’ we may immediately infer ‘The teacher of Plato is wise’. 
But we cannot, from the same premises, infer ‘Socrates is wise’. If 
the two expressions had the same semantic role, however, then we 
should be able to do so. 

These considerations may be put in more Russellian terms by 
speaking of objects occurring in propositions, rather than of seman- 
tic roles. It is highly implausible to think of our sentence ‘Socrates 
is the teacher of Plato’ as expressing a proposition which simply 
contains the same object twice over, along with the notion of iden- 
tity. The two expressions function differently for us: we understand 
them differently, they may play different roles in our expression 
of belief, and in the inferences we recognize as valid. So we can- 
not happily think of them as indicating the presence of the same 
object in a proposition, unless we think of our grasp of propositions 
and their constituents as itself mediated. But that would undercut 
Russell’s direct realism, the aim of which is precisely to avoid the 
idea that there is anything mediating between us and the objects 
that we hope to think about. 

On a straightforward, or superficial, view of what things 
count as singular referring expressions, then, we cannot think of 
coreferential singular expressions as always playing the same sem- 
antic role. In Russellian terms, such expressions cannot be thought 
of as always merely indicating the presence of the corresponding 


32 The term is W. V. Quine’s; see From a Logical Point of View (Cambridge, 
Mass.: Harvard University Press, 1961), p. 142. As he acknowledges, he draws 
on Russell’s use of the term ‘transparent’ in Appendix C of the second edition of 
Principia Mathematica, 3 vols. (Cambridge: Cambridge University Press, 1925-7), 
vol. I, p. 665. The underlying point is, again, made by Frege in the first few pages 
of ‘On sense and reference’. 
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object in the proposition. Frege deploys the distinction between 
sense and reference to resolve all of these problems. How is Russell 
to resolve them, without resorting to any analogous distinction? 
As in the case of empty names, the distinction between logically 
proper names and merely apparent names (descriptive names) is cru- 
cial. In a fully analysed sentence, he holds, no descriptive names 
occur; hence the question of the semantics of such names does not 
arise. And for real names, logically proper names, Russell simply 
denies the applicability of the pressures which might lead one to 
make some version of the distinction between sense and reference. 
If a given speaker has two logically proper names for a given object, 
then that speaker will be aware that the two names name the same 
object. Acquaintance gives us complete and unmediated know- 
ledge: you cannot be acquainted with the same object twice over 
and not know it, for there are no ways of being acquainted with an 
object. Again, a logically proper name lacks any semantically sig- 
nificant structure, and gets its meaning, for a given speaker, simply 
by being a label for an object with which that speaker is acquainted. 
A logically proper name thus has no semantic structure which can 
be exploited in inference; it is in this sense a simple referring expres- 
sion, not a complex referring expression. 

Let us put these points another way. The considerations we exam- 
ined seem to show that there must be more to the semantics of a 
singular referring expression than the fact that it picks out a certain 
object. Russell’s logically proper names form an exception, but in 
general there is a need for an account at the level of sense as well as 
for an account at the level of reference.33 One way to understand this 
is in terms of semantic complexity. In the case of definite descrip- 
tions this complexity is right on the surface, for they are made up 
of semantically significant parts. Russell assimilates descriptive 
names to definite descriptions, treating them as covertly complex 
in the same way. On his account, then, the apparent need for sense 
arises from the semantic complexity of most singular referring 


33 For an elaboration of this point, see Hylton, ‘Functions and propositional func- 
tions in Principia Mathematica’, in Irvine and Wedeking (eds.), Russell and 
Analytic Philosophy, pp. 342-60; reprinted as essay seven of Peter Hylton, 
Propositions, Functions, and Analysis: Selected Essays on Russell’s Philosophy 
(Oxford: Oxford University Press, 2005), especially §2. 
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expressions. The semantics of a complex referring expression can- 
not be understood simply in terms of what it refers to; its semantic 
complexity must also be taken into account. 

Now Russell’s theory of descriptions avoids this argument by 
simply denying that there are any complex referring expressions. 
This, I think, is in part what he means by saying that descriptions 
have no meaning in isolation:3+ what is being denied is that such 
phrases are referring expressions. Definite descriptions look for all 
the world like complex referring expressions, but it is not hard to 
see how the theory of descriptions avoids treating them as such. A 
phrase of the form ‘The F’ is accorded a meaning only in the con- 
text of a sentence, in which we say something of the form ‘The F is 
G’. And this sentence is analysed as having the underlying struc- 
ture: there is an object which is F, that object is also G, and no other 
object is F. Here, in the analysed form, we have occurrences of the 
predicate ‘... is F’ but not of the (apparent) complex referring expres- 
sion ‘the F’. For Russell, complex referring expressions are merely 
apparent, misleading superficial features of language which do not 
correspond to anything in the underlying structure. 

In Russell’s view, then, the only genuine referring expressions 
(for a given speaker) are those which are simple, i.e. lacking seman- 
tically significant structure, and which get their significance by 
referring to entities which are objects of acquaintance (for that 
speaker). These features ensure that for those expressions no ana- 
logue of the distinction between sense and reference is called for in 
the case of such expressions. Apparent referring expressions which 
do not meet these criteria are to be analysed away — to be shown to 
be merely apparent. The theory of descriptions supplies the means 
of analysis here. 


6 


To this point we have discussed Russell’s direct realism, his conse- 
quent rejection of any analogue of Frege’s distinction between sense 


34 In Lecture VI of the ‘Lectures on the philosophy of logical atomism’ Russell 
says that incomplete symbols, by which he means to include descriptions, ‘have 
absolutely no meaning in isolation, but merely acquire a meaning in context’ 
(Collected Papers, vol. VIII, p. 221). In ‘On denoting’ he says that such phrases 
‘never have any meaning in themselves’ (ibid., vol. IV, p. 416). 
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and reference, and his use of the theory of descriptions to mitigate 
what would otherwise be the implausibilities of this view. This 
nexus of Russellian views is closely connected with sharp differ- 
ences from Frege on fundamental metaphysical issues. 

Let us begin with conceptions of philosophical analysis, for this 
is of the first importance. ‘Analysis’ here is no mere convenience, 
not a merely pragmatic point of philosophical method. The correct 
method of analysis is the correct way to understand the world; this 
corresponds to — and reveals — the fundamental nature of the world. 
For Frege, the method of analysis is function and argument. His 
notion of a function is essentially a clarified and extended version of 
the familiar mathematical notion, and he takes it as philosophically 
primitive. Concepts are treated as special cases of functions: they 
are those functions whose values are always truth-values. So a predi- 
cate such as ‘... is prime’ is taken to stand for a function. Applied to 
some objects this function yields the truth-value True as its value; 
applied to others it yields the truth-value False. The idea of a func- 
tion’s taking one object as argument, and yielding another as value, 
is simply taken for granted here. There is no sensible question as to 
why a certain function applied to a given argument yields the value 
it does: that it does so is the unexplained fact in terms of which 
other things are to be explained. 

These general Fregean views are sharply opposed to Russell's; the 
issues which we examined in the last section are directly relevant 
to this opposition. Functional expressions, if taken as primitive, 
give rise to complex referring expressions. The expression ‘2 + 3’, 
if taken at face-value, picks out the number five, and does so in a 
complex way. Saying what the expression picks out is clearly very 
far from being a full and adequate account of its semantic function. 
To understand the functioning of the phrase we need a distinction 
between sense and reference. So if the general notion of a function 
is fundamental, a semantic account must deal with (something 
analogous to) sense as well as reference. Since Russell rejects any 
such idea, he also denies that functional expressions in general are 
primitive. Hence nothing like Frege’s function-argument analysis 
is available to him as a fundamental way of understanding the 
world. (We shall see at the end of this section that Russell does take 
as primitive the notion of a propositional function, and we shall 
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consider why the reasons he has against taking functions in general 
as primitive do not apply to this special case.] 

The contrast that I am drawing between Russell and Frege, then, 
is this. Frege takes the notion of a function as primitive; his doing 
so commits him to a distinction between sense and reference. But 
Russell denies that there is such a distinction. He therefore can- 
not accept the general notion of a function as primitive, and cannot 
accept Frege’s fundamental mode of analysis. This leaves us with 
two questions. First, what is Russell’s fundamental method of an- 
alysis? The answer takes us immediately to his ontological views, 
especially about the nature of complexity. Second, if Russell does 
not take functions as primitive, how does he account for them? 
The two questions are connected: the first provides the constraints 
within which the second must be answered. Russell must have an 
understanding of functions which is compatible with his general 
view of the nature of the world. I shall consider the two questions 
in turn. 

Russell’s view of analysis is based on his atomistic conception 
of the world. He sees it as made up of simple objects standing in 
relations to one another. What appear to be complex objects are to 
be understood as simpler objects standing in certain relations to 
one another. The complex object is made up of simpler objects as a 
whole is made up of its parts. (This relationship sometimes seems 
to be understood in a very literal way: a complex object is made up 
of simpler objects in the way in which a wall is made up of bricks.} 
Propositions provide a crucial example. A proposition, for Russell, 
paradigmatically contains the objects which it is about; they are the 
parts, and the proposition is the whole. Propositions here, however, 
are more than an example. That certain objects stand in certain 
relations is itself a proposition. So by treating all complexity as the 
complexity of relations and relata Russell is implying that all com- 
plexity is propositional complexity. (We shall enter a partial qualifi- 
cation to this point shortly.) 

The theory of descriptions, seen from this perspective, elimi- 
nates an apparent exception to the idea that all complexity is prop- 
ositional complexity, namely complex denoting concepts. It is for 
this reason, I think that Russell throughout ‘On denoting’ speaks of 
‘denoting complexes’, it is the complexity, as well as the denoting, 
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that he is concerned to eliminate. This terminology may also reflect 
the idea that denoting is not wholly eliminated, but rather reduced 
to one simple case, that of the variable. (See note 26, above.) A phrase 
such as ‘the present King of France’ is not explained by saying that 
it indicates the presence in the proposition of a complex object, a 
denoting concept. Rather, it is explained in terms of the logical form 
of the whole proposition: there is one and only one object such that 
it currently reigns over France, and that object has whatever prop- 
erty the sentence ascribes. The semantic complexity of a definite 
description is thus accounted for in terms of the complexity of the 
complete proposition, not in terms of the complexity of any con- 
stituent part of it. 

I have been speaking here of ‘propositional complexity’, the kind 
of complexity that is characteristic of a proposition. A change in 
Russell’s views is relevant here. Sometime between 1906 and 1909 
he comes to adopt what he calls ‘the multiple relation theory of 
judgement’35 According to this theory, the notion of a proposition 
is not fundamental, it is replaced as the fundamental metaphysical 
idea by the notion of a fact. Propositions are explained in terms of 
facts, rather than vice versa. Russell continues, however, to think of 
all complexity as arising from simple objects standing in relations 
to one another. Under both the old view and the new view, this is 
the kind of complexity which typifies propositions. The difference 
it that, according to the new view, this sort of complexity is to be 
understood as being, at bottom, the complexity of a fact. For our gen- 
eral comparison between Russell and Frege this change is, I think, 
of relatively little importance. It does, however, make Russell’s view 
in two significant ways less like Frege’s. First, Russell now abandons 
the idea that the bearers of truth and falsehood are objective and 
mind-independent entities. Second, Russell had earlier held, with 
Frege, that truth is indefinable; with the new view, he advocates a 
version of the correspondence theory of truth. 


35 Russell first adumbrates, but does not endorse, this view in the 1906 essay ‘The 
nature of truth’, the introduction to the first edition of Principia Mathematica, 
however, explicitly advocates the new view. It is perhaps worth adding that this 
view does not seem to fit with the logic of Principia Mathematica, which quan- 
tifies over propositions; also that Russell never found a version of the view that 
satisfied him for very long. 
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Russell thus conceives the world as consisting of complex objects 
made up of simpler objects and, ultimately, presumably, of abso- 
lutely simple objects2° His dominant mode of analysis is, accord- 
ingly, the decomposition of a whole into its parts. Frege sees the 
world as divided into functions and objects. One consequence of 
this difference concerns the stratification of the universe into onto- 
logical categories. Functions and objects are naturally conceived 
of being of distinct ontological kinds, with functions themselves 
coming in various levels which are similarly distinct: first-level 
functions apply to objects, second-level functions to first-level func- 
tions, and so on. Russell’s fundamental metaphysical instincts are 
to deny any such distinctions; a whole is not naturally thought of as 
being of a different ontological kind from its parts — a wall is not of 
an ontologically distinct category from the bricks which compose 
it. The dominance of the part-whole metaphor suggests that there 
are no fundamental ontological distinctions, that all entities are of 
the same general kind. In the Principles of Mathematics, indeed, 
Russell argues that no fundamental ontological distinctions are 
tenable: everything is, in Russellian jargon, a term, that is, very 
roughly, capable of being a logical subject in the simplest kind of 
subject-predicate proposition. To deny that something is a term is, 
he claims, logically self-refuting, since a appears as a term in the 
proposition expressed by ‘a is not a term’.’ I speak here of Russell’s 
metaphysical instincts because he is forced, by the need to escape 
the paradox which bears his name, to acknowledge fundamental 
distinctions, in the form of the theory of types. Those distinctions, 
however, always seem to be imposed, for the purpose of avoiding 
the paradox, upon a structure in which no such distinctions exist. 
For Frege, by contrast, the distinctions between function and object, 
and among functions of various levels, are built in to his thought 


36 ‘Presumably’ because Russell does, at least at one point, suggest that it would be 
possible to maintain that analysis is infinite, ‘that complex things are capable of 
analysis ad infinitum’, though he does not accept this view. See the discussion 
at the end of the second of the ‘Lectures on the philosophy of logical atomism’, 
Collected Papers, vol. VIII, p. 180. 

37 We might phrase this by saying that Russell takes very seriously the concept 
horse problem, whereas Frege wants to dismiss it as due to a mere awkward- 
ness of language. See Appendix A of the Principles of Mathematics, especially 
§§481-3. 
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from the outset. (We shall return to these points in the next section, 
putting them in the context of the logics developed by Frege and 
by Russell.} 

An illustration of Russell’s view, and an important fact in its own 
right, is the difficulty that he faces in accounting for the unity of 
the proposition. The constituents of a proposition ‘placed side by 
side’, Russell says, ‘do not reconstitute the proposition’ (Principles 
of Mathematics, §54). ‘A proposition is essentially a unity, and 
when analysis has destroyed the unity, no enumeration of constitu- 
ents will restore the proposition’ (loc. cit.). How is this unity to be 
understood? From within Russell’s early post-Idealist metaphysics 
the unity of the proposition can be neither avoided nor explained.3* 
Frege, by contrast, is not troubled by any analogous problem. For 
him there is no issue about how judgements are possible, about how 
concepts and objects unite. From a Russellian perspective, it might 
appear that he is simply ducking a problem, but in fact I think we 
have here an indication of how different his presuppositions are from 
Russell’s. Let us focus on Frege’s Context Principle: ‘it is only in the 
context of a proposition that words have any meaning’»® This prin- 
ciple, as I understand it, implies that the notions of an object, and of 
a concept, are not to be understood independently of one other, and 
of the role that concept-expressions and object-expressions have in 
forming complete sentences.4° On this kind of reading, Frege pre- 
supposes the notion of judgement as fundamental, and understands 
both concepts and objects in terms of it. For him there thus can be 
no question as to how these separate and independent entities can 
form a unity, since they are not correctly thought of as separate and 
independent at all. 


38 It may have been the ramifications of this issue that were responsible for the 
major change in Russell’s metaphysics that took place when he adopted the mul- 
tiple relation theory of judgement. See Thomas G. Ricketts, ‘Truth and propos- 
itional unity in Early Russell’, in Juliet Floyd and Sanford Shieh (eds.), Future 
Pasts: The Analytic Tradition in 20th Century Philosophy (Oxford: Oxford 
University Press, 2001), pp. IoI-23. 

39 GI, §62; cf. also p. x and sections 60, I06. 

4° For this line of interpretation see, for example, Thomas G. Ricketts, ‘Objectivity 
and objecthood: Frege’s metaphysics of judgement’, in L. Haaparanta and J. 
Hintikka (eds.), Frege Synthesized: Essays on the Philosophical and Foundational 
Work of Gottlob Frege (Dordrecht: Reidel, 1986), pp. 65-95. 
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A page or two back, we saw that there is a clear ontological dif- 
ference between Frege and Russell: Frege sees the world as divided 
into functions (of various levels) and objects; Russell, with a view 
dominated by the part-whole metaphor, rejects functions, and can- 
not easily adopt any such distinctions at a fundamental level. Our 
recent discussion, however, suggests that as well as this ontological 
difference there is also a difference in the very notion of ontology 
that is at issue here. Russell holds what one might call an object- 
based metaphysics: for him the existence of an object is a funda- 
mental and independent fact, the idea of an object’s existing or not 
existing makes sense by itself, in isolation from other ideas.‘* For 
Frege, by contrast, the fundamental ideas are those of truth and fal- 
sity, and of a judgement as that to which truth and falsity can be 
ascribed.+? Here ontology is derivative: questions of existence are to 
be settled primarily by seeing what is required for the judgements 
that we make, and to account for the way those judgements behave 
in inferences that we make. 

These metaphysical differences are connected with differences 
in epistemology — not just in the answers to epistemological ques- 
tions, but also in the questions themselves. For Russell, as we have 
emphasized, the notion of acquaintance is crucial. The idea of an 
object’s existing or not existing draws on our (supposed) capacity 
for acquaintance, our ability to stand in a direct cognitive relation 
to an object. Our knowledge and understanding must all ultimately 
to be explained in terms of this relation. This imperative defines a 
philosophical task: since most of our knowledge and understanding 
seems to concern things which are not objects of acquaintance, we 
need to show how it can be explained in terms of acquaintance. 


4* As we saw, Russell distinguishes existence from subsistence in his early post- 
Idealist work (even as late as the 1912 Problems of Philosophy; see p. 100). Here, 
however, I use the word ‘existence’ here broadly, to encompass both ways of being. 

#” Thus Frege says: ‘What is distinctive about my conception of logic is that I begin 
by giving pride of place to the content of the word “true”, and then immediately 
go on to introduce a thought as that to which the question “Is it true?” is in 
principle applicable. So I do not begin with concepts and put them together to 
form a thought or judgement; I come by the parts of a thought by analysing the 
thought.’ This passage is from notes that he wrote about his thought for Ludwig 
Darmstaedter, and is published in NS, p. 273; I follow the translation in PW, p. 
253. 
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A foundationalist epistemology is thus implicit in Russell’s gen- 
eral view. He assumes that all knowledge is based on our acquaint- 
ance with certain objects, some of them abstract (he is somewhat 
open-minded about exactly which objects, and changes his mind 
about this over time). So he then needs to show how, and to what 
extent, the knowledge and understanding which we take ourselves 
to have can be explained on this basis, and thereby justified. Here 
there is a very sharp contrast with Frege. Frege does not seem to 
be at all concerned to raise questions about the basis of our know- 
ledge, how it is acquired and what ultimately justifies it. Nor does 
his fundamental view seem naturally to generate such questions. 
(Unless, of course, such questions are inevitable and thus naturally 
generated by any serious thought; the point is that nothing pecu- 
liar to Frege’s thought naturally generates such questions.) Frege 
seems, rather, to think of the philosophical task as primarily one 
of systematizing knowledge, setting out the relations of justifica- 
tion which hold among the various items we know. Axiomatization, 
of Euclidean geometry, for example, serves as a partial paradigm 
here, but in the ideal this model would be extended both deeper, to 
include the underlying logic, and wider, to include all systematic 
knowledge. In this way the body of our knowledge will be given 
greater clarity, and our understanding of exactly what it is that we 
know may be modified in the process. Russellian foundationalist 
questions, however, have no place in Frege’s work; nor does scepti- 
cism play any role for in his thought.# 

These sorts of differences are, of course, most evident in the case 
of our knowledge of mathematics and logic, for these subjects are at 
the centre of Frege’s concerns. For Russell, as we saw, our knowledge 
of these subjects must be based on acquaintance.*+ Philosophical 
analysis may be required to show you which abstract objects play 


43 For elaboration of these ideas, see §I of Thomas J. Ricketts, ‘Frege’s 1906 foray 
into metalogic’, Philosophical Topics, 25 (1997), on which my discussion in this 
paragraph draws. 

44 Russell changed his mind about this under the influence of Wittgenstein. 
Beginning with his lectures, ‘The philosophy of logical atomism’, given early 
in 1918, he speaks of the truths of logic as ‘tautologies’; see the end of Lecture V. 
This tendency is more marked in the book he wrote later that year, Introduction 
to Mathematical Philosophy, where the position is somewhat elaborated. In these 
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a fundamental role — whether, for example, it is numbers or classes 
or propositional functions. But the fundamental abstract objects, 
whichever they turn out to be, are known by acquaintance. The 
objects are out there, and we are capable of standing in a direct cog- 
nitive relation to them. Russell’s version of realism about abstract 
objects is thus backed up by his epistemology. Nothing similar can 
be said about Frege, and this has been taken to cast Frege’s realism 
about abstract objects in doubt; those who take Russellian views as 
paradigmatic may indeed find Frege’s realism less than robust. It 
would, however, be more accurate to say that in the context of dif- 
ferent epistemological and metaphysical views, what realism comes 
to also differs. 

As we have seen, the notion of a function cannot be primitive for 
Russell; functional expressions must be explained in other terms. 
It is to this explanation that I now turn. What Russell does is to 
define functional expressions in general in terms of expressions for 
what he calls ‘propositional functions’. A propositional function 
is, very roughly, the non-linguistic correlate of an open sentence, 
ie. a sentence containing one or more variables.*5 In a footnote 
in the Introduction to the first edition of Principia Mathematica, 
Whitehead and Russell say explicitly: ‘When the word “function” 
is used in the sequel, “propositional function” is always meant’.*° 
And *30 of that work is devoted to showing how non-propositional 
functions - descriptive functions, as they are there called — can 
be introduced on the basis of propositional functions. Roughly the 
idea is this: we do not begin by presupposing, say, the two-place 
plus function; we begin with the three-place propositional function 
represented by ‘app(x, y, z)’. (Where this is read as ‘The sum of x and 
y is z’, so that ‘app(2, 3, 5)’ is a true sentence, ‘ADD(5, 3, 2)’ a false 


works, however, the new idea sits very uneasily alongside the earlier position, so 
that it is hard not to think that Russell is simply using the Wittgensteinian form 
of words without really having thought it through, or even without really under- 
standing it. It is the earlier position which I attribute to Russell here. 

I thus claim that Russell uses ‘propositional function’ to refer to abstract objects, 
rather than using it to refer to linguistic objects, or in such a way that is unclear 
which sort of object he means to be referring to. This claim is controversial; for 
some defence of it, see Hylton, Russell, Idealism, especially pp. 217ff. 

46 A. N. Whitehead and B. Russell, Principia Mathematica, 3 vols. (Cambridge: 

Cambridge University Press, 1910-13), vol. I, p. 39. 
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one, and so on.) The plus function, ‘x + y’ is then introduced by 
definition: 


x + y is defined as: the object z such that appD(x, y, z} 


This technique enables us to define an n-1 place descriptive func- 
tion on the basis of any n-place propositional function which 
satisfies the relevant uniqueness condition: that for any given 
selection of n objects in places corresponding to the arguments of 
the descriptive function there should be exactly one object which 
makes the propositional function true. (Each definition of this 
sort, one for each non-propositional function that we want, will 
of course employ a definite description; this, I suspect, does some- 
thing to explain the importance that Russell attributes to definite 
descriptions.} 

The method of defining functions (descriptive functions, in 
Russell’s sense) from propositional functions is technically quite 
straightforward. (No function is defined unless the propositional 
function satisfies the appropriate uniqueness condition, but this is 
the desired result.) What is problematic is to see exactly why Russell 
is willing to accept propositional functions as primitive, while he 
is not willing to accept functions in general as primitive. Clearly 
he is not thinking of propositional functions simply as a special 
case of functions, as a species of the genus function: but why not? 
How do propositional functions, in his view, differ from descriptive 
functions? 

Recall the reason that Russell cannot accept a functional expres- 
sion, such as ‘2 + 3’ at face value, as a complex referring expression. 
Doing so would give rise to a need for an account of the semantic 
role of such phrases which requires some distinction analogous to 
the Fregean distinction between sense and reference. The reason for 
this is that the phrase has a semantic complexity which is not to be 
found in the object which it picks out. Thus if there were no more 
to the semantics of the phrase than its picking out a certain object, 
we would have no way of taking account of that complexity. This 
would make it impossible to understand the role that the phrase 
plays in language (in inferences, in particular). But propositional 
functions are in the relevant way unlike functions in general. A 
phrase expressing a propositional function, ‘x + y = z’, for example, 
gives rise to sentences, ‘2 + 3 = 5’, for example. On Russell’s view, a 
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sentence is related to — expresses, picks out — a proposition.47 And a 
proposition does possess the requisite complexity. 

Saying of the expression ‘2 + 3’ that it refers to the number five 
is far from an adequate account of its semantics for there is, so to 
speak, no complexity in the number five which corresponds to the 
complexity of the functional expression. There is no way to under- 
stand the complexity in terms of relations and relata, of parts and 
wholes. Saying of ‘2 + 3 = 5’ that it expresses the proposition that 
two plus three equals five, however, is, from a Russellian point of 
view, quite a different matter. For propositions are complex in just 
the ways that are needed. In particular, a proposition which is the 
value of a propositional function applied to a given object as argu- 
ment will contain that object. And the resulting proposition has the 
same form as the propositional function. (Indeed we might think 
of a propositional function as simply being the form of a number 
of propositions.) Two propositions which are the values of a single 
propositional function have something in common in virtue of that 
fact. And from the proposition we can figure out of which prop- 
ositional functions it is a value, for the proposition has a kind of 
complexity which marks its relation to the propositional functions 
of which it is a value. The propositional function, we might say, is 
recoverable from the proposition. None of these points applies to 
functions in general.#* 

The facts indicated above show why propositional functions will, 
while functions in general will not, fit into Russell’s metaphysics. 
A function takes an object as argument and yields as value an object 
which bears no obvious systematic relationship to the argument or 
to the function itself; in particular, the value may be simple and 
unanalysable. A propositional function, by contrast, takes an object 
as argument and yields as value an object of a special kind — a prop- 
osition — which does have such systematic relationships: it con- 
tains the argument, and has the same structure as the propositional 


47 Although I speak here of propositions, and objects as constituents of propositions, 
what I say holds good also, mutatis mutandis, of the view that Russell holds after 
he adopts the multiple relation theory of judgement, briefly discussed above. 

48 These matters are discussed in somewhat greater detail in my ‘Functions and 
propositional functions’, in Principia Mathematica, reprinted as essay seven of 
Hylton, Propositions, Functions, and Analysis. 
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function.4? What is unexplained in the case of a function — that that 
object taken as argument should yield this object as value — is trans- 
parent in the case of propositional functions. 


7 


The differences between Frege and Russell emphasized in the previ- 
ous sections are relevant to the accounts that each gives of logic. One 
point is this. For Frege there is, from the outset, a fundamental dif- 
ference in kind between functions and objects, with concepts defined 
as a special case of functions. The idea of a concept’s applying, or not 
applying, to itself is, for him, intrinsically absurd. A consequence of 
this is that no analogue of Russell’s paradox arises directly from his 
fundamental metaphysics. By the same token, however, the ontol- 
ogy of that metaphysics is too weak to carry out the reduction of 
arithmetic to logic.° For that purpose it is necessary to bolster the 
fundamental ontology with an additional assumption. It is for this 
reason that Frege’s system of logic in the Grundgesetze includes the 
notorious Axiom V, which asserts (roughly) that for every concept 
there is a corresponding object. This axiom gives Frege’s system of 
logic the power necessary to carry out the logistic reduction, but it 
also, notoriously, leads his system into contradiction. 

For Russell’s logic the situation is reversed. The power needed 
to carry out the reduction is intrinsic to the underlying metaphys- 
ics, and it is the paradox that has to be blocked in more or less ad 
hoc fashion. The part-whole metaphor supports the idea that, at 
the most fundamental level, there are no different kinds of entity. 
The idea of a propositional function’s being applied to itself to yield 
a proposition is not one that is obviously ruled out by the basic 
metaphysics; Russell’s paradox thus threatens that metaphysics 
itself. Paradox is avoided by the theory of types, which is uneasily 
superimposed on the underlying metaphysics. The theory of types 


49 On a Fregean account, by contrast, a sentence has both a sense (the thought 
it expresses) and a reference (its truth-value). Frege argues for the distinction 
between sense and reference for sentences in ‘Function and concept’. It is strik- 
ing, from our point of view, that this argument proceeds by taking for granted the 
notion of a function. 

5° In particular, nothing guarantees that every natural number has a successor dis- 
tinct from it. 
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is based on the idea that a propositional function presupposes the 
propositions which are its values. Russell argues that it follows 
from this that a propositional function cannot be a constituent of 
any of its values. Since a proposition presupposes its constituents, 
if a propositional function were a constituent of one of its values 
we would have that proposition both presupposing and being pre- 
supposed by the propositional function; this he holds to be absurd. 
The crucial consequence of this is that we cannot apply a prop- 
ositional function to itself and obtain a proposition. These ideas, 
however, rely upon a notion of presupposition which is unexplained 
and which seems, indeed, to be at odds with Russell’s object-based 
metaphysics." 

Let us now turn to a rather different issue, still having to do with 
the logics of Frege and of Russell and with the difference between 
Fregean functions (and hence also concepts) and Russellian prop- 
ositional functions. The latter, as we saw, are complex structured 
entities, whereas Fregean concepts are not. It is tempting to phrase 
this point about Fregean concepts by saying that concepts true of 
exactly the same objects are identical. This is misleading, because 
identity in Frege’s view is a first-level concept: it applies only to 
objects, not to concepts. Frege does, however, say explicitly that 
co-extensiveness is the analogue for functions (including con- 
cepts) of the notion of identitys* Two predicates which apply to the 
same objects are thus, on Frege’s account, like two names which 
pick out the same object; nothing in the logic will turn on the dif- 
ference between such predicates. Frege’s logic is thus, in one sense of 
that word, extensional from the outset:3 his fundamental entities, 
concepts, have their identity-conditions (or rather the analogue of 


s* One might take this as a partial vindication of Frege’s reaction to Principia 
Mathematica: he complains that he does not understand Russell’s notation for 
propositional functions, and the (related) use of the word ‘variable’. See his letter 
to Jourdain, undated draft of a letter sent on 28 January 1914, and the letter dated 
28 January 1914, PMC, pp. 78-84. 

532 See ‘Comments on sense and reference’, in NS, p. 132, PW, p. 122. 

53 In the strictest, and clearest, sense, it is perhaps only contexts, not entities 
or logics, which can be said to be extensional or non-extensional: a context is 
extensional when replacing an expression in that context with any coreferential 
expression results in a whole with the same truth-value, or the same reference, as 
the original. The usage I follow here, however, is a common and natural way of 
extending the terminology. 
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identity-conditions) given by the objects of which they hold. His 
Axiom V partially undoes the concept-—object distinction, by assert- 
ing that for every concept there is a corresponding object, but it 
does not impose extensionality, for Frege’s concepts are already 
extensional 54 

For Russell, however, the situation is quite different. A Russellian 
proposition is a complex structured entity, in some ways (though 
not others) more akin to the Fregean sense of a sentence than to 
its reference. At the most fundamental level, Russell’s logic is thus 
not extensional. Propositional functions, moreover, have the same 
sort of complexity as propositions: it makes sense to say of a prop- 
ositional function that it contains a given object or (crucially) that 
it contains a variable with a given range. This fact about propos- 
itional functions, moreover, is not adventitious. On the contrary, 
this is what makes propositional functions acceptable to Russell, 
whereas functions simpliciter are not. This fact is also what makes 
it comprehensible that Russell’s theory of types is what Ramsey 
called a ramified theory: one in which two propositional functions 
applicable to entities of the same type may themselves be of dif- 
ferent types. When a propositional function contains a quantifier 
which itself ranges over propositional functions, then on Russell’s 
account it presupposes all those propositional functions. Hence, by 
the doctrine that lies at the basis of Russell’s theory of types, such 
a propositional function cannot itself be one of those within the 
range of the quantifier. Hence it must be of higher type. 

The mathematical work of Principia Mathematica is of course 
done in extensional terms — it is done in terms of classes, which for 
Russell, as for everyone else, are extensional entities (in the sense in 
which we are using that word}. Symbols for classes, however, are in 
that work a mere facon de parler, introduced by definitions which 
enable us to eliminate them (though at the cost of great complex- 
ity and prolixity) from any context in which they can legitimately 


54 For this reason, Frege’s logic without Axiom V might be thought of as equivalent 
to what Ramsey described as Simple Type Theory; the latter, however, allows for 
unlimited ascent up the hierarchy of types, whereas it is by no means clear that 
Frege would have been willing to accept an analogous ascent up the hierarchy of 
objects, functions of objects, functions of functions of objects, and so on. (For this 
latter point Iam indebted to Warren Goldfarb.) 

ss In this paragraph I am indebted to David Kaplan. 
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occur. The purpose of the definition is to give us the appearance 
of extensional entities with which to work, since the reduction to 
mathematics demands such entities. Russell’s definition of classes 
should thus not be compared with Frege’s Axiom V, as a mere def- 
inition, it adds no genuine power to the system. (Power is added to 
the system by the Axiom of Reducibility, which guarantees that 
for every propositional function there is a coextensive propositional 
function of the lowest type; this propositional function may, in 
effect, be treated as the class corresponding to the given propos- 
itional function.] 

This extensional superstructure, however, is imposed upon 
a system which in its foundations is intensional through and 
through: Russellian propositions are not identical when they have 
the same truth-value, and his propositional functions are not iden- 
tical when they hold of the same objects. It is this feature of the 
underlying logic of Principia Mathematica which has led some (per- 
haps most notably Church) to try and exploit it as a logic of such 
intensional notions as ‘believes that’. It would be a mistake, how- 
ever, to think that these intensional elements arise from any inter- 
est on Russell’s part in that kind of logic. They arise, rather, from 
just those fundamental features of his philosophy which we have 


emphasized in contrasting his view with that of Frege.*° 


56 Besides the particular debts indicated in other notes, I am indebted to Cora 
Diamond and Thomas Ricketts for their comments on earlier drafts. 
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14 Inheriting from Frege: the work of 
reception, as Wittgenstein did it 


I INTRODUCTION 


We might compare Wittgenstein’s relation to Frege with Frege’s own 
relation to Kant. Frege’s conception of arithmetic developed in great 
part as a critical response to Kant’s, but he wanted it to be quite clear 
that his criticisms were not those of a petty fault-finding spirit vis-a-vis 
‘a genius to whom we must all look up with grateful awe’ (GI, §89). In 
Frege’s criticisms of Kant one can see his sense that the pursuit of issues 
raised by Kant must be of the greatest value. He attempted to hold 
on to Kant’s insights, sharpening them when he could, and removing 
what he took to be extraneous or in tension with Kant’s most fruitful 
ideas. It is precisely that combination of great respect and deeply ser- 
ious criticism, criticism the seriousness of which is itself expressive of 
respect, which we find mirrored in Wittgenstein’s relation to Frege. 


' On Wittgenstein’s reverence for Frege, see Erich Reck, ‘Wittgenstein’s “great 
debt” to Frege: Biographical traces and philosophical themes’, in Reck (ed.}, 
From Frege to Wittgenstein: Perspectives on Early Analytic Philosophy (New 
York: Oxford University Press, 2002); P. T. Geach, ‘Saying and showing in Frege and 
Wittgenstein’, Acta Philosophica Fennica, 28 (1976), pp. 54-70, and Editor’s Preface, 
in Wittgenstein’s Lectures on Philosophical Psychology, 1946-47, ed. Geach 
(Chicago: Chicago University Press, 1988), pp. xi-xv; and James Conant, ‘On going 
the bloody hard way in philosophy’, in J. Whittaker (ed.), The Possibilities of Sense 
(Basingstoke: Palgrave, 2002), pp. 85-129. For a different view of Wittgenstein’s rela- 
tion to Frege, see P. M. S. Hacker, ‘Frege and the early Wittgenstein’, in Hacker, 
Wittgenstein: Connections and Controversies (Oxford: Clarendon Press, 2001), pp. 
Ig1-219, and ‘Frege and the later Wittgenstein’, in ibid., pp. 219-42. On Frege in rela- 
tion to Kant, see Joan Weiner, Frege in Perspective (Ithaca, N.Y.: Cornell University 
Press. 1990) on Frege’s weaknesses as a reader of Kant. See Thomas Ricketts, ‘Frege, 
the Tractatus, and the logocentric predicament’, Notis 19 (1985), pp. 3-15, at p. I5, 
for some comments on whether Frege is quite as loyal to Kant on geometry as he 
takes himself to be. See John MacFarlane, ‘Frege, Kant, and the logic in logicism’, 
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Throughout his life, Wittgenstein was enormously influenced 
by Frege. Frege’s writings shaped, to a great extent, the problems 
Wittgenstein confronted in his own thought — and not just the prob- 
lems, but also methods of approach, and ideas about what could 
count as a satisfactory solution. Frege’s courage as a philosopher 
clearly inspired Wittgenstein; his own conception of what philoso- 
phy might demand of one reflects his view of Frege’s response to 
those demands. 

If we compare Wittgenstein’s earlier and later writings, we can 
note changes in the form taken by Frege’s influence. Many of the 
themes of the Tractatus, and central conceptions within it, can be 
seen to have their roots in Frege: an obvious and important example 
is Wittgenstein’s use? of Frege’s principle that one should not ask for 
the meaning of a word except in the context of a proposition. After 
stating the Context Principle, Wittgenstein applies it in his account 
of what an expression is; and his characterization of expressions as 
marks of common form and content in the propositions in which 
they occur is then tied directly to the structure and methodology of 
the Tractatus as a whole. The Tractatus treats propositions which 
have some element of form and content in common as values of a 
propositional variable, so every expression can be presented by a 
variable the values of which are the propositions having that expres- 
sion in common. A generalization of that idea underlies a basic 
organizational principle of the book: any shared logical feature of 
propositions can be presented by a variable the values of which are 
the propositions with that feature; so the fundamental variable, 
which has as its values all propositions, will make clear what is 
common to al/ that can be said, and will in that way make clear the 
nature of thought. The idea that we can, by working out that funda- 
mental variable, make clear the essence of the expression of thought 
depends on Wittgenstein’s use of Frege’s Context Principle. 


Philosophical Review, 111 (2002), pp. 25-65 for Frege’s conception of logic in rela- 
tion to Kant’s. 

> See Ludwig Wittgenstein, Tractatus Logico-Philosophicus, 3.3. Hereafter TLP. 

3 The Context Principle takes on a somewhat different role in Wittgenstein’s later 
philosophy; see, e.g., Ludwig Wittgenstein, On Certainty, ed. G. E. M. Anscombe 
and G. H. von Wright, trans. Denis Paul and G. E. M. Anscombe (Oxford: Blackwell, 
1968), §§347-51. For discussion of the Context Principle in Wittgenstein’s later 
philosophy, see Erich Reck, ‘Frege’s influence on Wittgenstein: Reversing meta- 
physics via the Context Principle’, in W. W. Tait (ed.), Early Analytic Philosophy 
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A less obvious but equally important Fregean element in the 
Tractatus is its idea of philosophical method as including elucida- 
tion (Erlatiterung), this idea is closely connected with the role in 
the Tractatus of the notion of ‘showing’ in contrast with ‘saying’. 
Wittgenstein draws on Frege’s appreciation of the fact that the sen- 
tences used in some kinds of philosophical explanations (for ex- 
ample, explanations of the distinction between concepts and objects} 
do not say what they seem to be intended to say, and indeed may say 
nothing coherent; they may nevertheless help us to reach a kind of 
understanding.+ 

There are also some central points in the Tractatus at which 
Wittgenstein explicitly criticizes Frege, for example, 4.063, 4.431 and 
5.02 (in all three of which Wittgenstein is concerned with Frege’s 
treatment of propositions as names), and 5.4 (criticizing Frege’s and 
Russell’s account of logical constants). In the writings leading up to 
the Tractatus and in the Tractatus itself, we can see Wittgenstein 
working his way into a deeper understanding of the tensions within 
Frege’s approach and attempting (as Thomas Ricketts and Michael 
Potter make clear] to resolve those tensions; we can also see him (as 
Peter Geach suggests) shaping his own understanding of logic and 
language through a rejection of one central Fregean idea (the idea 


(Chicago: Open Court, 1997], pp. 123-85. Reck emphasizes that the Context 
Principle does not, for Frege, replace the idea of a word as having meaning in iso- 
lation with the idea that a word has meaning in a sentence, the sentence itself 
being then considered in isolation. That point, that the relevant context is not a 
sentence taken in isolation, applies also to Wittgenstein’s earlier and later uses 
of the principle, but in different ways. For further discussion of these issues (and 
further bibliographical suggestions), see Martin Gustafsson, Entangled Sense: An 
Inquiry into the Philosophical Significance of Meaning and Rules (Uppsala: 
Universitetstryckeriet, 2000); also James Conant, ‘Wittgenstein on meaning and 
use’, Philosophical Investigations, 21 (1998), pp. 222-50. 

See Joan Weiner, ‘Theory and elucidation: The end of the age of innocence’, in Juliet 
Floyd and Sanford Shieh (eds.), Future Pasts: The Analytic Tradition in Twentieth- 
Century Philosophy (New York: Oxford University Press, 2001), pp. 43-65; and 
James Conant, ‘The method of the Tractatus’, in Reck, From Frege to Wittgenstein, 
Pp. 374-462. Conant notes that Max Black’s commentary on the Tractatus has 
contributed to the failure to see Wittgenstein’s indebtedness to Frege on the issue 
of explanations which turn out to be nonsense but which can nevertheless be 
helpful. Black greatly distorts Frege’s views in attempting to make out a contrast 
between Wittgenstein and Frege on this issue. On Wittgenstein’s indebtedness to 
Frege concerning these points, see Geach, ‘Saying and showing’, and ‘A philosoph- 
ical autobiography’, in H. A. Lewis (ed.), Peter Geach: Philosophical Encounters 
(Dordrecht: Kluwer, 1991), pp. I-25. 
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of sentences as proper names}, while keeping hold of Frege’s other 
insights. 

Within Wittgenstein’s later philosophy, the influence of Frege 
is perhaps most easily seen in Wittgenstein’s discussions of the 
philosophy of mathematics. Again and again in his lectures and 
writings on philosophy of mathematics, he is responding to pas- 
sages in Frege which he must have known virtually by heart, and 
which he took to express in a particularly clear way philosophical 
conceptions of great importance. See, for example, the many refer- 
ences in Lectures on the Foundations of Mathematics (1976) and in 
Remarks on the Foundations of Mathematics (1978) to Frege’s dis- 
cussions (in the Preface to Grundgesetze) of the objectivity of logic.‘ 
While Wittgenstein’s explicit discussions of Frege on the objectivity 
of logic are in the context of lectures or writings on the founda- 
tions of mathematics, the issue is one of vital significance for all 
of Wittgenstein’s later thinking. This is because of the importance, 


5 See Ricketts, ‘Frege, the Tractatus and the logocentric predicament’, Michael 
Potter, Wittgenstein’s Notes on Logic (Oxford: Oxford University Press, 2009); and 
Geach, ‘Saying and showing’. Potter emphasizes the significance of Frege’s writ- 
ings and of conversation with Wittgenstein for the development of Wittgenstein’s 
ideas from 1912 onwards. For a discussion of Geach’s account of the relation 
between Frege’s thought and the Tractatus, see Cora Diamond, ‘Throwing away 
the ladder’, Philosophy, 63 (1988), pp. 5-27, reprinted in Diamond, The Realistic 
Spirit: Wittgenstein, Philosophy, and the Mind (Cambridge, Mass.: MIT Press, 
1991), pp. 179-204. Warren Goldfarb has raised questions about the claims made 
by Geach, Ricketts and me about Frege’s influence on the Tractatus; see his 
‘Wittgenstein’s understanding of Frege: the pre-Tractarian evidence’, in Reck, 
From Frege to Wittgenstein, pp. 185-200. On Goldfarb’s questions, see also the 
last paragraph of §1 of this chapter and the Appendix; also Thomas Ricketts, 
‘Wittgenstein against Frege and Russell’, in Reck, From Frege to Wittgenstein, pp. 
227-51; and Potter, Wittgenstein’s Notes. For a discussion of Wittgenstein’s criti- 
cisms of Frege at TLP, 4.442, 4.063 and 4.064, and the corresponding sections of 
the Notes on Logic, see Potter, Wittgenstein’s Notes, and Ian Proops, ‘The early 
Wittgenstein on logical assertion’, Philosophical Topics, 25 (1997), pp. 121-44; I 
discuss some related points in Cora Diamond, ‘Truth before Tarski: after Sluga, 
after Ricketts, after Geach, after Goldfarb, Hylton, Floyd and Van Heijenoort’, in 
Reck, From Frege to Wittgenstein, pp. 252-79. 

Ludwig Wittgenstein, Lectures on the Foundations of Mathematics, Cambridge, 
1939, ed. Cora Diamond (Ithaca: Cornell University Press, 1976), pp. 198, 201-2, 
214, 230-1; and Remarks on the Foundations of Mathematics, ed. G. H. von 
Wright et al., trans. G. E. M. Anscombe (Oxford: Blackwell, 1978), pp. 89, 95, 234, 
241. Another passage to which Wittgenstein referred repeatedly is that in which 
Frege says (in the context of a discussion of Schubert on number) that the geomet- 
rical line connecting two points is there before we draw it. See CP, p. 264. 
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in Wittgenstein’s later method, of imagining forms of activity and 
thought different from ours: what would go wrong if we were to 
have a different logic or mathematics — or were to engage in lan- 
guage games departing greatly from our actual ones? 

In the rest of this essay I consider three elements in the com- 
plex relation between Wittgenstein’s thought and Frege’s. In the 
Appendix I discuss a further element in that complex relation and 
some questions, recently raised by Warren Goldfarb, about Frege’s 
influence on Wittgenstein’s earlier thought (see note 5). Some of 
Goldfarb’s questions and criticisms concern things I said in an early 
version of this essay. In order that the issues here may be clear, I 
have made no substantial changes in those passages in this essay 
about which Goldfarb has questions. 


2 ON DISTINGUISHING SHARPLY ENOUGH 


In ‘What is a function?’ Frege criticized the then current understand- 
ing of the word ‘function’ in Analysis. What the word stands for had 
been explained by appeal to the idea of a variable magnitude or to 
the notion of supposed indefinite or variable numbers designated by 
variables — as if, in addition to 3 and nm, which are constants, there 
were variable numbers; as if numbers could be divided into definite 
ones and indefinite ones.’ We are now so accustomed to the Fregean 
conception of a function and to the idea that the letter ‘x’ which we 
write in the argument-place does not designate an ‘indefinite num- 
ber’ or anything else, that we may fail to see the depth of insight in 
Frege’s conceptual moves. There is, though, an interesting passage 
in one of his discussions of formalism in geometry which makes 
clear the nature of the insight. I shall quote it at length; it concerns 
the special case of expressions for concepts but comes from a gen- 
eral criticism of common confusions in our thought about func- 
tions and concepts. 


Concept-words offer [an] occasion where it may seem that ambiguous signs 
are necessary. If we think that the word ‘planet’ designates at one time the 
Earth, at another Jupiter, then we should take it to be ambiguous. But ... it 
does not stand to the Earth in the relation of sign to thing signified. Rather, 
it designates a concept, and the Earth falls under it. No ambiguity is to be 


7 CP, pp. 285-92. 
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found here. Let us suppose that the word ‘planet’ is unknown and that we 
wanted to designate the appropriate concept. We might then perhaps hit 
upon the idea of using the proper name ‘Mars’ for it, and might find unrea- 
sonable the demand that the word ‘Mars’ be given a determinate meaning: as 
wide a range of interpretations as possible ought to be kept open for this 
name. But as a concept-word, ‘Mars’ would have to be just as unambigu- 
ous as it would have been as a proper name. Do not say that as a concept- 
word it has no determinate meaning, or that it refers to an indeterminate 
object. Every object is determinate; ‘indeterminate object’ is contradictory, 
and wherever this expression occurs, we can be quite certain that a concept 
is what is really meant. We cannot say that the proposition ‘x>o’ assigns an 
indeterminate object, an indeterminate number, to the letter ‘x’ as its mean- 
ing. Rather, what is designated here is a concept: positive number, nor is ‘x’ 
introduced as a sign for this concept; it merely takes the place of the proper 
names (number-signs) of objects that may perhaps be subsumed under the 
concept. Thus the appearance of ambiguity arises only out of an insuffi- 
cient understanding, in that proper names and concept-words are not distin- 
guished sharply enough.’ 


Frege says: ‘proper names and concept-words are not distinguished 
sharply enough’. We treat the letter indefinitely indicating an object 
which may fall under the concept as if it were a proper name, but 
of a peculiar kind of object. We make the difference too slight — 
and that is at the root of the philosophical confusion. Here now is 
Wittgenstein, in Philosophical Investigations: 


Thinking is not an incorporeal process which lends life and sense to speak- 
ing, and which it would be possible to detach from speaking, rather as the 
Devil took the shadow of Schlemiehl from the ground. - But how ‘not an 
incorporeal process’? Am I acquainted with incorporeal processes, then, 
only thinking is not one of them? No; I called the expression ‘an incorpor- 
eal process’ to my aid in my embarrassment when I was trying to explain 
the meaning of the word ‘thinking’ in a primitive way. 

One might say ‘Thinking is an incorporeal process’, however, if one were 
using this to distinguish the grammar of the word ‘think’ from that of, say, 
the word ‘eat’. Only that makes the difference between the meanings look 
too slight. (It is like saying: numerals are actual, and numbers non-actual, 
objects.) An unsuitable type of expression is a sure means of remaining in 
a state of confusion. It as it were bars the way out.? 


8 CP, p. 307. 
° Ludwig Wittgenstein, Philosophical Investigations, ed. G. E. M. Anscombe and R. 
Rhees, trans. G. E. M. Anscombe (Oxford: Blackwell, 1958), §339. 
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Wittgenstein’s diagnosis of what is wrong with the appeal to the 
idea of ‘incorporeal processes’ in our explanation of the meaning 
of ‘thinking’ runs parallel to Frege’s diagnosis of the appeal to the 
idea of ‘indefinite objects’ in our explanations of the meaning of 
the letters we use as variables. We call to our aid, in our embarrass- 
ment (Verlegenheit, which could here also be translated as ‘perplex- 
ity’) an expression which is formed in such a way as to ensure that 
we remain entrapped by words: we imagine a classification within 
objects, of definite and indefinite ones, or within processes, of cor- 
poreal and incorporeal ones. 

An irony of the passage from Philosophical Investigations is 
that it applies the Fregean kind of diagnosis to Frege’s own distinc- 
tion between actual (wirklich) and non-actual objects, and to his 
view of numbers as non-actual and numerals as actual objects. (For 
numbers as non-actual objects, see, e.g., Gl. §§26-7.) The applica- 
tion of the Fregean diagnosis to Frege’s own ideas can also be seen 
earlier, in the Tractatus. Wittgenstein insists against Frege (and 
Russell too) that logic is not a science distinguished from other 
sciences by its generality; he rejects any treatment of the logical 
connectives which treats them as a kind of function-sign in either 
Frege’s or Russell’s sense; and he rejects the idea that sentences 
are proper names distinguished from other proper names by what 
they name. In all these cases we are unable to reach a clear under- 
standing because we fail to make the difference between the cases 
deep enough. We attempt to treat a significantly different case on 
a familiar model, taken with modest modifications. The Tractatus 
and the stages of its development provide us with examples of 
Wittgenstein repeatedly seeking to break out of the hold on our 
thought of differences conceived not deeply enough." Perhaps the 
most important of these cases in Wittgenstein’s early thought is 
that of the distinction between using signs to express what we 


© For discussion of a pre-Tractatus use of this sort of argument, applied to Russell, 
see Ricketts’s account of Wittgenstein’s distinction between forms and names. 
As Ricketts makes clear, Wittgenstein’s critique of Russell is that he had failed to 
make the difference between objects and relations deep enough, treating relations 
as essentially a species of objects. Thomas Ricketts, ‘Pictures, logic and the lim- 
its of sense in Wittgenstein’s Tractatus’, in Hans Sluga and David G. Stern (eds.}, 
The Cambridge Companion to Wittgenstein (Cambridge: Cambridge University 
Press, 1996), p. 72. 
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wish to say is so and the expressiveness internal to signs as used to 
say anything whatever." 

The idea that philosophical confusion may stem from making a 
difference too slight goes with two further important ideas: first, 
of a contrast between kinds of differences, and second, of the need 
for a technique by which we will be able to reveal the character of 
the differences which we misconceive by taking them to be ‘too 
slight’. 

Although both Frege and Wittgenstein speak of the confusions 
with which they are concerned in terms of degree — the slightness 
of a difference, the sharpness of a distinction — their idea is not that 
we have, as it were, taken a difference like that between apples and 
potatoes and reduced it to a difference merely between two sorts 
of apples. Potatoes and apples are distinguished by their proper- 
ties: apples have properties potatoes lack, and vice versa; but the 
sharp differences which Frege and Wittgenstein want us to note are 
not a matter of contrasting properties. It is precisely the attempt 
to represent the differences as a contrast in properties that they 
reject: the idea that the difference between n and zm is a matter of 
n being an indefinite and x a definite number (definiteness being a 
property which only some numbers have}, and the idea that the dif- 
ference between thinking and digesting is in the property of corpo- 
reality, which only some processes have. Differences in logical kind 
are not differences in properties.’ For both Frege and Wittgenstein 
the difference in logical kind between differences in logical kind 
and apple-potato differences is tied to a difference in the way in 
which different sorts of differences can be put before us. In this con- 
nection Frege’s invention of his concept-script (and, in particular, 
of the quantifier-variable notation) had a twofold importance: first, 
it made clear the kind of difference there is between function and 
object and between concept and object (thus enabling us to avoid the 


™ See Michael Kremer’s discussion of failure to make the difference between 
‘showing’ and ‘saying’ deep enough, in his ‘The purpose of Tractarian nonsense’, 
Notis, 35 (2001), pp. 39-73; see also Kremer, ‘The cardinal problem of philoso- 
phy’, in Alice Crary (ed.), Wittgenstein and the Moral Life: Essays in Honor of 
Cora Diamond (Cambridge, Mass.: MIT Press, 2007), pp. 143-76, and Ricketts, 
‘Pictures, logic’, pp. 92-4. 

2 See Ludwig Wittgenstein, The Blue and Brown Books (Oxford: Blackwell, 1964), 
p. 19. 
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sort of confusion exemplified by the idea of variables as standing 
for indefinite numbers}, and, second, it provided a model of how dif- 
ferences in logical kind could be made perspicuous. The influence 
on Wittgenstein’s thought is of great importance. In the Tractatus 
he accepted the idea that differences in logical kind can be made 
clear in a good notation. The distinction, central in the Tractatus, 
between what can be said and what shows itself in language, builds 
on Frege’s understanding of the difficulties in explaining the dis- 
tinction between functions and objects."3 And a central methodo- 
logical issue for Wittgenstein’s later thought is this: if, as he came 
to believe, differences in logical kind could not in general be made 
perspicuous by a conceptual notation, how could philosophy make 
them clear and thus enable us to avoid the kind of confusion arising 
from ‘making the difference appear too slight’? Here we have a good 
example of how a central problem for Wittgenstein’s thought can be 
seen to be shaped by ideas which were originally Frege’s. 

Again and again in his later writings, Wittgenstein turns to issues 
pivoting on our making differences appear too slight. We should, I 
am suggesting, see the impress of Frege on such very late remarks 
as these: 


‘Mental’ for me is not a metaphysical, but a logical epithet ... 

There are inner and outer concepts, inner and outer ways of considering 
human beings. Indeed there are also inner and outer facts — just as there 
are for example physical and mathematical facts. But they do not stand to 
each other like plants of different species. For what I have said sounds like 
someone saying: In nature there are all of these facts. Now what’s wrong 
with that?" 


Wittgenstein tries to show us the roots of metaphysical confu- 
sion, and of metaphysics itself, in our taking the ‘logical nature’ of 


3 Tt also builds on Frege’s understanding of different sorts of variables. See 
Thomas Ricketts, ‘Generality, meaning and sense in Frege’, Pacific Philosophical 
Quarterly, 67 (1986), especially the discussion, p. 180, of concept and object not 
being species of any genus. That they are not species of a genus goes with there 
not being any variable indicating both concepts and objects; see also Geach, 
‘Saying and showing’ and ‘A philosophical autobiography’; Weiner, Theory and 
elucidation’; and Conant, The Method of the Tractatus’. 

™ Ludwig Wittgenstein, Last Writings on the Philosophy of Psychology, vol. II, 
ed. G. H. von Wright and H. Nyman, trans. C. G. Luckhardt and M. A. E. Aue 
(Oxford: Blackwell 1992), p. 63. 
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things as a matter of ‘metaphysical species’, thought of on the anal- 
ogy with natural species. A similar argument underlies his repeated 
criticisms of the exploration of the mathematical realm, thought 
of on the analogy of exploration discovering new species of plants 
and animals. Although he is here very far from Frege’s views about 
mathematics, his approach is nevertheless profoundly dependent on 
what he learned from Frege about the importance of not making 
differences too slight.*5 


3 ON OVERCOMING BY TAKING SERIOUSLY 


Ernst machen mit der formalen Arithmetik, das ist sie tiberwinden... 


(Gg. §137) 
(To take formal arithmetic seriously is to overthrow formal arithmetic.) 


Frege’s philosophical writings have some characteristic features of 
which we are usually aware but which we may not connect with his 
importance as a thinker. We can hardly help noting how frequently 
he responds at length and with ridicule to the confused views he 
wants to combat. Attention to these features of his writings, and to 
the ideas about philosophical confusion with which they are con- 
nected, will let us see an important kind of influence which Frege 
had on Wittgenstein. 

I start by putting the quotation at the beginning of this section 
into its context. It comes from Frege’s discussion, in volume II of 
Grundgesetze, of formalism in arithmetic. His Uberwindung* of 
formal arithmetic ends this way: 


's For Wittgenstein on our making the difference between physical and logical 
nature too slight (and correspondingly making the difference between phys- 
ical and logical impossibility too slight) see G. E. M. Anscombe’s account in 
’The reality of the past’, in Anscombe, Metaphysics and the Philosophy of Mind 
(Oxford: Blackwell, 1981), pp. 103-19, especially p. 114. 

I have used the German word because ‘Uberwindung’ and ‘tiberwinden’ have 
a significant place in subsequent philosophical writing. I want, in particular, 
to make a connection with TLP, 6.54. The Uberwindung of Wittgenstein’s own 
sentences in the Tractatus is achieved by treating them with full seriousness; 
they then reveal themselves to be nonsense. I am grateful to Richard Rorty for 
drawing my attention to the subsequent use of ‘Uberwindung’ by Carnap, in con- 
nection with the overcoming of metaphysics, and by Heidegger. 
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Formal arithmetic can remain alive only by being untrue to itself.* Its 
semblance of life is facilitated by the haste with which mathematicians 
usually hurry over the foundations of their science (if indeed they have any 
concern for them), in order to reach more important matters. Many things 
are omitted completely, others briefly touched on, nothing performed in 
detail. Thus a theory may appear secure which would immediately reveal 
its weaknesses upon any serious attempt at consistent elaboration. This 
shows the road to refutation. We need only follow the lines of thought 
further, to see where they lead. To take formal arithmetic seriously is to 
overthrow formal arithmetic; and that is what we have done. 

[*A fancier of paradox might say: the correct interpretation of the formal 
theory consists in interpreting it incorrectly.]}” 


There are two extremely interesting and closely related ideas in 
the quoted passage: (1) formal arithmetic remains alive only by being 
untrue to itself (sie sich selbst untreu wird); (2) the way to criticize 
it is to take it seriously, to provide for it the fidelity to itself which 
it lacks. Here we see an important and original conception of philo- 
sophical criticism. Frege thinks that there is a kind of evasiveness, a 
failure of integrity, a failure in thinking through their own view, in 
the formalists. In response to this evasiveness, the critic must take 
what he is criticizing with greater seriousness than it takes itself. If 
you say that numbers are tangible signs, or that arithmetic is simply 
a game with signs which have no content beyond what is provided 
by the rules for manipulating the signs in the game, then, if you are 
serious, this and this and this is what you are saying. 

Frege’s treatments of philosophers with whom he disagrees are 
not always accompanied by remarks about evasiveness. But there is 
in his conception of what it is to think about logic and mathematics 
a demand that we take what we say seriously; what he (frequently) 
demonstrates by his criticisms is that those whom he is criticizing 
have not met that demand. And he does this by taking the thinkers 
whom he is criticizing more seriously than they take themselves. 
He acts, as it were, as a mirror, in which what has been hidden from 
a thinker by his own evasions is open to view. 


7” Gg, vol. II, §137. Frege has a second, much longer footnote to the passage, which 
I have omitted. It is concerned with the writings of H. v. Helmholtz; among its 
criticisms of Helmholtz is his utter failure to distinguish things which are totally 
different. 
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Consider Frege’s criticism in Grundlagen, §27, of Schloemilch’s 
view that number is the idea of the position of an item in a ser- 
ies. But if the number two were an idea, each of us would have his 
own: there would not be just one number two, but mine and yours 
and everybody else’s — we should perhaps have many millions of 
twos. There might be conscious and unconscious twos. Worse yet, 
‘as new generations of children grew up, new generations of twos 
would continually be being born, and in the course of millenia these 
might evolve, for all we could tell, to such a pitch that two of them 
would make five’. These are the wonders to which we are led if we 
take seriously the suggestion that the number two is an idea. 

One might read Frege in such passages merely as criticizing theor- 
ies which he takes to be false by producing elaborate arguments of a 
reductio type. He certainly is doing that, but Iam drawing attention 
to something else, which I think was important for Wittgenstein, 
namely the conviction, underlying Frege’s method, that those who 
put forward these false theories are attracted to certain conceptions, 
but the attraction is superficial. They can be shown that they do 
not want what they think they want by being shown what it is. The 
attraction of these views for us is not separable from a failure in us 
to mean what we say all the way. So our failure in philosophical 
thought about logic or mathematics can be exposed by letting us see 
what it really would be to mean what we say. 

Frege’s ideas about evasiveness in thought about logic and math- 
ematics are more explicit in Grundgesetze than in Grundlagen. The 
Introduction to Grundgesetze is quite interesting in this regard. It 
is usually read as exhibiting very clearly Frege’s own conception of 
logic and of objectivity, and his rejection of psychologism. But it also 
presents us with a very interesting phenomenology of logical con- 
fusion. The confusion of the psychological logician is particularly 
evident in the ‘vain struggle’ in which he is engaged; he attempts 
somehow to keep hold of the notions characteristic of a healthy 
understanding and to reconcile them, or to persuade himself that he 
has reconciled them, with an account which is, though he does not 
recognize this, deeply at odds with such an understanding. The vain 
struggle is in evidence in the psychological logician’s equivocations. 
He uses the word ‘idea’ sometimes to mean something within the 
mental life of individuals (this is his official view); but he shifts over 
to a use of ‘idea’ to mean something set over apart from everyone 
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in the same way, not something psychological at all. That use of 
the same word for two entirely different conceptions enables the 
psychological logician to obscure the issue and to conceal (Frege 
means: conceal from himself, in the first instance) the weakness 
of his theory. (See Gg, vol. I, pp. xviii-xix; compare also Gg, vol. II, 
§137, on the equivocation of which mathematicians who put for- 
ward formalist theories are guilty, while unaware of it.) Frege draws 
attention to another good example of this kind of self-deception in 
the psychological logician’s theory of perception. According to that 
theory, both the tower which we see through a window and the win- 
dow itself are retinal images. The retinal image of the tower is of 
course smaller than that of the window. Our common understand- 
ing includes recognition that the tower is actually larger than the 
window, it follows that one must either deny the common under- 
standing or deny that the tower and the window are retinal images. 
In his vain struggle to accommodate the common understanding, 
the psychological logician says: the retinal image of the tower, as 
such, is indeed not bigger than that of the window. Here Frege’s 
patience gives way: 


At this I almost feel like losing my temper entirely and shouting at 
him: ‘Well then, the retinal picture of the tower is not bigger than the 
retinal picture of the window at all, and if the tower were the retinal 
picture of the tower and the window were the retinal picture of the win- 
dow, then the tower would not be bigger than the window either, and 
if your logic teaches you differently it is absolutely worthless!’ This ‘as 
such’ is a splendid discovery for hazy writers reluctant to say either yes 
or no."® 


Frege is a great logician, a great thinker; because we find so inter- 
esting and important his own substantial views, we may pass by 
without noticing it the role in his critical thinking of a moralized, or 
quasi-moralized, conception of thought about logic, and its depend- 
ence on meaning something all the way, without dependence on 
equivocation and evasion.” 


© Gg, vol. I, p. xxiii. 

2 On the moralized character of Frege’s conception of what is involved in thought 
about logic, see also his claim (Gg, vol. I, p. xxv) that what stands in the way of 
recognition of their confusion by psychological logicians is that they ‘sich auf 
die psychologische Vertiefung Wunder was zu Gute thun’. Furth’s translation — 
‘take such fantastic pride in psychological profundity’ (Basic Laws of Arithmetic 
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Wittgenstein’s tone, in his later philosophy, is very different; he 
does not pick up Frege’s impatience or his sarcasm. Philosophical 
confusion cannot be cured by ridicule. What he does pick up is Frege’s 
awareness of the tension within the philosophically confused view. 
The attractiveness of the view depends on our not meaning it all the 
way. Hence the right philosophical approach to the confused view is 
one which will reveal it for what it is. In 1931 Wittgenstein said, ‘I 
ought to be no more than a mirror, in which my reader can see his 
own thinking with all its deformities so that, helped in this way, he 
can put it right’, much later he said that to express a false thought 
boldly and clearly is already an achievement: ‘It’s only by think- 
ing even more crazily than philosophers do that you can solve their 
problems’.?° Wittgenstein’s conception of the importance of courage 
in philosophical thinking is tied also to Frege’s; they share the view 
that we can reach the truth only by having the courage not to fall 
back on to some comforting apparent truth lying near to hand. 

Wittgenstein spoke of our having an urge to misunderstand the 
workings of our language. His philosophical style was informed 
by resistance to that ‘urge to misunderstand’. Here there is a con- 
nection with Frege’s style: for them both, resistance to the urge 
towards misunderstanding is not just a motive but something 
which gives a characteristic urgency and shape to their prose. Much 
of Philosophical Investigations is concerned with our tendency to 
take understanding, meaning and being guided by a rule (as in read- 
ing) to be specific mental processes. Resistance to the urge towards 
that group of misunderstandings of the workings of language must 
allow the urge its fullest expression, must respond, successively, to 
each of the forms which the misunderstanding takes when some 
earlier form has been revealed to be nothing we really could want 
to say. The tension of Wittgenstein’s prose is the tension of giv- 
ing the urge to misunderstand the full expression which it needs, 


(Berkeley: University of California Press, 1964), p. 25) - makes explicit the moral 
character of Frege’s judgement. 

20 Ludwig Wittgenstein, Culture and Value, ed. G. H. von Wright, trans. Peter Winch 
(Oxford: Blackwell, 1980), pp. 18, 75. For Wittgenstein on the philosopher as mir- 
ror, see James Conant, ‘Putting two and two together: Kierkegaard, Wittgenstein 
and the point of view for their work as authors’, in T. Tessin and M. von der Ruhr 
(eds.), Philosophy and the Grammar of Religions Belief (Basingstoke: Macmillan, 


1995), Pp. 248-331. 
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and of allowing that full expression to lead ultimately to recogni- 
tion of what it was we had taken ourselves to want to say. This is 
what Frege had done, examining successively in Grundlagen the 
misunderstandings to which we are drawn when we ask ourselves 
what numbers are, and allowing those misunderstandings their 
full expression. If numbers are ideas, then really and truly my one- 
times-one might be one, while your one-times-one might be two. 
What was always disguised nonsense is made to show itself to be 
nonsense;”! its attractiveness is thus made to disappear. Frege’s ridi- 
cule and Wittgenstein’s patient unravellings are not as far apart as 
they appear. Argument, for each of them, has (among its roles) the 
complex role of serving to get round our strategies of evasion; the 
prose of both writers has a complex kind of intellectual rhythm, 
as it allows the misunderstandings to take a multiplicity of forms, 
each of which then needs its own response.?? 

In §2, I argued that Frege’s influence can be seen in the import- 
ance Wittgenstein attaches to not making a difference too slight; in 
§3, I have tried to show how the roots of Wittgenstein’s conception 
of philosophy as responding to confusion (confusion which depends 
on a kind of failure to mean fully what we say) can be found in 
Frege. These two sorts of influence on Wittgenstein are not separ- 
able. Perhaps the very clearest example of Frege’s insistence on the 
importance of not underestimating the sharpness of a distinction 
can be found in his prolonged ridicule of H. Schubert’s account of 
numbers.?3 Schubert’s espousing a view which he cannot mean, a 


2 See Wittgenstein, Philosophical Investigations, §464. 

22 Wittgenstein himself had noted the influence of Frege’s style on his own style. In 
Zettel, ed. G. E. M. Anscombe and G. H. von Wright, trans. G. E. M. Anscombe 
(Oxford: Blackwell, 1967), §712, there is this remark, originally from the early 
19308: ‘(The style of my sentences is extraordinarily strongly influenced by Frege. 
And if I wanted to, I could establish this influence where at first sight no one 
would see it.)’ Ihave not tried to establish the influence of Frege’s style on specific 
passages, which would take great attention to detail. An example worth consid- 
ering might be the long passage from Frege quoted in §2; the intellectual move- 
ment of the middle section might be felt as ‘Wittgensteinian’. The argumentative 
structure pivots on a use of ‘Do not say’, responding to the inclinations character- 
istic of the confusion which Frege is concerned to combat. Compare the structure 
of Wittgenstein, Philosophical Investigations, §66. See also Reck, ‘Wittgenstein’s 
“great debt”, pp. 24-5. 

23 ‘On Mr Schubert’s numbers’, CP, pp. 249-72. 
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view which cannot be meant, not seriously, is entirely dependent, 
Frege argues, on his overlooking or blurring every significant dis- 
tinction, on his allegiance to the great principle of never distin- 
guishing between what is different. 

An important difference between Frege and Wittgenstein, and 
another similarity as well, come out if we consider this remark of 
Wittgenstein’s: 


One cannot guess how a word functions. One has to look at its use and 
learn from that. 

But the difficulty is to remove the prejudice which stands in the way of 
doing this. It is not a stupid prejudice.*4 


Frege did, I think, believe that the conceptions which lead us to 
make a difference too slight were stupid prejudices (e.g., in favour 
of the actual and against the non-actual) and infatuation with our 
own theories.?> But he did state clearly a vital point: when we are 
in the grip of such prejudices, we cannot see the differences to 
which we need to attend because we look in the wrong place. If 
we insist on looking only at observable objects, we cannot see the 
difference between numbers and numerals; if we insist on look- 
ing only at psychological processes and ideas, we cannot see the 
distinction between concept and object.** ‘Looking in the wrong 
place’, like ‘making the difference too slight’ is an important term 
of philosophical criticism which Wittgenstein got from Frege and 
made his own. 


24 Wittgenstein, Philosophical Investigations, §340. 

* Gg. vol. I, p. xxv; see above, note 17. For Wittgenstein’s view of the relation 
between stupidity and philosophy, see also Wittgenstein, Culture and Value, p. 
39: ‘Our greatest stupidities may be very wise.’ On how something stupid can 
nevertheless, even through its stupidity, teach something which we need to 
grasp, see Wittgenstein on the stupidity of American films, ibid. p. 57. 

>6 See Gg. vol. I, p. xxv. Frege also thought that our blurring of such differences as 
that between concept and object is due in part to the way in which language itself 
obscures them. So he believed that the concept-script which he had invented 
could serve as a means to intellectual liberation by laying clearly before us the 
differences hidden by language which is inattentive to the promptings of logic. 
For some further discussion of the influence of this idea on Wittgenstein, see Cora 
Diamond, ‘What does a concept-script do?’, Philosophical Quarterly, 34 (1984), 
pp. 343-68, reprinted in Diamond, The Realistic Spirit, pp. 115-44. 
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4 ON SENSE AND REFERENCE”? 


Frege’s response to Kant is complex. Earlier I quoted an expression 
of his great admiration for Kant. He picks out, as among Kant’s most 
important contributions, his distinction between analytic and syn- 
thetic judgements, and his characterization of the truths of geom- 
etry as synthetic a priori. But Frege’s own disagreement with Kant 
about the nature of arithmetic, and his own new understanding of 
logic, led him to rethink the very distinction between analytic and 
synthetic which he took to be such a great contribution of Kant’s. In 
§§4-7 I shall consider Wittgenstein’s rethinking, in the Tractatus, 
of the distinction between sense and reference. That distinction 
is part of Wittgenstein’s inheritance from Frege. But Wittgenstein 
transformed the distinction, just as Frege had transformed the dis- 
tinction, inherited from Kant, between analytic and synthetic.?® 
Here we need a warning in a Fregean style: we are not entitled to 
speak of ‘the distinction between analytic and synthetic’ or ‘the dis- 
tinction between sense and reference’ if these phrases do not have 
unambiguous reference. The character of the inheritance is in both 
cases problematic if what is received is, in the hands of the inheri- 
tor, something quite different from what it was in the hands of its 
previous owner. In the case of ‘the distinction between sense and 
reference’ the fact that the phrase has no definite reference is par- 
ticularly important, since Wittgenstein was not the only inheritor. 
Post-Fregean philosophers of language and semantic theorists also 
inherited ‘the distinction’ and they too have reshaped it in the pro- 
cess. So ‘the distinction’ as we find it in Wittgenstein and as we find 
it in neo-Fregean semantic theorizing are even further apart than 
are Frege’s distinction and Wittgenstein’s. While I shall in §§4-6 be 
concerned largely with the relation between Frege and Wittgenstein, 


27 T have generally used ‘refer’ and ‘reference’ for ‘bedeuten’ and ‘Bedeutung’, and 
have altered some quoted matter to make the translations uniform. 

28 Wittgenstein also transformed the distinction between analytic and synthetic, 
inherited from Kant and Frege. See Burton Dreben and Juliet Floyd, ‘Tautology: 
How not to use a word’, Synthese, 87 (1991), pp. 23-49. On Frege’s reshaping of 
the analytic-synthetic distinction, see Weiner, Frege in Perspective, ch. 2. On 
Wittgenstein and Frege on the sense-reference distinction, see also Peter Hylton, 
‘Functions, operations, and sense in Wittgenstein’s Tractatus’, in Tait, Early 
Analytic Philosophy, pp. 91-105, reprinted in Hylton, Propositions, Functions, 
and Analysis: Selected Essays on Russell’s Philosophy (Oxford: Clarendon Press, 
2005}, pp. 138-52. 
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I shall return in §7 to the question of the distance of the various 
inheritors from their legator. 

It is essential to the distinction between sense and reference, as 
Frege explains and employs it, that the expressions which he calls 
names (including syntactically simple proper names, descriptive 
phrases, predicates, relational expressions, other sorts of functional 
expressions and sentences, but not variables or words like ‘whoever’, 
or the assertion sign) are capable of having (and properly should have) 
both sense and reference. We can thus speak of the ‘level’ of sense, 
the ‘level’ of reference; and it is part of Frege’s distinction that an 
expression cannot have a reference unless it has a sense, since the 
sense is the way in which the reference is presented. What then is 
left of the distinction if that is gone — as it is in the Tractatus? Here 
are two of the crucial passages: 


3.144 Situations can be described, not named. 
(Names are like points; propositions like arrows — they have sense.} 

3.3 Only propositions have sense; only in the context of a proposition 
does a name have reference.”® 


The quoted passages exclude the use of ‘sense’ for any kind of sign 
other than a sentence; they do not, as they stand, exclude talk of the 
reference of sentences, and in fact Wittgenstein does at some points 
(e.g., TLP, 5.451) use the word ‘Bedeutung’ in an ordinary non-tech- 
nical sense, so that any sign which has a determinate linguistic 
function can be said to have Bedeutung. He does, though, reject 
Frege’s talk of the reference of sentences, and not just because he 
drops Frege’s treatment of sentences as proper names.°° (His reasons 


20 Cf. also Friedrich Waismann’s bald statement in Theses, intended to be a sum- 
mary of the main ideas of the Tractatus: ‘A proposition has a sense, a word has 
a reference’ (Friedrich Waismann, ‘Theses’ in B. F. McGuinness (ed.), Ludwig 
Wittgenstein and the Vienna Circle, trans. J. Schulte and B. F. McGuinness 
(Oxford: Blackwell, 1979), pp. 233-61, at p. 237. 

3° See, however, the ‘Notes on logic’, where Wittgenstein identifies the meaning 
(ie., the Bedeutung) of a sentence and of its negation as the single fact which 
corresponds to both (Ludwig Wittgenstein, ‘Notes on logic’, in Notebooks, 1914- 
1916, eds. G. H. von Wright and G. E. M. Anscombe, trans. G. E. M. Anscombe 
(Oxford: Blackwell, 1961), pp. 93-4. This view is not present in the Tractatus; but 
something quite close to it is present. See my discussion in §6 of the reality with 
which a sentence and its negation are to be compared; the (least inclusive) real- 
ity to which a sentence is to be compared depends on the elementary sentences 
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for rejecting Frege’s idea of the truth-value of a sentence as its ref- 
erence would also be reasons for rejecting modifications of Frege’s 
theory — which share his own rejection of the idea of sentences as 
proper names - in which sentences figure in a semantic theory 
through their semantic value, in something like the way in which 
names do.) 

I turn now to a discussion of the philosophical issues involved 
in Wittgenstein’s rethinking of the distinction between sense and 
reference, and to the question how it is connected with the complex 
range of disagreements with Frege which surface in the Tractatus. 
The importance of these interconnected issues was shown by 
G. E. M. Anscombe;3! anyone discussing them now is in debt to 
that original account. As is clear from her discussion, a complete 
account of the role of Wittgenstein’s critical response to Frege in the 
Tractatus would involve full and detailed exegesis of much of the 
Tractatus, which I cannot attempt here. I shall focus on TLP 5.02, 
which I therefore quote in its entirety: 


The arguments of functions are readily confused with the indexes of names. 
For both arguments and indexes enable me to recognize the reference of the 
signs containing them. 

For example, when Russell writes ‘+,’, the ‘,’ is an index which indicates 
that the sign as a whole is the addition sign for cardinal numbers. But the 
use of this sign is the result of arbitrary convention and it would be quite 
possible to choose a simple sign instead of ‘+,’, in ‘~p’, however, ‘p’ is not an 
index but an argument: the sense of ‘~p’ cannot be understood unless the 
sense of ‘p’ has been understood already. (In the name Julius Caesar ‘Julius’ 
is an index. An index is always part of a description of the object to whose 
name we attach it: e.g. the Caesar of the Julian gens.) 

If Iam not mistaken, Frege’s theory about the meaning of propositions 
and functions is based on the confusion between an argument and an index. 
Frege regarded the propositions of logic as names, and their arguments as 
the indexes of those names.;? 


of which it is composed. A reality is the existence and non-existence of states of 
affairs, i.e., something fact-like. 

31 G. E. M. Anscombe, An Introduction to Wittgenstein’s Tractatus, 2nd edn 
(London: Hutchinson University Library, 1959). 

32 IT have substituted ‘index’ for the Pears-McGuinness ‘affix’ as a translation of 
German Index. This use follows Wittgenstein’s own practice in English. He gives 
an account of the index/argument contrast in The Blue Book (see The Blue and 
Brown Books, p. 21). 
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Here are three problems which the quoted passage presents. 

(1) If we begin with Wittgenstein’s contrast between argument 
and index, it seems obvious that ‘p’ occurs in ‘~p’, as Frege explains 
the latter, as an argument, not as an index. (In Frege’s language, ‘p’ 
will be the name of an argument; this difference in language does 
not affect the present issue. Where it is possible to do so without 
confusion, I shall follow Wittgenstein’s practice rather than Frege’s; 
see also note 74 below.) 

Consider typical index constructions, like ‘Forsythia’, ‘Dahlia’, 
‘Abelia’, or ‘Hansen’s disease’, ‘Parkinson’s disease’, ‘Bright’s dis- 
ease’. In each case a name forms part of another name} The inner 
name or index is, as Wittgenstein notes, part of the description of 
the thing named by the name of which it is part: Hansen’s disease 
is the disease described by Hansen. But the ‘(-’s disease’ construc- 
tion does not have the logical complexity of a functional expres- 
sion. Even if Hansen were also known as Jensen, ‘Jensen’s disease’ 
would not be another name for Hansen’s disease. (Nor would the 
name lose its unambiguous reference if, some time after Hansen’s 
disease had been named after him, Hansen had gone on to provide 
the description of some other disease.} No independent meaning 
has been fixed for ‘(.)’s disease’, it is rather that a certain number of 
names are formed on a particular pattern, and that it is therefore 
possible in many cases to work out the reference of the complex 
names if one knows the relevant facts about the thing whose name 
forms the index, as one might, e.g., identify ‘Abertawe’ as a name 
for Swansea from the presence of the index ‘tawe’ and some geo- 
graphical knowledge. But, given Frege’s account of negation, ‘~p’ is 
not at all like ‘Abertawe’ or ‘Hansen’s disease’. Frege does provide 
a fixed independent functional meaning for ‘+(.)’, the expression he 
introduces for negation. And we can substitute for ‘p’ any sign with 
the same reference to get a completed functional expression which 
will be a name of the same truth-value as that named by ‘yp’. So 


33 The name used as index need not be a proper part of the name in which it occurs. 
Thus ‘Granny Smith’, the name of a particular woman, can be treated as an index 
in Wittgenstein’s sense, occurring ‘in’ the name of a kind of apple; cf. also the 
breed of dog Akita: the role of ‘Akita’ as index is clearer if we write the name as 
‘Akita Inu’: Akita-dog. Both the long and short forms allude to the fact that this 
is the dog from Akita province. 
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how on earth can Frege be criticized for having treated propositions 
as indexes in his account of negation? 

(2) Max Black (and others following him) have criticized TLP, 
5.02 in a related way. Black argued that Frege would certainly 
have agreed with Wittgenstein that logical articulation was essen- 
tial to the sense of a proposition, and that Frege would also have 
agreed that the sense of ‘not-p’ is a function of the sense of ‘p’3+ But 
Black’s argument as it stands cannot show that there is anything 
the matter with Wittgenstein’s criticism, as can be seen by appeal 
to Frege himself. Frege points out that one can intend to define 
a function sign and fail to do so. This happens, he says, if one 
attempts to define the addition sign but fixes a meaning for it only 
for the case of adding real integers. Frege’s criticism of such an 
attempt at definition is that it does not give genuine independent 
meaning to the addition sign. Instead, all it does is assign mean- 
ing to certain complex signs as wholes (signs of the form ‘a + b’ 
where ‘a’ on its own and ‘b’ on its own designate real integers], 
but these signs lack logical complexity. (See Gg, vol. II, §65.) So 
Frege’s argument shows that an attempt to fix a function-meaning 
for a sign can misfire; the result will be that a certain number of 
complex signs contain indexes, in Wittgenstein’s sense. It follows 
from Frege’s argument that Black’s objection to TLP, 5.02 cannot 
work on its own. Frege’s clear understanding that ‘~p’ must have 
genuine logical complexity, and his recognition that the sense 
of ‘~p’ must be a function of the sense of ‘p’, do not by them- 
selves show that Wittgenstein’s criticism misses its mark. Black’s 
objection shows only that, if Wittgenstein’s criticism is correct, 
it comes to this: Frege’s definition of the negation sign does not 
give it the kind of meaning the definition was clearly intended 
to provide. That is, the Wittgensteinian criticism of Frege is of 
the same kind as Frege’s criticism of mathematicians who give 
inadequate definitions of ‘+’. The examination of Black’s criticism 
does, though, enable us to see what really is a problem: if Frege’s 
definition fails to give to the negation sign the logical character he 


34 Max Black, A Companion to Wittgenstein’s Tractatus (Ithaca, N.Y.: Cornell 
University Press, 1964), p. 239; cf. also Anthony Kenny, ‘The ghost of the Tractatus’ 
in Godfrey Vesey (ed.), Understanding Wittgenstein (London: Macmillan, 1974), 


pp. I-13, at p. 3. 
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plainly intended to give it, how has such a failure occurred? How 
could Frege have missed the mark he had clearly in view? 

(3) Michael Dummett has argued that, at least in the case of defi- 
nite descriptions, it seems impossible to reject Frege’s distinction 
between sense and reference.* For, in such cases, a speaker must 
know how the reference of the whole expression ‘is determined in 
accordance with its composition out of its component words’: the 
speaker must be able to understand what the route to reference pro- 
vided by the sense is (whether he can actually take the route or not). 
Wittgenstein rejects the idea of any name (or indeed anything but 
a sentence) having sense. Yet it seems impossible to read TLP, 5.02 
save as accepting in all but words the idea that definite descriptions 
and expressions like ‘Frege’s mother’, or ‘5 + 2’, have sense as well as 
reference. Wittgenstein’s contrast between argument and index uses 
the notion of two kinds of route to the reference of complex expres- 
sions, and one of the two appears to be Fregean sense. In the case of 
a name with genuine functional complexity, we have a route to the 
reference of the complex sign through our grasp of the functional 
complexity of that sign. Wittgenstein does not use the word ‘sense’, 
but the kind of understanding he refers to in the case of a func- 
tionally complex name is exactly what Dummett is talking about 
when he speaks of grasp of how the reference of a complex sign is 
determined in accordance with its composition out of its compo- 
nent parts. In the contrasting case, the case of names which, like 
‘Abertawe’, contain an index, we may well have a route to reference 


35 We should also note a pattern here. In §2, I quoted Wittgenstein, Philosophical 
Investigations, §339, in which Wittgenstein turns Frege’s ‘making the dif- 
ference too slight’ criticism against Frege’s own account of numbers. In TLP, 
5.02, we see Wittgenstein turning against Frege the kind of objection Frege raises 
in Grundgesetze to certain practices of definition. In Throwing away the ladder’, 
I argued that Wittgenstein takes Fregean points about the significance of the 
difference between signs for functions and proper names and uses them in criti- 
cism of Frege by making parallel points about the difference between sentences 
and proper names. In §§5-7, I am going to be concerned with the Tractatus idea 
that Frege fails to pay adequate attention to the distinction between what it is for 
a sentence to have a sense and what he calls sense in the case of proper names. 
This is another use by Wittgenstein of a Fregean kind of criticism in criticizing 
Frege. Wittgenstein is not just deeply Fregean as a critic of other philosophers; he 
is strikingly Fregean in his criticisms of Frege. 

36 Michael Dummett, ‘Frege’s distinction between sense and reference’, in 
Dummett, Truth and Other Enigmas (London: Duckworth, 1978), pp. 116-44, at 
p. 122. 
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via our grasp of the way such signs are constructed, but this is not 
logical composition. The names ‘Abertawe’ and ‘Swansea’ may have 
exactly the same sense (supposing we allow that syntactically sim- 
ple geographical names have sense}, which may not involve any 
connection with the river Tawe. Our being able to figure out the 
reference of ‘Abertawe’ from its construction and our geographical 
knowledge is not a case of our having a route to reference provided 
by sense. My argument here is that the contrast Wittgenstein makes 
in TLP, 5.02 between two sorts of route to the reference of complex 
names appears to makes use of the Fregean notion of sense in the 
case of genuinely functional complexity. So it seems arguable that 
he does not really reject the Fregean idea of logically complex names 
as having both sense and reference. He just does not admit that 
he keeps it. So the third problem with which we are confronted by 
TLP, 5.02 is why, if Wittgenstein does retain the Fregean distinction 
between sense and reference as it applies to definite descriptions, is 
this acceptance of the distinction suppressed? 


§ SENSE AND REFERENCE (CONTINUED): INDEX 
AND ARGUMENT 


I begin my discussion with Max Black’s argument, outlined above, 
that Frege cannot be criticized, as Wittgenstein criticizes him, for 
failing to make the sense of ‘~p’ depend on the sense of ‘p’, because 
Frege does recognize that dependence of sense. I argued that Black 
missed the point, which is not that Frege failed to recognize that 
there was such a relation between the sense of ‘~p’ and that of ‘p’ but 
that his account of negation, in fact, and counter to his intentions, 
makes the sense of ‘~p’ not depend on the sense of ‘p’. How can that 
have happened? 

The sense of ‘p’ is the sense of a sentence; it is thus the sense 
that the truth-conditions of ‘p’ are fulfilled. Here I follow Frege’s 
statement in vol. I, §32 of Grundgesetze. If it has been determined 
under what conditions a sentence denotes the True, the sentence 
has a determinate sense, a thought, the thought that the truth-con- 
ditions are fulfilled. While Frege does go on in §32 to speak about 
asserted sentences, his characterization of the sense of sentences is 
not meant to apply only to asserted sentences: the sense of a sen- 
tence, the thought that the truth-conditions are fulfilled, is the 
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same whether the sentence is asserted or not. The sense of a sen- 
tence is that something is the case.37 (While I have given Frege’s 
views as views about sentences, Frege himself refers to names of 
truth-values, correctly formed from the signs of Begriffsschrift.) I 
shall be discussing the tension between Frege’s recognition that 
what is in question is expressions the sense of which is that some- 
thing is the case and his characterization of these expressions as 
names of truth-values. 

In Frege’s account of negation, the sign for negation is introduced 
this way: 


The value of the function 


Ts 
shall be the False for every argument for which the value of the function 
—é 


is the True; and shall be the True for all other arguments. 


Any expression which we put into the argument place marked 
by ‘&’ must name some object. Suppose that we put into that 
argument-place a sentence, say ‘5 > 4’. On Frege’s view, the sentence 
has associated with it conditions in which it names the True; in all 
other conditions it would name the False. Its role as filler-of-that- 
argument-place is fulfilled perfectly adequately if it has associated 
with it such conditions, and if it names one of the two truth-values. 
It is no part of its role, as presenting an argument to the + function, 
that it should have as its sense that such-and-such conditions are 
fulfilled. A sign like ‘the positive square root of 4’, which does not 


37 This is clearer in the Jourdain-Stachelroth and Beaney translations of 
Grundgesetze than in Furth’s translation. Furth uses a participial construction 
after the expression ‘the truth-value of’; Jourdain-Stachelroth and Beaney put a 
colon after ‘the truth-value of’ and then use a propositional construction. The 
latter is much closer to Frege’s German. See, e.g., the translations of Gg, vol. I, 
§s5, and of the immediately preceding footnote, PW, p. 156; Michael Beaney (ed.]}, 
The Frege Reader (Oxford: Blackwell, 1997), p. 215; and Basic Laws of Arithmetic, 
p. 37. It may seem as if saying that the sense of a sentence is that its truth-con- 
ditions are fulfilled suggests that only true sentences have sense. But that is not 
the way to read Frege’s statement. The thought expressed by the sentence ‘ist 
der, dass diese Bedingungen erftllt sind’, we must be able to grasp the thought 
irrespective of its truth or falsity; and indeed a false thought can be part of a true 
thought. 
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have as its sense that anything is the case (its having sense is its 
having fully determinate conditions for naming this or that object} 
would do exactly the same logical kind of work if it were put into 
the argument-place marked by ‘é’ as is done by ‘5 > 4’, when it is 
in that argument-place. That ‘5 > 4’ expresses the sense that some- 
thing is so is irrelevant to its logical role in that context. (Here 
and in what follows I use the example of ‘5 > 4’, ignoring the fact 
that it is a mathematical sentence, and so would not be treated by 
Wittgenstein in the way in which he treats ordinary contingent 
sentences. It is simply a short stand-in for any sentence expressing 
the thought that something is so.} 

We can make the same point if we distinguish between a sign’s 
having sense, when this means that it expresses a thought that 
something is so (in which case I shall speak of it as having senten- 
tial sense}, and a sign’s having sense, when this means that there 
are determinate conditions associated with the sign through which 
it has this or that reference. It is clear that an expression can have 
sense in the latter sense without having sense in the former; Frege’s 
views about sense imply that all proper names other than sentences 
have sense only in the latter sense. Part of Wittgenstein’s criticism 
of Frege at TLP, 5.02 could then be put this way: the sentential sense 
of ‘~p’ cannot be understood unless the sentential sense of ‘p’ has 
been understood, but the Fregean account of negation does not give 
the sentential sense of ‘p’ any essential role. In §6, I discuss the 
difference between sentential and non-sentential sense. In the rest 
of §5, lassume that there is such a difference, and I use it in explain- 
ing some of the features of Wittgenstein’s criticism of Frege. 

Wittgenstein uses the notion of an index to make a stronger point 
than that the sentential sense of ‘p’ plays no role in the sense of ‘~p’ 
as Frege explains it. He is taking for granted the principle that it is 
only when a sentence is actually used as a sentence, only (that is) 
when its sentential sense is essential to its role, that it is a genuine 
sentence with sentential sense. If a sign which can express a thought 
occurs in an argument-place in which there can also occur signs 
which do not express thoughts, and which do not have sentential 
sense, then, in that argument-place, the sign is not genuinely a sen- 
tence expressing a thought that such-and-such is so. (This is itself 
an unFregean application of a Fregean point about how the argument 
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place in which a sign occurs makes clear the logical character of the 
sign in that occurrence.}3* 

As we saw earlier, it is difficult to understand Wittgenstein’s 
‘index’ criticism of Frege, since, in Frege’s account of ‘~p’, ‘p’ occurs 
in the argument-place of a function which has apparently been 
defined perfectly well — so how can Wittgenstein say that on Frege’s 
account it occurs merely as an index? We can, however, see what 
Wittgenstein meant if we introduce a way of writing the sentences 
which we put into the argument-place of Frege’s + function. Suppose 
we put, instead of ‘7(5 > 4)’, ‘q-(Object;,,)’. The expression ‘Object,,,’ is 
written in such a way as to make clear that it is simply a name of an 
object. (It does not have sentential sense.) The expression ‘5 > 4’, which 
can be used as a sentence, is written as a subscript, in the same way ‘c’ 
is written as a subscript in Wittgenstein’s first example of an index, 
in TLP, 5.02. Wittgenstein says that an index, like an argument, 
can enable one to recognize the reference of the sign containing 
the index. Just as one can recognize that the reference of ‘Hansen’s 
disease’ is leprosy if one knows that Hansen provided a scientific 
description of leprosy, one can recognize that the reference of the 
name ‘Object,,,’ is the True, if one knows that 5 is greater than 4. 

To follow Wittgenstein’s criticism we have to bear in mind dif- 
ferent ways of using ‘5 > 4’: (1) as a sentence, in which case it is 
essential to that use that the sentence expresses the thought that 
something is the case, and (2) merely as an expression which has 
as its reference some object (and in that case ‘5 > 4’ lacks sentential 
sense}. This second case can itself be subdivided. Just as we can con- 
trast names like ‘Hansen’s disease’ with names like ‘Hansen’s right 
foot’, where the former lacks functional complexity but the latter 
has it, so ‘5 > 4’, if it occurs in a context in which it lacks senten- 
tial sense, may still have (non-sentential) functional complexity, or 
it may lack functional complexity altogether. Wittgenstein’s point 
that ‘p’ occurs only as index in ‘~p’ as Frege defines the latter can 
then be understood most easily if we connect it with a notation 
which clearly marks any occurrence of a sign which can in other 
contexts have sentential sense, but which lacks it in its particular 


38 See, e.g., Frege’s treatment of the occurrence of ‘Vienna’ as a predicate, in ‘Concept 
and object’, CP, p. 189. 
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context, and which also lacks non-sentential functional complexity 
in that context. The sentence sign, in such contexts, is written in 
this notation as an indexed proper name. Without such a notation, 
it will be much easier to miss the crucial distinction between uses 
of ‘5 > 4’ as index and uses as sentence-with-sentential-sense. The 
situation is like the cases mentioned in note 30, in which the index 
forms the entirety of an indexed name (‘Akita’ and ‘Granny Smith’). 
Just as we might more easily recognize the use of the name as index 
in those cases by writing ‘Akita Dog’ or ‘Granny Smith’s Apple’, we 
can more easily recognize the use of ‘5 > 4’ as index by writing it as 
a mere part of a proper name.3? 

We may if we choose use the word ‘sentence’ of both sentences 
with sentential sense and expressions which lack sentential sense 
but which do name truth-values; but it would be an objection, from 
a Wittgensteinian point of view, to such a use of ‘sentence’ that the 
word covered expressions with two quite different kinds of logical 
character. A corresponding objection can be made if we use the word 
‘thought’ (as Frege does) to cover both what I have called sentential 
sense (which is of the form ‘that such-and-such is the case’ or ‘that 
such-and-such conditions are fulfilled’) and also the sense of expres- 
sions like ‘the truth-value of: Caesar is dead’, or of expressions like 
‘the truth-value of the thought expressed by the first sentence on 


3% To avoid possible confusion, I should note that the ‘Object,’ notation is not 

meant to be a way of writing Frege’s horizontal function. It is a way of writing 

a sentence when it occurs in an argument-place which will take non-sentential 
proper names. Thus ‘Object,,,’ would be a way of writing ‘5 > 4’ when it occurs 
in the argument-place of ‘-&’; it is not itself a completed function expression. 
Wittgenstein does not deny that there could be a non-sentential completed func- 
tion expression written ‘5 > 4’, which denoted some object; but, as far as I can 
see, his view is that the existence of a sentence-with-sentential sense, ‘5 > 4’, 
does not imply that there is any completed function expression looking the same, 
and having functionally determined reference, which might occur in argument- 
places open to proper names. My guess here about the ideas in the background of 
Wittgenstein’s view that ‘5 > 4’ occurs without any kind of functional complexity 
when it is in an argument-place open to names, is that, for it to be a functionally 
complex name in such contexts, a new definition would have to be given of the 
greater-than sign, in which it meant a function with objects as values, but Frege 
does not provide any new definition. And, if he were to provide a new definition, 
his account of negation would be threatened: it is essential to the account that 
the greater-than sign, when it occurs within ‘5 > 4’ in the argument-place of the 
negation-sign, should not have a different definition from that of the greater-than 
sign in ‘5 > 4’ on its own. 
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p. 234 of Frege’s Collected Papers’, these latter kinds of phrase do 
not express thoughts that anything is so. If an expression is in the 
argument-place of a function which takes objects as arguments, it 
does not have sentential sense, and we cannot somehow make it 
express the sense that something is the case. ‘5 > 4’, when it expresses 
sentential sense, and ‘5 > 4’, when it occurs in the argument-place 
of Frege’s 7&, may look the same, but Wittgenstein’s view was that 
the difference in use goes also with a difference in the character of 
the sign: only in use as a sentence, with sentential sense, does ‘5 > 4’ 
have the kind of logical articulation essential to sentences. 

In the ‘Notes on logic’, Wittgenstein said that in not-p, p is exactly 
the same as if stands alone; he added that this point is absolutely 
fundamental.4° The point is connected with his criticisms of Frege 
at TLP, 5.02: what Frege’s definition of negation does is make ‘p’ in 
‘~p’ not be the same as it is on its own. That is what is brought out 
by rewriting ‘yp’ as ‘-Object,’. When ‘p’ stands on its own, its sense 
is that something is so, and its truth or falsity is agreement or dis- 
agreement with the way things are. If we do use the words ‘truth- 
value’ in connection with ‘p’ on its own, what is meant is tied to the 
asymmetry of sentential sense: sentential sense has a kind of asym- 
metry in contrast with the sense of complex proper names.*! We 
need to consider this contrast further, since it is important to our 
understanding of Wittgenstein’s criticisms of Frege, and his rejec- 
tion of Frege’s way of distinguishing between sense and reference. 


6 SENSE AND REFERENCE (CONTINUED): 
SENTENTIAL SENSE 


Consider such names as ‘Frege’s birthplace’, which we may view 
as formed by completing functional expressions. There will be, 


4° Wittgenstein, ‘Notes on logic’, p. 97. 

4 In the Tractatus Wittgenstein uses the expression ‘truth-value’ only in speaking 
about Frege’s views; he takes the expression to be tied to Frege’s understanding of 
sentences as names of objects. It would have been possible to introduce a differ- 
ent use of the term, consistent with the views of the Tractatus, but Wittgenstein 
perhaps believed that it would have been confusing to use a term so closely tied to 
what he took to be misunderstandings about the kind of meaning sentences have, 
and the kind of signs they therefore had to be. See also P. T. Geach, ‘Truth and 
God’, Proceedings of the Aristotelian Society, Supplementary Volume, 56 (1982), 
pp. 83-97, at p. 88. 
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associated with any such name, its sense; its having sense is its 
being determinate what the conditions are in which it would name 
any object in the converse domain of the function.‘? Thus, the 
Wismar-conditions of ‘Frege’s birthplace’ are that Frege was born 
in Wismar, its Jena-conditions are that Frege was born in Jena, its 
Frankfurt-conditions that Frege was born in Frankfurt, and so on. 
The name names Wismar because the Wismar-conditions are ful- 
filled, but it does not have as its sense that the Wismar-conditions 
are fulfilled, or that any conditions are fulfilled. Even if a func- 
tion has only two objects as possible values, the situation is exactly 
the same. Each completed function expression will have a pair of 
jointly exhaustive conditions attached to it. Suppose we have a 
function defined this way: 


The value of the function f(x) shall be Wismar if x was born 
in Wismar; the value of the function f(x) shall be Frankfurt 
if it is not the case that x was born in Wismar. 


Then ‘f(Frege)’ has associated with it the Wismar-condition that 
Frege was born in Wismar, and the Frankfurt-condition that it 
is not the case that Frege was born in Wismar. ‘f(Frege]’ does not 
express the fulfilment of either its Wismar or its Frankfurt condi- 
tions. While we can investigate the state of things to find out which 
condition is fulfilled, this will not be a comparison of ‘f(Frege)’ with 
reality, and neither the name nor its sense could be said to agree or 
to disagree with the way things are. 

Wittgenstein rejects Frege’s view that a sentence is a completed 
function-expression naming a truth-value. This is because any such 
expression would have exactly the kind of symmetrical sense — 
symmetrical with respect to two values — which ‘f(Frege}’ has. Its 
‘having a truth-value’ would be something entirely different from 
the being true or false of a sentence. The root of the problem is that 
the Fregean view makes us unable to understand the kind of sense 
which Frege himself recognized that sentences have.*3 In the section 


# This is on the model of truth-conditions. Any completion of a concept-expression 
or relational expression has associated with it the conditions in which it names 
the True; it names the False in all other conditions. Similarly one can speak of any 
completion of any function-expression as having associated with it conditions in 
which it names each of the objects which the function can have as its value. 

4 Peter Sullivan has argued a closely related point about how Frege’s conception of 
sentences as complex names of truth-values makes it impossible for his account 
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of Grundgesetze quoted earlier, Frege says that well-constructed 
‘names of truth-values’ have as their sense that their truth condi- 
tions are fulfilled; but Wittgenstein’s view is that expressions which 
have that such-and-such is so as their sense cannot be names of 
truth-values. If we take any expression for a function which always 
has one or other of two objects as its value, and complete it, the 
result is a name the sense of which is of the same general type as 
other completed function-names naming objects, with which there 
is associated a set of conditions determining when the name names 
any of the objects which the function can have as value. Its sense 
is not that the conditions are fulfilled in which it names some one 
of these objects. Such a name may have ‘truth-conditions’ if this 
means: conditions in which it names a particular object; but it does 
not have truth-conditions in the sense in which a sentence does. 
A sentence has sense in that it is determinate how it is to be com- 
pared with reality, i.e., what counts as agreement or disagreement; 
the truth-conditions are the conditions of agreement; the thought it 
expresses is that those conditions are fulfilled. Sentential sense is 
thus expressible in a ‘that’-clause. The determinacy of the sense of 
a functionally complex name, in contrast, is independent of there 
being anything that counts as ‘agreement’ or ‘disagreement’ with 
reality; its sense is not expressible in a ‘that’-clause.*+ (The expression 


to do justice to his own understanding of truth (‘The sense of “a name of a truth- 
value”, Philosophical Quarterly 44 (1994), pp. 476-81). Frege’s mature account in 
Grundgesetze ‘recognizes no forms of complexity, characteristic of thoughts and 
their expression, which carry with them [the] intrinsic involvement with truth’ 
which is essential to Frege’s own conception of truth. The intrinsic involvement 
with truth, central in Sullivan’s discussion of the issues, is inseparable from the 
kind of opposition of sense that there is between a sentence and its negation; see 
on this also Ricketts, ‘Wittgenstein against Frege and Russell’, pp. 243-4. 

This way of putting the contrast between the sense of complex names and that of 
sentences does not amount to a ‘correspondence theory of truth’ for sentences. I 
am suggesting that both Frege and Wittgenstein engage in what Thomas Ricketts 
speaks of as redescription of assertion and judgement, where the redescription 
is intended to ‘highlight distinctive features’ of our linguistic practices; see 
Thomas Ricketts, ‘Objectivity and objecthood: Frege’s metaphysics of judg- 
ment’, in L. Haaparanta and J. Hintikka (eds.), Frege Synthesized: Essays on the 
Philosophical and Foundational Work of Gottlob Frege (Dordrecht: Reidel, 1986), 
p. 72; see also §7 of this essay. My way of putting the contrast between sentential 
sense and the kind of meaning that complex names have is meant to be part of 
such a redescription, based on Wittgenstein’s criticism in the Tractatus of the 
Fregean redescription as misleading. 


4 


as 
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‘truth-conditions’ is thus capable of ambiguity. To avoid the ambi- 
guity we might speak of sentences as having agreement-conditions; 
a proper name which has associated name-of-object conditions may 
have (as one case among others) naming-the-true conditions.) There 
are readers of Frege, like Tyler Burge, who have held that Frege was 
able to make a sharp distinction, using his horizontal function, 
between genuine sentences and mere completed function expres- 
sions not constructed as completions of the horizontal function 
sign, but it is not (on the account I am giving) possible to take the 
horizontal function as the basis of a distinction between genuine 
sentences and mere functionally complex names. An expression 
formed from completing the horizontal function sign with a com- 
plex name of a truth-value does not differ from the argument-sign 
in sense or reference; they have the same name-of-object conditions, 
and neither has genuine agreement-conditions.* 

We have arrived at a version of the issue which Anscombe takes 
as central in her explanation of Wittgenstein’s criticisms of Frege. 
What is required, she asks, for the ‘T’s and ‘F’s which we write in a 
truth-table in the columns under the propositions of a truth-func- 
tional proposition to have the same significance as the ‘T’s and ‘F’s 
giving the truth or falsity of the truth-functionally composite prop- 
osition itself?4 

Anscombe goes into details of this issue; here I shall focus on one 
central element in Wittgenstein’s move away from Frege on sense 
and reference. Wittgenstein, I have argued, was concerned with the 
need for the inner sentence in ‘~p’ to occur with sentential sense. If, 
instead, what occurs in that position is a name, it will have associated 
with it, not a sentential sense, but (at most) conditions in which the 
name is a name of this or that object. The inner sentence must sup- 
ply, as argument, a ‘discrimination’ of facts:‘7 what counts as things 
being as the sentence represents them, and what counts as things not 


45 For an attempt to treat the horizontal as the basis of a logical distinction 
between sentences and complete names, see, e.g., Tyler Burge, Truth, Thought, 
Reason: Essays on Frege (Oxford: Clarendon Press, 2005), pp. 21-2; for the way in 
which such an attempt founders, see William W. Taschek, ‘Truth, assertion, and 
the horizontal: Frege on “the essence of logic”’, Mind, 117 (2008), pp. 375-401, 
part 4. 

46 See especially Anscombe, Introduction, pp. 51-3. 

47 See Wittgenstein, ‘Notes on logic’, p. 99 for this use of ‘discrimination’. 
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being so. The functional character of ‘~p’ is its reversing, not name-of- 
an-object conditions, but agreement/disagreement conditions; and so 
conditions of the latter sort must be supplied by the inner sentence. 
In the case of ‘5 > 4’ and ‘~5 > 4’, the truth or falsity of the sentences is 
determined by the same reality, namely the relative magnitude of 5 
and 4.48 Because ‘5 > 4’ has a determinate comparison with that real- 
ity, agreeing or disagreeing with it, the reversal of that comparison 
(comparison with the same reality, but with agreement and disagree- 
ment reversed) is also a fully determinate comparison with a particu- 
lar reality, a function of the comparison provided by ‘5 > 4’. This is 
how the sense of ‘~p’ is a function of the sense of ‘p’. 

It may seem as if Frege’s account meets the requirement that the 
truth-conditions of the negation of ‘p’ are the opposite of those of ‘p’, 
for ‘5 > 4’ and ‘y5 > 4’, on his account, are true or false according as 
5 > 4 is the true/is not the true, each sentence being made true by 
what makes the other not true. And indeed otherwise ‘+’ would not 
even appear to be the sign for negation. But Wittgenstein’s view is 
that Frege’s account does not accomplish what he intended. For it to 
succeed, three things must be the case: (1] ‘5 > 4’ must have the same 
sense as ‘5 > 4 is the true’ (which is writable as ‘Object,,, is the true’); 
(2) ‘75 > 4’ (which is writable as ‘Object,,, is not the true’) must 
genuinely be the negation of ‘5 > 4 is the true’; and (3) ‘75 > 4’ must 
have the same sense as ‘5 is not greater than q’.#? ‘Object,,, is not 
the true’ is genuinely the negation of ‘Object,,, is the true’, but the 
sense of ‘Object,., is the true’ is not the same as that of ‘5 > 4’ (they 


48 There follow Anscombe’s suggestion (G. E. M. Anscombe, ‘Grammar, structure, 
essence’, Arete 12.2 (2000), pp. 113-20, at pp. 116-17) that Wittgenstein’s refer- 
ences to die Wirklichkeit be translated, not as ‘reality’, but as ‘the reality’. The 
point (in the sections with which she is concerned] is not that a picture depicts 
reality (reality in general), but that a picture depicts a particular reality. Different 
pictures may depict the same reality, but represent it differently: ‘p - q’ depicts the 
same reality as ‘p v q’. The situation is, however, complicated: at some points in 
the Tractatus, ‘die Wirklichkeit’ has to be taken to mean die gesamte Wirklichkeit 
(the sum-total of reality). Any picture which depicts some reality is thereby a 
picture depicting any reality which includes the former reality; hence every pic- 
ture depicts die gesamte Wirklichkeit. Cf. also Wittgenstein’s comments (Ludwig 
Wittgenstein, Letters to C. K. Ogden with Comments on the English Translation 
of the Tractatus Logico-Philosophicus, ed. G. H. von Wright (Oxford: Blackwell, 
and London: Routledge and Kegan Paul, 1973), p. 27) about the translation of TLP, 
4.023. 

4 For the last step, see Gg, vol. I, §6, also CP, p. 150. 
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have entirely different agreement-conditions); and ‘Object,., is not 
the true’ does not have the same sense as ‘5 is not greater than 4’. No 
determination of the sense of the latter is given by determining the 
sense of ‘+5 > 4’; see on this last point TLP, 4.431. If we use a nota- 
tion which does not distinguish between ‘Object,,,’ and ‘5 > 4’-the- 
sentence-with-sentential-sense, i.e., if we write them both as ‘5 > 4’, 
it is very easy to slide between them; we then may treat them as if 
they had truth-conditions in the same sense, and identical truth- 
conditions at that. That is what can make it appear that Frege’s 
account of negation meets the requirement that the agreement-con- 
ditions of ‘p’ and ‘~p’ are genuinely opposite: the same properties 
or relations of things must be relevant to the determination of the 
truth/falsity of both, but in opposite ways. No treatment of negation 
as a Fregean concept can meet that requirement. 

If the negation sign is merely a reverser of comparisons, then (as 
Wittgenstein notes} ‘p’ could be used to express what ‘~p’ is now 
used to express, and ‘~p’ what ‘p’ is used to express, without any 
change in the meaning of any sign. In this new use, ‘p’ and ‘~p’ are 
to be compared with the same reality as before; what is changed is 
merely what, for each of the two sentence-signs, counts as agree- 
ment and what counts as disagreement with that reality. The neg- 
ation sign will be used in exactly the same way in both uses of the 
pair of sentence-signs. Its fixed use is to reverse a comparison, to 
form the contradictory of a sentence;*° it does not have a sense or 
reference of its own. (It can be said to have Bedeutung if this means 
no more than that it has a determinate linguistic role.) The other 
signs in the two sentences also do not change in meaning. Their 
meaning determines (as in the previous use} the reality with which 
the sentences are to be compared; and that has not changed. 

The possibility of the ‘reversed’ use of the sentence and its neg- 
ation indicates how far we have moved from Frege’s understanding 
of the sense-reference distinction. On Wittgenstein’s view, the real- 
ity to which both ‘p’ and ‘~p’ are related is a function of the fixed ref- 
erence of the (simple) names in the two sentences.*' But the reference 


3° See Geach, ‘Truth and God’, p. 89; note also Geach’s correction of Max Black’s 
misunderstandings of the Tractatus on this matter. See also Diamond, ‘Truth 
before Tarski’, on reversibility of sense. 

st The reality would depend on the arrangement of the names as well as on their 
reference. The reference of the simple names is not independently available, 
but is rather a feature internal to the use of sentences which have determinate 
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of the parts does not determine the truth or falsity of either sen- 
tence, because that depends on the ‘direction’ of the comparison 
with the reality. A sentence and its negation, which are opposite in 
sense (in agreement/disagreement conditions), and opposite in truth 
or falsity? are not distinguished by the reference of any of their 
parts. Dummett describes as an essential part of Frege’s notion of 
reference that the truth-value of a proposition is fully determined 
by the reference of its parts»} That feature is then not present in 
Wittgenstein’s reworking of the distinction54 

There is one further important difference between Frege and 
Wittgenstein on sense and reference. The sense of a truth-function 
of ‘p’ is held by both Frege and Wittgenstein to be a function of the 
sense of ‘p’. But sticking to that functional relation, on Wittgenstein’s 
view, requires giving up the Fregean view that in general the sense 
of a sentence is a function of the sense of its parts. And giving up 
that latter Fregean view goes with Wittgenstein’s limitation of the 
term ‘sense’ to what I have called sentential sense. There appears to 
be room on his account for some non-sentential expressions to have 
sense (and I have argued that this seems to be implicit in TLP, 5.02], 
but what it is for them to have a sense (if we do speak that way) is 
entirely different from what it is for a sentence to have sense: the 
sense of a complex name lacks ‘directionality’; and the sense of a 
sentence (the agreement-conditions] is in any case not completely 


agreement-conditions and which stand in determinate logical relations to each 
other. What the simple names ‘stand for’ is whatever it is sentences so used show 
they are about. 

‘2 We can say ‘opposite in truth-value’, if we recall that truth and falsity, on 
Wittgenstein’s view, are not values of a function. 

33 Michael Dummett, Interpretation of Frege’s Philosophy (London: Duckworth, 
1981), p. 150; see also Burge, ‘Truth, thought, reason’, p. 22. 

‘4 This difference between Frege and Wittgenstein is connected with another 
important difference between them, concerning the logical character of the signs 
which result, on the one hand, from removing one or more names from a complex 
name of an object, and, on the other hand, from removing one or more names 
from a sentence. Wittgenstein follows Russell in distinguishing sharply between 
propositional functionality and non-propositional functionality. This difference 
has ramified consequences within the Tractatus which I cannot discuss here. 
On the determination of the truth-value of a proposition by the reference of its 
parts, see below, §7. Goldfarb (in ’Wittgenstein’s understanding of Frege’) takes 
the contrast between Wittgenstein’s and Frege’s understanding of functionality 
to be central in his account of Wittgenstein’s criticism of Frege at TLP, 5.02; on 
Goldfarb’s account see Appendix. 
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functionally fixed by any feature of the meaning of its parts. It is 
dependent on a feature of the sentence’s use, its direction of com- 
parison with the reality to which the sentence is related, and that 
can be changed without any change in meaning of any part of the 
sentence.>s 


7 SENSE AND REFERENCE (CONCLUDED) 


In Part VII, 1am concerned with the philosophical issues involved 
in Wittgenstein’s rethinking of the distinction between sense and 
reference. It will be useful first to consider the aim of Frege’s and 
Wittgenstein’s accounts of negation, and the background of shared 
views. 

Part of Frege’s inheritance from Kant, passed on to Wittgenstein, 
is the idea of the primacy of judgement; tied to this is the view that 
what a sentence expresses is something that can be the content of 
a judgement. I take Wittgenstein also to share with Frege an under- 
standing of what talk of sense and reference is responsible to. But 
what such talk is responsible to depends on the sort of philosoph- 
ical activity to which that talk belongs and on its aim. Here I turn 
to a remark of Peter Geach’s, that there is, in all informative dis- 
course, an inchoate understanding of the logical interconnections 
between truth on the one hand and the ‘reversibility’ of the sense 
of our sentences. About this understanding, he says that it ‘can be 
clarified or sharpened by logical and philosophical training, but 
there can be no question of analysis or explicit definition’s*‘ Geach 
himself engages in the kind of philosophical activity, of articulating 
what is involved in informative discourse, that is suggested by his 


5s We should also note that the implied allowance of sense, of a sort distinct from 
sentential sense, to some expressions other than sentences does not extend to 
the simple names of the Tractatus. (There is no ‘route’ to the reference of simple 
names.) The complex expressions which might be said to have non-sentential 
sense can, unlike simple names, fail to have reference because of what is or is not 
the case. The possibility of their lacking reference does not, within the Tractatus, 
lead to there being sentences which lack truth-value, since Wittgenstein accepts 
Russell's theory of descriptions. This implied allowance of sense belongs to what 
is essentially an abbreviated way of speaking about whole sentences; see the 
Appendix and note 78. 

56 Geach, ‘Truth and God’, p. 94. 
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remark. There is a similar conception of a philosophical activity of 
articulation of informative discourse in Thomas Ricketts’s reading 
of Frege. Ricketts has described the overall aim of Frege’s discus- 
sions of thought and language as redescription of certain features of 
our linguistic practices, redescription intended to bring out sharply 
various aspects of Frege’s conception of objectivity.’ In the prac- 
tices of assertion and inference, and especially in the recognition, 
within these practices, of logical constraints, there is embodied an 
understanding of what is objective and independent of psychology, 
in contrast with what belongs merely to the psychological life of 
individuals (our ideas, our emotional responses). As Ricketts reads 
Frege, Frege’s talk of sense and reference is not meant to go behind 
practices of assertion and inference, but is answerable to those prac- 
tices, so far as they embody recognition of the distinction between 
objective and subjective.* 

Wittgenstein, as I am reading him, is engaged in a similar kind 
of redescription of linguistic practice, bringing to attention some 
of its salient features. We can see Wittgenstein’s treatment of sense 
and reference and Frege’s as alternative articulations; and this is to 
see them as intellectual alternatives, but intellectual alternatives 
of a different kind from alternative theories. Wittgenstein’s talk of 
sense and reference is meant to be answerable to what is implicit 
in ordinary informative discourse; and so far as what Wittgenstein 
says is meant as a criticism of Frege, it takes Frege’s talk of sense 
and reference to be answerable to the same practices. The possibil- 
ity of such criticism depends on both of them recognizing as salient 
some central logical features of those practices; it is the possibil- 
ity of Wittgenstein’s bringing out how Frege’s own account fails to 
do justice to those central logical features of our practices that the 
account was meant to articulate. 

Wittgenstein takes his own way of thinking about the notion 
of sentence-sense to be Fregean, as we can see at TLP, 4.431: what 
a sentence expresses is its truth-conditions.°° His distinction 


37 Ricketts, ‘Objectivity and objecthood’, p. 72. 

88 See Ricketts, ‘Generality’, cf. also Michael Kremer, chapter 7, this volume, §8. 

5° In the last two paragraphs, I have drawn on my discussion of philosophical 
method in Diamond, ‘Truth before Tarski’, pp. 256-7. 

6° See Appendix for some further discussion of this point. 
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betweeen index-complexity and function-argument-complexity 
reflects his agreement with Frege about what it is for an expression 
in a sentence to have reference: its having reference in a particu- 
lar sentence is inseparable from the role of the whole sentence in 
inferences. (This is how we distinguish the occurrence of ‘Hansen’ 
in ‘Smith has Hansen’s hat’ from its occurrence in ‘Smith has 
Hansen’s disease’.| If we start from these Fregean views, there is 
indeed a prima facie case for taking sentences which occur truth- 
functionally in other sentences to have reference in something like 
the way a proper name does. But there is a question how far the 
analogy between sentences and names goes, how far there is an 
analogy between sentential and non-sentential functionality. Frege 
himself lets the analogy shape his way of developing the distinc- 
tion between sense and reference, while Wittgenstein appeals to 
Fregean ideas in disentangling the distinction from the analogy. 
What I am concerned with here is that we can see the value of some 
such distinction in a description of sentence-functionality (and its 
relation to inference], and can see how Wittgenstein’s criticisms 
of Frege’s way of making the distinction do not depend on import- 
ing some new aim into the discussion, but on the argument that 
Frege was mistaken in taking his own aims to be compatible with 
the understanding of sentences as proper names. Truth-functional 
inference depends on sentences, when they occur truth-function- 
ally in other sentences, not occurring there with the kind of mean- 
ing characteristic of complex proper names. That at any rate was 
Wittgenstein’s view." 

Of logical constraints on judgement-making, the most import- 
ant concerns contradiction. Here there is a more specific agreement 
between Frege and Wittgenstein: our understanding of what it is for 
a sentence ‘~p’ to express the thought contradicting that expressed 
by another, ‘p’, depends on a functional relation between the two. 
The story we tell about the functional relation must enable us to 
see how ‘~p’, by containing the sentence ‘p’, expressing the thought 


s T am not concerned here with the further ramifications within the Tractatus of 
Wittgenstein’s view of truth-functional inference. What is important is that the 
idea that truth-functional occurrences of sentences are occurrences of sentences 
with sentential sense (not of expressions with the logical role of proper names) 
makes possible the Tractatus account of logical inference as not in need of laws 
of inference. 
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it does, itself expresses the opposite thought. Call this the common 
complex aim of their discussions of negation. 

Wittgenstein’s criticisms of Frege take for granted not just the 
common complex aim, but also the idea that talk of sense and ref- 
erence subserves that aim: no account of sense and reference which 
results in an incoherent account of the functional relation between 
‘yp’ and ‘~p’ does what talk of sense and reference overall is meant 
to do. 

The common complex aim requires that ‘p’ in ‘~p’ should be the 
same as it is on its own: the story told about negation will make clear 
what that ‘being the same’ is. Frege’s own account was intended to 
meet that demand: it was supposed to be met by the sense and ref- 
erence of ‘p’ on its own being the same as the sense and reference of 
‘p' in ‘~p’. And what it is for ‘p’ to be true is supposed to be the same, 
whether it occurs in ‘~p’ or on its own. Wittgenstein’s objections to 
Frege are not just that he gives an inadequate account of negation 
but that the account does not do what Frege himself intended it to 
do; hence the importance in his criticism of the point that Frege does 
not make the sense of ‘~p’ a function of the sense which ‘p’ has on its 
own. Wittgenstein’s criticism takes for granted the common com- 
plex aim; that ‘p’ in ‘~p’ must have a fully sentential sense is essen- 
tial to that aim. An account of negation will fail if, according to it, 
‘p' in ‘~p’ does not express that something is the case but is merely 
an expression naming an object. Despite Frege’s intention that the 
sense of ‘~p’ be functionally dependent on that of ‘p’, his treating of 
sentences as occurring in argument-places open to names deprives 
them of sentential sense, and so frustrates his intentions. Frege’s 
explanation of his negation sign, reflecting as it does his failure to 
distinguish sharply enough between sentential sense and the kind 
of meaning complex names have, is thus taken by Wittgenstein to 
be a serious flaw in Frege’s construction of a conceptual notation. 
Wittgenstein’s reshaping of the distinction between sense and ref- 
erence is thus part of a larger argument which we can see in the 


6 Another essential part of the story concerns assertion, and whether Frege’s view 
implies that unasserted sentences lack genuine verbs. ‘p’ on its own will not be 
the same as ‘p’ in ‘~p’ on any account in which the former has and the latter lacks 
a genuine verb. For discussion of these issues see Proops, ‘The early Wittgenstein’, 
and Diamond, ‘Truth before Tarski’. 
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Tractatus: the argument that Frege’s own aims are undermined by 
his analogy between sentences and complex proper names. 

The problems to which Wittgenstein draws attention cannot be 
solved by minor alterations in Frege’s account of negation, which 
result in sentences being distinguished from proper names, but 
not distinguished sharply enough. Thus, for example, if we were to 
deny that sentences name truth-values, and if we were to allow no 
non-sentences into the argument-place of the negation sign, but if 
we otherwise kept Frege’s account intact, Wittgenstein’s criticisms 
would still apply. The fundamental criticism was that ‘~p’, as Frege 
explained it, was not dependent on the sentential sense of ‘p’, on its 
having truth-conditions which are genuinely agreement-conditions, 
not just conditions in which one rather than the other of two values 
is associated with ‘p’. Whether it ‘names’ the value is not important; 
what it is for it to have the value is. If ‘p’ in ‘~p’ is not being used as 
a sentence with sentential sense (if its sentential sense is irrelevant 
to its role as argument}, then we ought to avoid writing it in such 
a way as to make it look as if it really is the sentence ‘p’, because 
that creates the illusion that there is genuine functionality. If ‘p’ in 
‘~p’ merely supplies a semantic value, then it should be written like 
this: ‘SV,’, to make clear that ‘p’, the sentence with sentential sense, 
is not what is in the argument-place. 

Michael Dummett disputes the point for which I have been argu- 
ing. He explains two distinct notions of truth-value: one notion is 
required for the understanding of what is involved in asserting a sen- 
tence which stands on its own and the other is, he says, required in 
explaining the role of sentences as constituent parts of truth-func- 
tionally compound sentences. He says then that there is no a priori 
reason why the two notions of truth-value should coincide.** He does 
not comment on that claim; it seems to be meant to be an obvious 
or unquestionable point. But in fact it defines a point of view; he is 
giving up the demand that ‘p’ in ‘~p’ should be the same as it is on 
its own. (Here I follow Wittgenstein in taking it that, if what it is for 
a particular asserted sentence to have a truth-value is not the same 
as what it is for the identical-looking unasserted sentence, forming 


6 See Geach, ‘Saying and showing’ and ‘Truth and God’. 
64 Michael Dummett, Frege: Philosophy of Language (London: Duckworth, 1973), 


Pp. 417. 
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part of another sentence, to have a truth-value, then the resem- 
blance between the asserted sentence and the sentence which is part 
of another is not a mark of a logical relation between the asserted 
sentence and the sentence which contains the sentence looking like 
the asserted sentence.) An account of sense and reference which fol- 
lows Frege in recognizing the demand that ‘p’ should be the same on 
its own and in ‘~p’, and which treats sentential sense as primary, is 
actually closer to Frege’s in some important respects (despite depart- 
ing from it in the obvious ways in which Wittgenstein’s does) than 
are neo-Fregean accounts like Dummett’s, which abandon either the 
demand itself or the primacy of sentential sense, or both. How close 
a treatment of sense and reference is to Frege’s is not obvious from 
the surface of things but depends on the philosophical place from 
which one is judging (which determines how one sees the connec- 
tions between Frege on sense and reference and his other views). 
What one takes to be essential to the conceptions of sense and 
reference itself reflects one’s understanding of logic. To make the 
contrast between Dummett’s approach and Wittgenstein’s clear, we 
need to bear in mind that, for Wittgenstein, a sentence could be 
used to express the sense which we now express by its negation, 
and that that difference in the sentence’s sense would involve no 
change in the meaning of any sign. The difference between a sen- 
tence and its negation is a difference in the ‘direction’ of compari- 
son with reality; and though we have a sign, the negation sign, that 
reverses sense, we have no sign that indicates what the direction of 
comparison is; that belongs to the use of the sentence (which could 
be the opposite of what it is). So it is essential to what a sentence is, 
on Wittgenstein’s view, that the truth or falsity of the sentence is 
not functionally determined by the meaning of the parts. Dummett 
describes the determination of the truth-value of a sentence by the 
reference of its parts as essential to Frege’s understanding of ref- 
erence; it is also essential to Dummett’s own understanding of 
the role of reference in semantic theory. On Wittgenstein’s view, 
the idea that the truth-value of a sentence is determined by the 
reference of its parts, far from being essential to the notion of ref- 
erence, reflects failure to distinguish deeply enough between the 
functionality of sentences and that of complex names. That failure 
then makes it impossible to see clearly the character of the kind 
of disagreement between two sentences, in which exactly what 
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it is for one sentence to be true is what it is for the other to be 
false, and vice versa. Wittgenstein’s insight here is that the heart 
of what is meant by sentence-sense (the expression by a sentence of 
truth-conditions) is tied to the possibility of such opposition, and 
therefore to the possibility of reversal of sense, the possibility of 
reversing the truth-conditions of the opposed sentences (reversing 
the direction of comparison). Here truth-conditions are not condi- 
tions for a sentence’s having a certain semantic value. The ‘seman- 
tic value’ account makes irrelevant to the occurrence of ‘p’ in ‘~p’ 
what Wittgenstein means by the directionality of sense; hence the 
5.02 objection, that ‘p’ is thereby turned into a mere index, applies. 
And this blocks understanding of the character of truth-functional 
inference (and hence blocks understanding of the character of all 
inference): the internality of inference to what our sentences them- 
selves are depends on the truth-functional occurrence of a sentence 
being its occurrence with sentential sense. 

Frege made clear, as no one had before him, how very easy it is to 
equivocate if one does not have a notation in which expressions with 
different logical roles are written differently. So (as he noted) even 
someone as acute as Hilbert was able to slide unwittingly between 
the use of ‘point’ for a first-level concept and its use for a second-level 
concept.®s Wittgenstein’s argument against Frege resembles such 
arguments of Frege’s own: Frege is unwittingly equivocating, and can 
do so because his notation fails to mark clearly the logical features 
which belong to the use of sentences. The expression by a pair of 
written or spoken sentences of contradictory thoughts depends upon 
what the Tractatus speaks of as the projective use of sentence-signs. 
In such use, the sentence-signs express thoughts; and sentence-signs, 
even as parts of other sentence-signs, are in such a projective relation 
to the world. Only in such use do the signs have sense. The diffe- 
rence between sentences and names is lost to view if we fail to con- 
sider the projective use of sentence-signs. The trouble with Frege’s 
notation is that it flattens out what belongs to the projective use of 
signs; we cannot see in the notation the difference between ‘p’ used 
as a sentence, and ‘p’ used merely as an index, hence the ease with 
which it is possible to slide unwittingly between the two uses. The 
notation encourages what one might think of as a kind of blindness 
to use, blindness to logical differences dependent on use. 


°° PMC, pp. 93-4. 
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8 CONCLUDING COMMENTS: ON INHERITING 
FROM FREGE 


What I have said in §§4-7 puts before us a particular picture of neg- 
ation, roughly this: if one once gets clear about ‘~p’ as reversing the 
sense of ‘p’, one will have got the essence of negation. At the same 
time, one will have made clear such further logical relations as that 
‘.~p’ has the same truth-conditions, the same sense, as ‘p’, since its 
sense is nothing but the reversal of the reversal of the sense of ‘p’. In 
his later philosophy, Wittgenstein treats that picture as completely 
misleading, as itself a reflection of a kind of blindness to use.® Is it 
possible for him, within the context of his later philosophy, to con- 
tinue to take seriously Frege’s insistence on the separation of the 
logical from the psychological, the objective from the subjective? I 
cannot here answer that question; the point here is rather that he is 
guided in his later philosophy by the desire to take those distinctions 
as seriously as Frege did, but to avoid at the same time a mythology 
of what it is to take them seriously. The argument of Philosophical 
Investigations, at two extremely significant junctures, reminds us 
how important the conception of logic was which Wittgenstein inher- 
ited from Frege: at §108, where the question is what remains of the 
rigour of logic if logical concepts are not pure essences but families of 
more or less related structures, and at §§240-2, where Wittgenstein 
faces the question whether he is not giving up the Fregean distinction 
between what human beings agree about and what is true. An aim 
of Wittgenstein’s in Philosophical Investigations is to show that he 
is not giving up that distinction, not bargaining away the rigour of 
logic. Just as, in the Tractatus, a central question is what it will be to 
inherit the distinction between sense and reference, a main question 
for Wittgenstein later is what it will be to inherit from Frege respect 
for the rigour of logic, and for the distinction between psychological 
and logical, between subjective and objective. 

I have not here argued directly against Michael Dummett’s view 
that the greatness of Frege as a philosopher lies primarily in his rec- 
ognition of the foundational importance, within philosophy, of the 
theory of meaning, of the attempt to arrive at a general theoretical 


6° See especially the discussion, beginning at Wittgenstein, Philosophical Investi- 
gations, §89, of subliming the logic of our language. 
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understanding of what the meaning of the expressions of our lan- 
guage consists in. I have worked with an account of Frege as engaged, 
not in a theoretical undertaking of the sort sketched by Dummett, 
but rather in redescribing certain features of our practices of asser- 
tion and inference.” My aim has been to present a different line of 
inheritance from Frege. What we — now — can inherit from Frege is 
itself a philosophical question; part of Wittgenstein’s greatness as a 
philosopher, one of the things he passes down to us, is how he took 
the question of inheritance from Frege. 


APPENDIX: QUESTIONS ABOUT INFLUENCE 


Warren Goldfarb begins his stimulating essay ‘Wittgenstein’s 
understanding of Frege: the pre-Tractarian evidence’ (2002) by quot- 
ing the Preface to the Tractatus, where Wittgenstein acknowledges 
his debt for much of the stimulation of his thoughts to ‘Frege’s 
great works and the writings of my friend Mr. Bertrand Russell’. 
Goldfarb comments: ‘What is less clear is the relative weights of 
those influences’. He argues that the documentary evidence makes 
it clear how Wittgenstein, starting from within a Russellian con- 
ception of judgement and truth, works his way to his own views, 
but that there is no such evidence that Wittgenstein worked with 
a comparably deep-going understanding of Frege’s thought. That 
Wittgenstein reached views which are in some respects strikingly 
like some of Frege’s may show, not that he was influenced by Frege, 
but that a Russellian approach, ‘when its implications are followed 
out strictly’, coincides closely with conclusions reached by following 
out similarly strictly the implications of a Fregean judgement-based 
approach to analysis. In the course of his discussion Goldfarb criti- 
cizes the argument of §§4~-7 of this present essay and some of the 
claims of §1. In this Appendix I cannot deal with all the questions 


% See Ricketts, ‘Frege, the Tractatus, and the logocentric predicament’, 'Generality, 
meaning and sense’, ‘Objectivity and objecthood’, and ‘Logic and truth in 
Frege’, Proceedings of the Aristotelian Society, Supplementary Volume, 70, 
(1996), pp. 121-40; cf. also Joan Weiner, ‘Has Frege a philosophy of language?’, 
in Tait, Early Analytic Philosophy, pp. 249-72. If the reading of Frege which I 
take for granted helps us to see the relation between Frege’s thought and that 
of Wittgenstein, that would be some evidence that the reading was similar to 
Wittgenstein’s. 
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he raises, but I want first to comment on the general issue, and then 
to turn to two points from Goldfarb’s discussion of §§4~7. 

How did Frege’s ‘great works’ stimulate Wittgenstein as he worked 
on the Tractatus? Goldfarb is right that the question cannot be set- 
tled by considering merely the similarities between Frege’s views 
and those of Wittgenstein. To bring out the difficulty of the ques- 
tion it is worth looking at one particular similarity on which 
Wittgenstein himself commented much later. In 1939, Wittgenstein 
said that the truth-table schematism was not his invention but 
Frege’s; what was his invention was the use of the table as a symbol 
for the proposition rather than as an explanation for it.* Frege didn’t 
actually use a tabular schematism in explaining the content of 
truth-functional propositions. So we have to read Wittgenstein as 
having meant that Frege, in his setting out of the explanation of his 
symbols, had got at something significant, something which 
Wittgenstein thought was reflected in his own use of truth-tables in 
the Tractatus, and which made it appropriate to take the ‘real’ 
inventor of the truth-table to be Frege. What then exactly had Frege 
done? In Begriffsschrift, he had explained the content of propos- 
itions constructed, using his symbolism, from one or more propos- 
itions; in the case of constructions from two propositions, he set out 
the explanation by specifying which of the four combinations (of 
affirmation and denial) of the argument-propositions are ‘allowed’ 
by the constructed proposition. Call the point that this itself speci- 
fies a content the first truth-table point. To see how Frege’s proced- 
ure shows us what is (and what isn’t) included in ‘conceptual content’ 
(content relevant to inference) and to see the similarity to truth- 
tables as understood in the Tractatus, we should note that, in the 
course of Frege’s explanations (in §7), he treats the case in which 
content B is affirmed and the negation of content A denied as being 
the case in which B is affirmed and A is affirmed. The explanation 
in terms of the four possible combinations of affirmed and denied 
contents is treated implicitly as explanation in terms of the four 
rows of a truth-table; Frege makes without comment a move in 
which a second negation of a content (in the structure of the truth- 
table row) simply cancels the first negation. He does not treat the 
case as involving an inference (on which he would have had to 


68 Wittgenstein, Lectures on the Foundations of Mathematics, p. 177. 
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comment}. Here we have gone further than the first truth-table 
point, and arrived at what I think is the heart of the similarity that 
led Wittgenstein to say that it was Frege who invented truth-tables. 
Why? Well, suppose we have a complicated truth-functional con- 
struction from two propositions. Al/ that matters, on Wittgenstein’s 
early view, in the way the truth-table rows taken together show us 
the content of the constructed proposition, is, in each row, the T or 
F for each of the two argument-propositions and the T or F in the 
column for the constructed proposition. Wittgenstein had also 
developed another notation, the a-b notation described in the ‘Notes 
on logic’, which had the same feature: only the connection between 
the innermost a-b poles and the outermost signifies; so, for example, 
a doubly negated proposition is simply the same symbol as the original 
proposition. What Wittgenstein took to be visible in truth-tables 
and in his own a-b notation, he took (I think) to be also visible in 
Frege’s presentation of his symbolism in §§5-7 of Begriffsschrift. It 
belongs to the character of composite propositions that their con- 
tent is determined merely by the correlation of each possible com- 
bination of truth or falsity of argument-propositions with truth or 
falsity for the composite proposition. Call that the second truth- 
table point; to invent truth-tables is then to invent a notation which 
makes perspicuous such determination of propositional content. 
Frege’s two-dimensional symbols can be read as constructing cor- 
relations between combinations of truth and falsity for the argu- 
ment-propositions and the truth or falsity of the constructed 
proposition, where the truth-correlations themselves are what fix 
the content of the constructed proposition as a function of that of 
the argument-propositions. How the correlation works between the 
truth-value combinations for the arguments and the truth-value for 
the whole proposition does not bear on content; it is not part of what 
symbolizes, and parts of it can simply cancel out. (If I am right that 
the two truth-value points are included in what Wittgenstein meant 
in 1939 by ‘inventing the truth-table’, then ‘inventing the truth- 
table’ is distinct from what it is usually taken to be, namely the 
invention of a method for evaluating formulae or arguments.) When 
Wittgenstein writes about truth-functionality (in the ‘Notes on 
logic’) he doesn’t say that Frege’s (implicitly truth-tabular) explana- 
tions of his symbolism have made plain a central feature of the 
nature of propositions. Was he, though, stimulated by Frege’s 
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explanation of truth-functional propositions? Reflection on what 
can be read as internal to Frege’s method and his explanations could 
lead directly to such central ideas of Wittgenstein’s as the distinc- 
tion between logical connectives and function-expressions. The 
truth-table points are themselves among Wittgenstein’s framework 
ideas; the first is stated at TLP, 4.431, the second is formulated in the 
‘Notes on logic’ (‘All that is essential about molecular functions is 
their T-F schema’), where there is an apparent connection with 
Begriffsschrift, §7.°° The Begriffsschrift method of explaining truth- 
functional propositions reflects Frege’s conception of what is logic- 
ally significant in propositional content, namely, what matters for 
inference. The truth-table points can be taken to be tied to Frege’s 
notion of judgeable content, and to his understanding of the pri- 
macy of judgement. If Wittgenstein, in his recognition of the truth- 
table points and his understanding of their connection with the 
nature of the logical connectives, was stimulated by Frege’s explan- 
ation of truth-functional propositions, that would be a case in which 
he had followed out the implications of something deep-going in 
Frege’s approach. But his central ideas about the nature of the logical 
connectives could also be reached in a different way by following 
through implications of Russell’s very different views.”? The force 
which those central ideas had for Wittgenstein may have come in 
part from the existence of different routes apparently leading to the 
same place. When Wittgenstein raises problems, then, about Frege’s 
views, from how deep an understanding of Frege’s thought do the 
problems come? He is going to see what is deep and central in Frege’s 
thought in terms of his own understanding of where and how 


69 Wittgenstein, ‘Notes on logic’, p. 100. Wittgenstein says there that it follows from 
Frege’s explanations of ‘not-p’ and ‘if p then q’ that ‘not-not-p’ designates the 
same as ‘p’. Why does he drag in ‘if p then q’? That would be totally mysterious 
unless he is referring to Frege’s account of the combination of ‘if p then q’ and 
‘not-p’ in a single proposition, most likely the account in Bs, §7. In Gg, vol. I, 
§12 there is also a cancellation of a double negative in Frege’s explanation, but 
Wittgenstein’s remark about what follows from Frege’s explanations seems to 
apply rather to the Begriffsschrift account. See Ricketts, ‘Wittgenstein against 
Frege and Russell’, for a discussion of the importance for Wittgenstein of the con- 
trast between Frege’s 1879 explanations of his symbolism and his 1892 explana- 
tions. Ricketts also quotes a remark from ‘Notes on logic’ in which Wittgenstein 
links his fundamental idea about the logical connectives with what I call the 
second truth-table point. 

7 See Ricketts, ‘Wittgenstein against Frege and Russell’. 
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Frege leads us to the heart of what is involved in a proposition’s 
having sense. So, although there may be, within Frege’s scheme of 
ideas, the possibility of responding to Wittgenstein’s criticisms, 
Wittgenstein would not himself have taken such possibilities ser- 
iously if the responses which we can envisage involve going against 
what comes out in (let us say, possibly) the Begriffsschrift quasi- 
truth-tabular explanations. One might say that there, in those 
explanations, there is (from Wittgenstein’s point of view) something 
deeper than Frege’s ‘scheme of ideas’ and that the ‘scheme of ideas’ 
is properly answerable to it. Goldfarb is right to emphasize that 
Wittgenstein’s criticisms of Russell don’t stand in the same relation 
to Russell’s views as the relation of his criticisms to Frege’s; but the 
different relation nevertheless leaves room for Wittgenstein to have 
been genuinely following through implications of what is present in 
Frege’s thought. My comment here depends on a disagreement with 
Goldfarb’s claim that in Wittgenstein’s pre-Tractatus writings there 
is no hint of influence from Frege’s judgement-based approach to 
analysis. Wittgenstein’s account of composite propositions pre- 
cludes any view of such propositions as built up from all their parts 
including the logical connectives. This leaves unanswered the ques- 
tion how exactly Wittgenstein’s emerging ideas about logical com- 
position exerted pressure on his whole account of the nature of 
propositions. (Ricketts has emphasized that Frege did, in unpub- 
lished writings that Wittgenstein would not have known, acknow- 
ledge sense ‘in something like the way Wittgenstein understands 
this notion’, i.e., that he had a conception close to Wittgenstein’s of 
the opposition between a sentence and its negation. In Begriffschrift, 
Ricketts says, Frege took the iterability of the logical connectives to 
be intrinsic to them; but his development of an account of that iter- 
ability in terms of the notion of a mathematical function made it 
impossible for his developed theory to respect his own insights 
about the opposition of sense between a sentence and its negation.”! 
My argument here has focused on what I have called the truth-table 
points, but it is closely related to that of Ricketts; my account pro- 
vides another formulation of the same issues. The truth-table points 
are themselves closely tied to the issue raised in §§4~7: how Frege’s 
recognition that even unasserted sentences have as their sense that 


™ [bid.; see especially pp. 228-9, 244-6 and 249 note 49. 
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something is so (that their truth-conditions are fulfilled) can be 
squared with his treatment of those sentences when they occur 
within another sentence in a truth-functional context. My general 
comment here leaves intact Goldfarb’s argument that the strong 
claims that Geach, Ricketts and I have made about Frege’s influence 
need to be re-examined. 

I cannot here consider all the questions raised by Goldfarb in 
his discussion of TLP, 5.02 and his criticism of my reading of it. I 
shall touch on two issues: how the passage bears on Frege’s overall 
account of functions, and whether there is available a relatively sim- 
ple reading of 5.02, alternative to mine. Goldfarb reads the passage 
as a dismissal of Frege’s general understanding of functions; and he 
connects that reading with a much simpler account than mine of 
Wittgenstein’s criticism of Frege. One disagreement which partly 
shapes our different treatments of TLP, 5.02 should be mentioned 
here. Goldfarb says that Wittgenstein accepts Russell’s view that all 
complexity is propositional complexity and that all functions are 
propositional functions.”? I read TLP, 5.02 as making an allowance 
for some notion of functional complexity applicable to some com- 
plex names, and I see the whole passage, then, as concerned to bring 
out the incoherence of any attempt to treat truth-functional com- 
plexity as the complexity of a name, taking for granted that there is 
some sort of possibility of functional complexity for names. 

Goldfarb’s argument starts from the fact that it is a consequence 
of Frege’s understanding of functions that there is no trace in the 
Bedeutung of a completed function expression (a sentence or other 
proper name) of the Bedeutungen of the parts of the expression. This, 
Goldfarb argues, means that ‘the occurrence of the particular sub- 
sentential parts in the sentence is not essential to the identity of the 
value of the sentence; those parts thus occur as indexes’”3 Goldfarb 
notes that a possible defence of Frege would appeal to his notion of 
sense in order to distinguish between sub-sentential parts that are 
arguments of functions and those that are indexes, but Wittgenstein 
will not allow such an appeal to two levels of meaning.” So, on that 


7 Goldfarb, ‘Wittgenstein’s understanding of Frege’, p. 195. 

73 [bid., p. 196. 

7 Here, as elsewhere in discussion of TLP, 5.02, it is important to note that the 
argument-—index distinction for Wittgenstein is applied to parts of complex signs, 
including signs that for Frege count as completed function signs, i.e., signs that 
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reading of Wittgenstein, it would follow quite simply that Frege, not 
being allowed by Wittgenstein to appeal to a two-level story about 
meaning, would be unable to account for the logical character of 
composite propositions, including in particular logical propositions. 
Goldfarb’s simpler reading implies that, as Wittgenstein reads Frege, 
Frege cannot distinguish between the role of ‘Parkinson’ as index in 
a sentence containing ‘Parkinson’s disease’ and its role as argument 
in a sentence containing ‘Parkinson’s birthplace’, since, if Frege is 
not allowed the appeal to a two-level account of meaning, no sub- 
sentential part could be recognized as an argument rather than as 
an index. That’s crucial, but I think it is questionable. Although 
Wittgenstein doesn’t accept Frege’s account of functions, I think 
that, for the purposes of 5.02, he is not concerned with its applica- 
tion to anything but those sub-sentential parts of sentences that 
are themselves sentences. He says, in 5.02, that both arguments and 
indexes enable one to recognize the Bedeutung of the sign of which 
they are part, but his idea is that they don’t do this in the same way. 
In the case of function-argument complexity, the occurrence of the 
argument in the sign is not arbitrary; it is (this is the implication) 
essential to the way we are able to recognize what the Bedeutung is 
of the whole sign. It isn’t obvious that it would follow that the argu- 
ment must be essential to the identity of the value of the function; 
what is needed is (as I read 5.02) only that the argument is essential 
to recognizing what the Bedeutung is. So, on this reading of 5.02, 
it wouldn’t be obvious that a Fregean understanding of functions 
makes arguments into indexes, even though it is true that it makes 
the Bedeutung of ‘Parkinson’ inessential to the identity of Edinburgh 
(supposing Edinburgh to be the Bedeutung of ‘Parkinson’s birth- 
place’). The question is whether a Fregean understanding of func- 
tions allows any account of the essential role of the argument in 
the recognition of what the Bedeutung of the whole sign is. On a 
Fregean account of functions, we are able to recognize some place, 
say Edinburgh, as Bedeutung of ‘Parkinson’s birthplace’ through 
the occurrence of ‘Parkinson’ within the phrase, because a phrase 


contain one or more argument-signs. What for Frege would count as an argu- 
ment-sign, and not as an index, if the sign does indeed have genuine functional 
complexity, would count, if we were able to apply Wittgenstein’s distinction, as 
an argument. This difference in language does not affect the issue, and so far as 
possible I use Wittgenstein’s language. 
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formed on the model of ‘x’s birthplace’ bedeutet, in accordance with 
a general rule, the place where the person named by the word we 
put for ‘x’ was born. (There is a partial parallel with Wittgenstein’s 
explanation in The Blue Book of how arguments differ from indexes, 
where he uses the example of two ways of understanding ‘Bright’s 
disease’: so that it denotes a particular illness, ‘Bright’ then being 
mere index, and so that it means the disease Bright has, ‘Bright’ 
then being argument of the function ‘x’s disease’.}’> The Fregean 
approach I have described is not so much an appeal to a Fregean two- 
level account of meaning as it is a use of the kind of thinking that 
might make a Fregean account of sense appear attractive, by provid- 
ing an example of what could be meant by talk of how a Bedeutung 
is presented. The logical differences between index and argument 
would show up in a Fregean account in the effects of substitutions, 
which show the location of argument-places. So, for example, if 
one is speaking about James Parkinson, one can substitute ‘James’ 
for ‘Parkinson’ in ‘Parkinson’s birthplace’ and one will be speak- 
ing of the same place; but ‘James’s disease’ is not another name for 
Parkinson’s disease. That way of making the distinction between 
argument and index is not ruled out by the absence of a trace of 
the Bedeutung of ‘Parkinson’ in Edinburgh.”* So my claim is that 
Wittgenstein wouldn’t deny that Frege can explain how the occur- 
rence of a non-sentential argument plays an essential role in our 
recognition of what the Bedeutung is of the whole sign of which it 
is part. In the background of his discussion there is the possibility of 
interpreting in a Russellian way functions of the sort Frege took to 
be paradigmatic.’”” Wittgenstein’s language in 5.02 abstracts, indeed, 
from the complexity of his own view about the contrast between 
argument and index, when he speaks quite simply of our recogniz- 
ing the Bedeutung of the signs containing an index or an argument. 


7 


See Wittgenstein, The Blue and Brown Books, p. 21. 

76 The substitution test provides a necessary but not sufficient condition for a sign 
to be an argument. See Frege’s use of what is in effect the argument-index dis- 
tinction in Gg, vol. II, §65, where he argues that a failure to fix the reference for 
every possible complex sign of the form ‘a + b’ has the result that particular signs 
of that form are not genuinely functionally complex. Their arguments are, in 
Wittgenstein’s language, mere indexes. That they are indexes is not revealed by 
the effects of substitutions, as in the ‘Parkinson's disease’ sort of case, but can be 
shown only through a complex argument. 

77 See also Hylton, ‘Functions, operations and sense’, pp. 95-6. 
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That way of talking apparently allows for logical complexity within 
such phrases as ‘Parkinson’s birthplace’; what Wittgenstein means 
would need spelling out in terms of a Russellian reading of the sen- 
tences containing such phrases.’ If a sentence contains ‘Parkinson’s 
birthplace’ and identifies it or ascribes a property to it, a Russellian 
restatement of the sentence is possible, in which the word ‘Parkinson’ 
occurs as naming something to which there is related one and only 
one place-of-being-born. (On my reading, then, Wittgenstein would 
not accept that a satisfactory ‘pure’ Fregean account could be given 
of what is involved in the occurrence of phrases like ‘Parkinson’s 
birthplace’ in propositions, but he is not concerned in 5.02 with 
the fact that the distinction between the two phrases, so far as it 
is available to Frege, would, if thought through, require a different 
account from Frege’s of what it is for such signs to occur in propos- 
itions.) As I read 5.02, then, Wittgenstein is arguing that the distinc- 
tion between argument and index, so far as it may be treated, for the 
purposes of his argument, as available to Frege, doesn’t enable Frege 
to deal with the case in which the argument is supposed to be an 
unasserted sentence; the trouble with Frege’s account of functions — 
the trouble in view in 5.02 — is that the account allows functions in 
his sense to have sentences as arguments. So I read the strong claim 
made by Wittgenstein, that the index-argument confusion lies at 
the root of Frege’s account of the meaning of propositions and func- 
tions, to be an abbreviated way of saying that Frege’s conception 
of propositions as complete signs and his conception of functions 
on the model of arithmetical functions, taken together, give him 


78 Compare Ricketts, ‘Wittgenstein against Frege and Russell’. Ricketts notes that, 
on the Tractatus view, the completion of a Fregean function-sign by a sign for 
its argument is a complex name, the structure of which has no representational 
relevance. See also Goldfarb, ‘Wittgenstein’s understanding of Frege’, p. 195. 
Wittgenstein, Goldfarb says, takes the Russellian view that all complexity is 
propositional complexity. I take Wittgenstein to be willing to speak in an abbre- 
viated way of phrases like ‘Parkinson’s birthplace’ as having logical structure. 
They can be spoken of, in this abbreviated way, as having logical structure, so far 
as we consider them with their occurrence in sentences in which the parts of the 
phrase are recognizably expressions in the Tractatus sense; speaking of logical 
structure within the phrase is a short way of speaking of the logical structure 
of sentences containing the phrase, and the phrase would not be spoken of, in a 
fuller statement, as itself having logical structure. Thus this abbreviated way of 
speaking has in the background an unFregean contrast between sentences and 
descriptive phrases. 
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no options. The two together reduce propositions occurring within 
other propositions to mere indexes; this is a fundamental flaw in 
Frege’s whole conception of functions and propositions. (An advan- 
tage of this reading is that it helps us to see why Wittgenstein put 
the argument-index criticism at 5.02. Wittgenstein’s idea is that, 
if the distinctive character of truth-functional construction is not 
seen (not seen to belong to what a proposition itself is, as specified in 
TLP, s), if it is not separated sharply from functionality as thought 
of by Frege, we lose our understanding of how the sense of ‘not-p’ 
depends on that of ‘p’ (and in general of how the sense of composite 
propositions depends on that of their arguments) and therefore also 
our understanding of what is shown by the propositions of logic. 
These issues are connected also with the use Wittgenstein makes of 
Frege’s context principle, which undergoes a shift in significance as 
he links it with his own fundamental ideas, but I cannot go further 
into these matters here.} 

Goldfarb’s account of TLP, 5.02 is indeed much simpler than 
mine, but there is a further point that should be made about the 
cost of that simplicity. Goldfarb’s simpler account fits with his 
claim that Wittgenstein shares Russell’s view that all complexity 
is propositional complexity and that all functions are propositional 
functions.” The difficulty with that reading is Wittgenstein’s appar- 
ent allowance of function-argument complexity to some complex 
names, at TLP, 5.02, which appears to make use of the same argu- 
ment-index distinction explained at greater length in The Blue 
Book.®° 


79 Goldfarb, ‘Wittgenstein’s understanding of Frege’, p. 95. 

8° T am very grateful to Warren Goldfarb for his analysis of the issues, to James 
Conant, Hans Sluga, Susan Haack, Thomas Ricketts, Michael Potter and Juliet 
Floyd for comments and discussion, and to Benjamin Bennett for help with ques- 
tions about translation. 
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